


























































Joe’s Book (version of November 21, 2020) Notes from Stany M. Schrans

3.40 p 105: Eq (3.6.16) The Weyl Transformation for the Massless Ver-
tex Operator for the Polyakov String

This is a subtle and long calculation, so fasten you seatbelts. There were some points
that were obscure to me and I posted them on the Physics Stack Exchange. This time my
gratitude goes to "Wakabaloola" for helping clarifying these issues. At the end of the day
it is always gratifying to see how all the details of a calculation conspire to give the final
result. This was, if I am permitted a personal note, particularly the case for this calculation.

Some preliminaries first. Under an infinitesimal Weyl transformation

δWgab = 2δωgab [3.166]

we also have

δWg
ab = −2δωgab [3.167]

and

δW
√
g =

1

2
g−1/2δWg =

1

2
g−1/2ggabδWgab =

1

2
g−1/2ggab2δωgab =

√
g 2δω [3.168]

This implies that

δW(
√
ggab) = δW(

√
g)gab +

√
gδWg

ab =
√
g2δωgab − 2

√
gδωgab = 0 [3.169]

The antisymmetric tensor εab also transforms non-trivially under a Weyl transformation.
Indeed, from

√
g ε12 = 1 we have

(δW
√
g)ε12 +

√
g(δWε

12) = 0 ⇒ δWε
12 = −2δωε12 [3.170]

and thus more generally

δWε
ab = −2δωεab [3.171]

But we will only need the relation

δW(
√
gεab) = 0 [3.172]

From (1.2.32) we also know that
√
g′R′ =

√
g(R− 2∇2δω) so that

δW(
√
gR) = −2

√
g∇2δω [3.173]
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After all these preliminaries, let us now work out Weyl transformation of (3.6.14),
using the above and also (3.6.7)

δWV1 =
gc
α′

∫
d2σ

{(
δW(
√
ggab)sµν + iδW(

√
gεab)aµν

) [
∂aX

µ∂bX
νeik·X(σ)

]
r

+ α′φδW

(√
gR
) [
eik·X(σ)

]
r

+
√
g(gabsµν + iεabaµν)

1

2

∫
d2σ′d2σ′′δW∆(σ′, σ′′)

δ

δXλ(σ′)

δ

δXλ(σ′′)

[
∂aX

µ∂bX
νeik·X(σ)

]
r

+
√
gα′φR

1

2

∫
d2σ′d2σ′′δW∆(σ′, σ′′)

δ

δXλ(σ′)

δ

δXλ(σ′′)

[
eik·X(σ)

]
r

}
[3.174]

Recall that δWe
ik·X(σ) = δW∂aX

µ∂bX
νeik·X(σ) = 0, as there is no metric dependence in

these operators. We have just seen that the first line vanishes and so can write

δWV1 =
gc
α′

∫
d2σ

{
− 2α′φ

√
g(∇2δω)

[
eik·X(σ)

]
r

+
1

2

√
g(gabsµν + iεabaµν)

∫
d2σ′d2σ′′δW∆(σ′, σ′′)

δ

δXλ(σ′)

δ

δXλ(σ′′)

[
∂aX

µ∂bX
νeik·X(σ)

]
r

+
1

2

√
gα′φR

∫
d2σ′d2σ′′δW∆(σ′, σ′′)

δ

δXλ(σ′)

δ

δXλ(σ′′)

[
eik·X(σ)

]
r

}
[3.175]

Let us for convenience work out the different lines separately.
We start with the first line

J1 = − 2gcφ

∫
d2σ
√
g(∇2δω)

[
eik·X(σ)

]
r

= −2gcφ

∫
d2σ
√
g(∇a∂aδω)

[
eik·X(σ)

]
r

= − 2gcφ

∫
d2σ
√
g
{
∇a
(
∂aδω

[
eik·X(σ)

]
r

)
− ∂aδω∇a

[
eik·X(σ)

]
r

}
= − 2gcφ

∫
d2σ∂a

(√
g∂aδω

[
eik·X(σ)

]
r

)
+ 2gcφ

∫
d2σ
√
g∂aδω∇a

[
eik·X(σ)

]
r

= + 2gcφ

∫
d2σ
√
g∂aδω∇a

[
eik·X(σ)

]
r

[3.176]

where we have used ∂a(
√
gva) =

√
g∇ava and ∇a

√
g = 0. We can now replace the

covariant derivative by a partial derivative as it acts on a scalar and partial integrate the
other derivative

J1 = − 2gcφ

∫
d2σδω∂a

(√
g∂a

[
eik·X(σ)

]
r

)
= − 2gcφ

∫
d2σδω

√
g∇a∂a

[
eik·X(σ)

]
r

[3.177]
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We now have

∇a∂aeik·X =∇a(ikµ∂aXµ)eik·X

= ikµ(∇a∂aXµ)eik·X + (ikµ∂aXµ)(ikν∇aXν)eik·X

= ikµ∇2Xµe
ik·X − kµkν∂aXµ∂

aXνe
ik·X [3.178]

We have freely replaced ∂a by ∇a and vice-versa when they are acting on worldsheet
scalars. Therefore, using (3.6.18),[

∇a∂aeik·X
]

r
= ikµ

[
∇2Xµe

ik·X
]

r
− kµkν

[
∂aXµ∂

aXνe
ik·X

]
r

= ikµ ×
(
−iα

′

6
kµR

[
eik·X(σ)

]
r

)
− kµkν

[
∂aXµ∂

aXνe
ik·X

]
r

=
α′

6
k2R

[
eik·X(σ)

]
r
− kµkνgab

[
∂aXµ∂bXνe

ik·X
]

r
[3.179]

and thus

J1 = −gcα
′

3
k2φ

∫
d2σ
√
g δω R

[
eik·X(σ)

]
r

+ 2gck
µkνφ

∫
d2σ
√
g δω gab

[
∂aXµ∂bXνe

ik·X
]

r

=
gc
2

∫
d2σ
√
g δω

{
− 2α′

3
k2φR

[
eik·X(σ)

]
r

+ gab(4kµkνφ)
[
∂aXµ∂bXνe

ik·X
]

r

}
[3.180]

Before we tackle the second, more difficult, line of [3.175], let us do the easier third
line

J3 =
gc
2
φ

∫
d2σd2σ′d2σ′′

√
gRδW∆(σ′, σ′′)

δ

δXλ(σ′)

δ

δXλ(σ′′)

[
eik·X(σ)

]
r

=
gc
2
φ

∫
d2σd2σ′d2σ′′

√
gRδW∆(σ′, σ′′)(−k2)δ2(σ − σ′)δ2(σ − σ′′)

[
eik·X(σ)

]
r

= − gc
2
φk2

∫
d2σ
√
gRδW∆(σ, σ)

[
eik·X(σ)

]
r

= −gc
2
φk2

∫
d2σ
√
gRα′δω

[
eik·X(σ)

]
r

=
gc
2

∫
d2σ
√
gδω(−α′k2φR)

[
eik·X(σ)

]
r

[3.181]

Finally, the second line of [3.175], is

J2 =
gc
2α′

∫
d2σ
√
g(gabsµν + iεabaµν)J̃2 [3.182]

with

J̃2 =

∫
d2σ′d2σ′′δW∆(σ′, σ′′)

δ

δXλ(σ′)

δ

δXλ(σ′′)

[
∂aX

µ∂bX
νeik·X(σ)

]
r

[3.183]
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Let us first consider the contribution where the functional derivatives both act on the ex-
ponential This gives

J̃2a =

∫
d2σ′d2σ′′δW∆(σ′, σ′′)

(
ikλδ2(σ′ − σ)

)(
ikλδ

2(σ′′ − σ)
) [
∂aX

µ∂bX
νeik·X(σ)

]
r

= − k2δW∆(σ, σ)
[
∂aX

µ∂bX
νeik·X(σ)

]
r

= − α′k2δω(σ)
[
∂aX

µ∂bX
νeik·X(σ)

]
r

[3.184]

where we have used (3.6.11). Thus we have a contribution

J2a = − gc
2
k2

∫
d2σ
√
gδω(gabsµν + iεabaµν)

[
∂aX

µ∂bX
νeik·X(σ)

]
r

=
gc
2

∫
d2σ
√
gδω

(
gab(−k2sµν) + iεab(−k2aµν)

) [
∂aX

µ∂bX
νeik·X(σ)

]
r

[3.185]

Next, take the case where only one of the functional derivatives acts on the exponential.
There are four possible combinations

J̃2b =

∫
d2σ′d2σ′′δW∆(σ′, σ′′)

{
δµλ∂aδ

2(σ′ − σ)ikλδ2(σ′′ − σ)
[
∂bX

νeik·X(σ)
]

r

+ δνλ∂bδ
2(σ′ − σ)ikλδ2(σ′′ − σ)

[
∂aX

µeik·X(σ)
]

r

+ ηλµ∂aδ
2(σ′′ − σ)ikλδ

2(σ′ − σ)
[
∂bX

νeik·X(σ)
]

r

+ ηλν∂bδ
2(σ′′ − σ)ikλδ

2(σ′ − σ)
[
∂aX

µeik·X(σ)
]

r

}
[3.186]

We can already perform one of the integrations:

J̃2b = i

∫
d2σ′δW∆(σ′, σ)

{
kµ∂aδ

2(σ′ − σ)
[
∂bX

νeik·X(σ)
]

r

+ kν∂bδ
2(σ′ − σ)

[
∂aX

µeik·X(σ)
]

r

}
+ i

∫
d2σ′′δW∆(σ, σ′′)

{
kµ∂aδ

2(σ′′ − σ)
[
∂bX

νeik·X(σ)
]

r

+ kν∂bδ
2(σ′′ − σ)

[
∂aX

µeik·X(σ)
]

r

}
[3.187]
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Change the integration variable from σ′′ to σ′ and use the symmetry ∆(σ, σ′) = ∆(σ′, σ)

J2b =
gc
2α′

∫
d2σd2σ′

√
g(gabsµν + iεabaµν)× 2iδW∆(σ′, σ)

×
[
kµ∂aδ

2(σ′ − σ)
[
∂bX

νeik·X(σ)
]

r
+ kν∂bδ

2(σ′ − σ)
[
∂aX

µeik·X(σ)
]

r

]
=
igc
α′

∫
d2σd2σ′

√
g(gabsµν + iεabaµν)δW∆(σ′, σ)

×
[
kµ∂aδ

2(σ′ − σ)
[
∂bX

νeik·X(σ)
]

r
+ kν∂bδ

2(σ′ − σ)
[
∂aX

µeik·X(σ)
]

r

]
[3.188]

We can now perform another partial integration to free up the last delta function. However,
it is convenient to first use the chain rule for derivatives of delta functions2 in order to
change the ∂a into a ∂′a:

∂aδ
2(σ′ − σ) = −∂′aδ2(σ′ − σ) [3.189]

We perform the chain rule on the derivative of the delta function and partially integrate.

2To see that this is correct, evaluate I =
∫
dx dy f(x)g(y)∂xδ(x− y) in two ways. First

I1 = −
∫
dx dy f ′(x)g(x)δ(x− y) = −

∫
dx f ′(x)g(x)

Alternatively

I2 = −
∫
dx dy f(x)g(y)∂yδ(x− y) =

∫
dx dy f(x)g′(y)δ(x− y) =

∫
dx f(x)g′(x)

Now

I2 − I1 =

∫
dx
[
f(x)g′(x) + f ′(x)g(x)

]
=

∫
dx

d

dx

[
f(x)g(x)

]
= 0

which shows that ∂xδ(x− y) = −∂yδ(x− y)
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The ∂′a and ∂′b now only act on δW∆(σ′, σ). Two minus signs give a plus and so

J2b =
igc
α′

∫
d2σd2σ′

√
g(gabsµν + iεabaµν)

×

{
∂′aδW∆(σ′, σ)kµδ2(σ′ − σ)

[
∂bX

νeik·X(σ)
]

r

+ ∂′bδW∆(σ′, σ)kνδ2(σ′ − σ)
[
∂aX

µeik·X(σ)
]

r

}

=
igc
α′

∫
d2σ
√
g(gabsµν + iεabaµν)

×

{
∂′aδW∆(σ′, σ)

∣∣∣
σ′=σ

kµ
[
∂bX

νeik·X(σ)
]

r

+ ∂′bδW∆(σ′, σ)
∣∣∣
σ′=σ

kν
[
∂aX

µeik·X(σ)
]

r

}
[3.190]

Use (3.6.15a), which is, by symmetry, equally valid if we replace ∂a by ∂′a

J2b =
igc
α′

∫
d2σ
√
g(gabsµν + iεabaµν)

×

{
1

2
α′∂aδωk

µ
[
∂bX

νeik·X(σ)
]

r
+

1

2
α′∂aδωk

ν
[
∂aX

µeik·X(σ)
]

r

}

=
igc
2

∫
d2σ
√
g(gabsµν + iεabaµν)

×

{
∂aδωk

µ
[
∂bX

νeik·X(σ)
]

r
+ ∂aδωk

ν
[
∂aX

µeik·X(σ)
]

r

}
[3.191]

Yet another partial integration gives

J2b = − igc
2

∫
d2σδω

{
∂a

[
√
g(gabsµν + iεabaµν)kµ

[
∂bX

νeik·X(σ)
]

r

]

+ ∂b

[
√
g(gabsµν + iεabaµν)kν

[
∂aX

µeik·X(σ)
]

r

]}
[3.192]

We use ∂a(
√
g va) =

√
g∇ava and the fact that the covariant derivative of gab,

√
g and εab
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is zero:

J2b = − igc
2

∫
d2σδω

√
g

{
∇a

[
(gabsµν + iεabaµν)kµ

[
∂bX

νeik·X(σ)
]

r

]

+∇b

[
(gabsµν + iεabaµν)kν

[
∂aX

µeik·X(σ)
]

r

]}

= − igc
2

∫
d2σδω

√
g

{
(gabsµν + iεabaµν)kµ∇a

[
∂bX

νeik·X(σ)
]

r

+ (gabsµν + iεabaµν)kν∇b
[
∂aX

µeik·X(σ)
]

r

}
[3.193]

Let us now focus on

Ia = (gabsµν + iεabaµν)kµ∇a
[
∂bX

νeik·X(σ)
]

r

= (gabsµν + iεabaµν)kµ
{[
∇a∂bXνeik·X(σ)

]
r

+
[
∂bX

νikλ∇aXλeik·X(σ)
]

r

}
[3.194]

We replace ∂b by ∇b in the first term and ∇a by ∂a in the second term. This is allowed as
they both act on worldsheet scalars.

Ia = (gabsµν + iεabaµν)kµ
{[
∇a∇bXνeik·X(σ)

]
r

+
[
∂bX

νikλ∂aX
λeik·X(σ)

]
r

}
[3.195]

Because ∇a∇b = ∇b∇a when acting on scalars3 the εab part vanishes with the first term.
Thus, also changing dummy variables for the second term,

Ia = sµνk
µ
[
∇2Xνeik·X(σ)

]
r

+ (gabsµλ + iεabaµλ)ikµkλ
[
∂bX

ν∂aX
µeik·X(σ)

]
r

= − iα
′

6
Rsµνk

µkν
[
eik·X(σ)

]
r

+ (gabsµλ + iεabaµλ)ikνk
λ
[
∂bX

ν∂aX
µeik·X(σ)

]
r

[3.196]

Similarly

Ia = − iα
′

6
Rsµνk

µkν
[
eik·X(σ)

]
r

+ (gabsλν + iεabaλν)ikµk
λ
[
∂bX

ν∂aX
µeik·X(σ)

]
r

[3.197]

3

∇a∇bS −∇b∇aS = ∂a∂bS − Γcab∂cS − ∂b∂aS + Γcba∂cS = 0

as Γcab = Γcba.
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and therefore

J2b =
gc
2

∫
d2σδω

√
g

{
α′R

(
−1

3
sµνk

µkν
)[

eik·X(σ)
]

r

+ (gab + iεab)
(
sµλkνk

λ + sλνkµk
λ
) [
∂bX

ν∂aX
µeik·X(σ)

]
r

}
[3.198]

Let us now consider the case where both functional derivatives act on the ∂aXµ∂bX
µ.

This gives

J2c =
gc
2α′

∫
d2σd2σ′d2σ′′

√
g(gabsµν + iεabaµν)δW∆(σ′, σ′′)

×
[
δµλ∂aδ

2(σ′ − σ)ηλν∂bδ
2(σ′′ − σ) + δνλ∂bδ

2(σ′ − σ)ηλµ∂aδ
2(σ′′ − σ)

] [
eik·X(σ)

]
r

[3.199]

We interchange integration variables σ′ and σ′′ in the second term between brackets and
use ∆(σ′, σ′′) = ∆(σ′′, σ′)

J2c =
gc
α′

∫
d2σd2σ′d2σ′′

√
g(gabsµν + iεabaµν)δW∆(σ′, σ′′)

× ηµν∂aδ2(σ′ − σ)∂bδ
2(σ′′ − σ)

[
eik·X(σ)

]
r

[3.200]

We use aµνηµν = 0 and the chain rule for derivatives of the delta function, then perform
our first partial integration

J2c =
gc
α′

∫
d2σd2σ′d2σ′′

√
ggabsµµδW∆(σ′, σ′′)∂′aδ

2(σ′ − σ)∂′′b δ
2(σ′′ − σ)

[
eik·X(σ)

]
r

= − gc
α′

∫
d2σd2σ′d2σ′′

√
ggabsµµ∂

′′
b δW∆(σ′, σ′′)∂′aδ

2(σ′ − σ)δ2(σ′′ − σ)
[
eik·X(σ)

]
r

= − gc
α′

∫
d2σd2σ′

√
ggabsµµ∂bδW∆(σ′, σ)∂′aδ

2(σ′ − σ)
[
eik·X(σ)

]
r

[3.201]

We follow with the second partial integration

J2c =
gc
α′

∫
d2σd2σ′

√
ggabsµµ∂

′
a∂bδW∆(σ′, σ)δ2(σ′ − σ)

[
eik·X(σ)

]
r

=
gc
α′

∫
d2σ
√
ggabsµµ∂

′
a∂bδW∆(σ′, σ)

∣∣∣
σ′=σ

[
eik·X(σ)

]
r

[3.202]

— 144—



Joe’s Book (version of November 21, 2020) Notes from Stany M. Schrans

We now use (3.6.15b) and then partially integrate two more times

J2c =
gc
α′

∫
d2σ
√
ggabsµµ

1

6
α′∇a∂bδω

[
eik·X(σ)

]
r

= −gc
6

∫
d2σ∂bδω∇a

{√
ggabsµµ

[
eik·X(σ)

]
r

}
= − gc

6

∫
d2σ∂bδω

√
ggabsµµ∇a

[
eik·X(σ)

]
r

= +
gc
6

∫
d2σδω∂b

{√
ggabsµµ∇a

[
eik·X(σ)

]
r

}
= +

gc
6

∫
d2σδω

√
g∇b

{
gabsµµ∇a

[
eik·X(σ)

]
r

}
= +

gc
6

∫
d2σδω

√
ggabsµµ∇b∇a

[
eik·X(σ)

]
r

[3.203]

use [3.179] and the fact that gab∇b∇a
[
eik·X(σ)

]
r

= ∇a∂a
[
eik·X

]
r
, remember scalars!

J2c =
gc
6

∫
d2σδω

√
gsλλ

{α′
6
k2R

[
eik·X(σ)

]
r
− kµkνgab

[
∂aX

µ∂bX
νeik·X

]
r

}
=
gc
2

∫
d2σδω

√
g
{
α′R

(
1

18
k2sλλ

)[
eik·X(σ)

]
r

+ gab
(
−1

3
kµkνs

λ
λ

)[
∂aX

µ∂bX
νeik·X

]
r

}
[3.204]

We can now bring all the contributions together. They are of the form

δWV1 =
gc
2

∫
d2σ
√
g δω

{
(gabsµµ + iεabaµν)

[
∂aX

µ∂aX
µeik·X(σ)

]
r

+ α′R f
[
eik·X(σ)

]
r

}
[3.205]

The contributions form the different parts to s, a and f are summarised in the table below.

sµν aµν f
J1 4kµkνφ – − 2

3k
2φ

J2a −k2sµν −k2aµν –
J2b kλkµsλν + kλkµsνλ kλkµaλν + kλkµaνλ − 1

3k
µkνsµν

J2c − 1
3s
λ
λkµkν – 1

18k
2sλλ

J3 – – −k2φ

Table 3.2: Weyl transformation of the massless vertex operator; contributions to [3.205]

Thus

sµν = − k2sµν + kλkµsλν + kλkµsµλ −
1

3
sλλkµkν + 4kµkνφ

aµν = − k2aµν + kλkµaλν + kλkµaνλ

= − k2aµν + kλkµaµλ − kλkµaνλ

f = − 5

3
k2φ− 1

3
kµkνsµν +

1

18
k2sλλ [3.206]
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We need to compare this with Polchinski’s (3.6.17), with γ = −2/3, i.e.

Sµν = − k2sµν + kλkµsλν + kλkµsµλ −
1

3
sλλkµkν + 4kµkνφ

Aµν = − k2aµν + kλkµaµλ − kλkµaνλ

F = − 5

3
k2φ− 1

3
kµkνsµν +

1

18
k2sλλ [3.207]

Lo and behold! These are identical!

3.41 p 105: Eq (3.6.18) Linking ∇2Xµ with kµR

This is actually a highly non-trivial equation. I haven’t found a simple derivation of it, but
I will show in a very roundabout way that it is correct. For this I use a derivation provided
by “Wakabaloola” on the Physics Stack Exchange, for which I am extremely grateful. As a
return gesture, the least I can do is to refer to one of his papers

D. Luest and D. Skliros, Handle Operators in String Theory, arXiv:1912.0155 [hep-th]

which we will denote by [LS] here. The building blocks of most of what follows comes
from their section 2. Any errors in my explanation are, of course, solely due to me. It is
also worth mentioning that the basis of this work is Polchinski’s earlier work published in
NBP307 (1988) 61-92.

Because of the length of the calculation, it is useful to summarise what we are going to
do. Our first goal is to find transition functions of conformal and Weyl transformations. We
will first introduce the concept of holomorphic normal coordinates. These are coordinates
in a patch around a point σ1 of the manifold that are chosen to be “as flat as possible",
implying that the connections at that point vanish. This suggests that we introduce the
concept of Weyl normal ordering, which is similar to Polchinki’s conformal normal ordering
but where both points z1 and z2 are taken at the same base point. We will then derive the
transition function for a change of base points from σ1 to σ′1. This will be achieved in
[3.236]. We will then proceed to use this result to work out how a change of coordinates,
this time keeping the base point fixed, impacts a local, Weyl normal ordered, operator. I.e
we will derive and expression for the derivative of such an operator. This result is achieved
in[3.247] and shows that we cannot just bring in the derivative into the normal ordering
as there is an additional contribution that depends on the Ricci scalar and its covariant
derivatives. As an illustration of this we will show that the formula [3.260] is valid

∇a��∇aXµeik·X(σ1)��z = �
�∇aXµ∇aeik·X(σ1)��z −

iα′kµ

4
R(σ1)��e

ik·X(σ1)��z [3.208]

where the �
� · · · ��z denote Weyl normal ordering. This shows how the Ricci scalar can

appear in expressions with normal ordering and derivatives.
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Next we turn to the case of interest, which is the case of Weyl transformations and
derive the transition function for such a transformation. This is given in [3.271]. It is then
an easy step to determine how a local operator transforms under a Weyl transformation.
This is given in [3.274]. We then derive expression for the propagator and its derivatives
in this new scheme. This allows us to focus on requiring Weyl invariance of the vertex
operators, giving us a set of equations that lead to the same mass-shell conditions (3.6.22).
This then establishes the validity for (3.6.18).

The appendix to this chapter contains a brief introduction to complex structures where
we will also derive some results needed in this section. There is a lot of work to be done,
so let’s get cracking!

HOLOMORPHIC NORMAL COORDINATES AND WEYL NORMAL ORDERING

We have the usual complex coordinates z and z̄ on the Riemann surface M under consid-
eration. But let us be very precise. We have a chart on our manifold in which we define
holomorphic and anti-holomorphic coordinates, z and z̄. We define the complex coordi-
nates in such a way that at a given point σ1 these complex coordinates vanish. Restricting
ourselves to the holomorphic side, as the anti-holomorphic is similar, we denote this set
of coordinates by zσ1(σ), meaning the holomorphic coordinates based on a a chart around
the point σ1 where these coordinates vanish, i.e. where

zσ1(σ1) = 0 [3.209]

We now define holomorphic normal coordinates as follows. In that local patch around σ1

go to the conformal gauge gab = e2ωδab = ρ(σ)δab.4 We know that in the conformal gauge
the metric and the Ricci scalar are given by

ds2 = ρ(zσ1 , z̄σ1)dzσ1dz̄σ1

R = − 4ρ(zσ1 , z̄σ1)−1∂zσ1
∂z̄σ1

ln ρ(zσ1 , z̄σ1) [3.210]

Here we have used the fact that e2ω = ρ and that ∂a∂a = 4∂zσ1∂z̄σ1
. Note that we are

explicitly mentioning that these are holomorphic coordinates around the point σ1, because
soon we will turn our attention to the question what happens in a point nearby σ1. We
now chose the zσ1(σ) in such a way that at σ = σ1 , i.e. where the patch is based and only
at that point, the metric is as flat as possible. i.e.

ρ(zσ1 , z̄σ1)
∣∣∣
σ=σ1

= 1

∂nzσ1
ρ(zσ1 , z̄σ1)

∣∣∣
σ=σ1

= 0 for n ≥ 1 [3.211]

4That it is always possible to chose such a conformal gauge is explained in the appendix to this
chapter, see in particular, the discussion around [3.444].
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so that all holomorphic derivatives of ρ vanish at σ1. Mixed derivatives (holomorphic plus
anti-holomorphic) need nor vanish as we cannot generally make the Ricci scalar zero by
a choice of coordinates. Holomorphic coordinates satisfying these conditions are called
holomorphic normal coordinates,5 a term that has been coined by the authors of [LS],
which I find very appropriate and hope will stick.

We now define Weyl Normal Ordering by (2.2.7), using d2z = 2d2σ

�
�F�� = exp

(
1

8

∫
d2z1 d

2z2 ∆(z1, z2)
δ

δXµ(z1, z̄1)

δ

δXµ(z2, z̄2)
F
) ∣∣∣∣∣ z1=zσ1 (σ1)

z2=zσ1 (σ2)

[3.212]

I.e. for an operator based at σ1 we take the subtractions at the points zσ1(σ1) and zσ1(σ2).
Note that the whole toolkit of CFT can be applied, e.g. the mode expansion of the field

Xµ is given by

i∂zσ1
X(σ) =

∞∑
n=−∞

α
(zσ1 )
n (σ1)

zσ1(σ)n+1
[3.213]

This is heavy on notation, but it emphasises that this is taken in the patch around σ1 and
that the modes depend on that patch and the base point. The same, of course applies for
the expansion of the energy-momentum tensor in the Virasoro generators.

THE TRANSITION FUNCTION OF A HOLOMORPHIC COORDINATE

Let us now consider a point nearby σ1, say σ′1 = σ1+δσ1 and construct a set of holomorphic
coordinates zσ′1 around that point. Recall again that by construction zσ′1(σ′1) = 0. If σ1 and
σ′1 are close enough that the two holomorphic charts based on them overlap, then the
transition function between the two is, by definition of a complex manifold, holomorphic:

zσ′1(σ) = fσ′1σ1

(
zσ1(σ)

)
= zσ1(σ) + δzσ1(σ) [3.214]

This defines δzσ1(σ), which is a holomorphic function as well, since fσ′1σ1
is holomorphic.

Our first task will be to determine an equation for this transition function. This is not a
straightforward thing to do and we will only achieve this in [3.236].

5The fact that we can chose such a set if coordinates that are as flat as possible is not trivial. For
a discussion on how to go from a general coordinate system to a holomorphic normal coordinates
see the appendix to this chapter and in particular [3.468] which gives an explicit formula for the
required transition function from a set of coordinates in the conformal gauge to a set of holomorphic
normal coordinates.
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The above holomorphic transformation induces a change in metric at a generic point σ
that lives in the overlap of the two patches of the form

δ ln ρ(σ) = ∇zσ1
δzσ1(σ) +∇z̄σ1

δz̄σ1(σ) [3.215]

This transformation is derived in the appendix, see [3.452]. Let us now take the (n− 1)th

derivative of this, with n ≥ 2 and evaluate this at the point σ = σ1. We use the fact that in
the conformal gauge the only non-vanishing connections are

Γzzz(σ) =
∂zσ1

ρ(σ)

ρ(σ)
= ∂zσ1

ln ρ(σ)

Γz̄z̄z̄(σ) =
∂z̄σ1

ρ(σ)

ρ(σ)
= ∂z̄σ1

ln ρ(σ) [3.216]

We find

∂n−1
zσ1

δ ln ρ(σ)
∣∣∣
σ=σ1

= ∂n−1
zσ1

(
∇zσ1

δzσ1(σ) +∇z̄σ1
δz̄σ1(σ)

) ∣∣∣
σ=σ1

= ∂n−1
zσ1

[
∂zσ1

δzσ1(σ) + ∂zσ1
ln ρ(σ)δzσ1(σ) + ∂z̄σ1

δz̄σ1(σ)

+ ∂z̄σ1
ln ρ(σ)δz̄σ1(σ)

]∣∣∣
σ=σ1

=
[
∂nzσ1

δzσ1(σ) + ∂nzσ1
ln ρ(σ)δzσ1(σ) + ∂zσ1

ln ρ(σ)∂n−1
zσ1

δzσ1(σ)

+ ∂n−1
zσ1

∂z̄σ1
δz̄σ1(σ) + ∂n−1

zσ1
∂z̄σ1

ln ρ(σ)δz̄σ1(σ) + ∂z̄σ1
ln ρ(σ)∂n−1

zσ1
δz̄σ1(σ)

]∣∣∣
σ=σ1

=
[
∂nzσ1

δzσ1(σ) +
(
∂n−1
zσ1

∂z̄σ1
ln ρ(σ)

)
δz̄σ1(σ)

]∣∣∣
σ=σ1

[3.217]

In the last line we have used the fact that we are working in holomorphic normal coordi-
nates such that ∂nzσ1

ln ρ(zσ1 , z̄σ1)
∣∣∣
σ=σ1

= 0 for n ≥ 1 and that δz̄σ1 is holomorphic so that

∂nzσ1
δz̄σ1 = 0 as well. Note that, as we have mentioned earlier, the mixed derivative term

∂n−1
zσ1

∂z̄σ1
ln ρ(σ) is not necessarily zero, on the contrary [3.210] links it to the Ricci scalar

R. Indeed, note that

∂n−2
zσ1

[
ρ−1∂zσ1

∂z̄σ1
ln ρ(σ1)

]∣∣∣
σ=σ1

= ∂n−1
zσ1

∂z̄σ1
ln ρ(σ)

∣∣∣
σ=σ1

[3.218]

This is easily seen that noting that the derivatives ∂n−2
zσ1

on the ρ−1 are zero when taken in
σ1 by the normal holomorphicity condition. We are then just left with a ρ−1 which at the
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point σ1 is equal to one by the same condition. We can thus write

∂n−1
zσ1

δ ln ρ(σ)
∣∣∣
σ=σ1

= ∂nzσ1
δzσ1(σ1)− 1

4
δz̄σ1(σ1)∂n−2

zσ1

[
− 4ρ−1∂zσ1

∂z̄σ1
ln ρ(σ1)

]
= ∂nzσ1

δzσ1(σ1)− 1

4
δz̄σ1(σ1)∂n−2

zσ1
R(σ1)

= ∂nzσ1
δzσ1(σ1)− 1

4
δz̄σ1(σ1)∇n−2

zσ1
R(σ1) [3.219]

We have here, immediately written the fact that all these quantities are taken at the point
σ1 and in the last line we can replace the ordinary derivatives by the covariant derivatives
because as the only non-zero connection Γzzz(σ) = ∂zσ1

ln ρ(σ) vanishes at σ1.
Requiring that both at σ1 and at σ′1 we have holomorphic normal coordinates implies

that ∂n−1
zσ1

ln ρ(σ1) vanishes and so [3.219] implies that

∂nzσ1
δzσ1(σ1) =

1

4
δz̄σ1(σ1)∇n−2

zσ1
R(σ1) [3.220]

Multiply both sides by
(
zσ1(σ)

)n
/n! and sum from n = 2 to infinity

∞∑
n=2

1

n!

(
zσ1(σ)

)n
∂nzσ1

δzσ1(σ1) =
1

4
δz̄σ1(σ1)

∞∑
n=2

1

n!

(
zσ1(σ)

)n∇n−2
zσ1

R(σ1) [3.221]

We can rewrite the LHS as

LHS =
∞∑
n=0

1

n!

(
∂nzσ1

δzσ1(σ1)
)(
zσ1(σ)

)n − δzσ1(σ1)−
(
∂zσ1

δzσ1(σ1)
)
zσ1(σ) [3.222]

The sum is just a Taylor expansion. To recognise it, recall that

f(x) =

∞∑
n=0

1

n!
∂nf(a)(x− a)n [3.223]

and Taylor expand δzσ1(σ) around zσ1(σ1). We thus have x = zσ1(σ) and a = zσ1(σ1), with
f ≡ δ. It follows that x − a = zσ1(σ) − zσ1(σ1). Now recall from [3.209] that the base
point is chosen so that zσ1(σ1) = 0, albeit it that δzσ1(σ1) = 0 and its derivatives need not
be zero. We thus have x− a = x = zσ1(σ) and so

δzσ1(σ) =
∞∑
n=0

1

n!

(
∂nzσ1

δzσ1(σ1)
)(
zσ1(σ)

)n
[3.224]

We therefore have

δzσ1(σ)− δzσ1(σ1)−
(
∂zσ1

δzσ1(σ1)
)
zσ1(σ) =

1

4
δz̄σ1(σ1)

∞∑
n=2

1

n!

(
zσ1(σ)

)n∇n−2
zσ1

R(σ1)

[3.225]
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or, equivalently

δzσ1(σ) = δzσ1(σ1) +
(
∂zσ1

δzσ1(σ1)
)
zσ1(σ) +

1

4
δz̄σ1(σ1)

∞∑
n=1

∇n−1
zσ1

R(σ1)

(n+ 1)!

(
zσ1(σ)

)n+1

[3.226]

where we have changed the summation index n→ n+1. Let us see what we have achieved
so far. We have found an expression for δzσ1(σ) as a power series in zσ1(σ) with coefficients
that depend only on the base point σ1. In detail

δzσ1(σ) =
∞∑
n=0

an(σ1)
(
zσ1(σ)

)n
[3.227]

with

a0 = δzσ1(σ1)

a1 = ∂zσ1
δzσ1(σ1)

an =
δz̄σ1(σ1)∇n−2

zσ1
R(σ1)

4(n+ 1)!
for n ≥ 2 [3.228]

We know add zσ1(σ) to both sides. On the left hand side we get zσ1(σ) + δzσ1(σ), which
by [3.214] is exactly zσ′1(σ). On the RHS this means that the coefficient a1 changes to

1+∂zσ1
δzσ1(σ1). Now, to first order in the change δ we can rewrite this as epartialzσ1

δzσ1 (σ1).
We can also multiply a0 and an for n ≥ 2 with this exponential as these coefficients are
already of the order δzσ1(σ1) and so the difference would just be a second order correction.
The upshot of this is that we can write

zσ′1(σ) = e∂zσ1
δzσ1 (σ1)

∞∑
n=0

ãn(σ1)
(
zσ1(σ)

)n
[3.229]

with

ã0 = δzσ1(σ1)

ã1 = 1

ãn =
δz̄σ1(σ1)∇n−2

zσ1
R(σ1)

4(n+ 1)!
for n ≥ 2 [3.230]

or explicitly

zσ′1(σ) = e∂zσ1
δzσ1 (σ1)

[
δzσ1(σ1) + zσ1(σ) +

1

4
δz̄σ1(σ1)

∞∑
n=1

∇n−1
zσ1

R(σ1)

(n+ 1)!

(
zσ1(σ)

)n+1

]
[3.231]
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Let us now go back to [3.264] and evaluate it at σ1. Since ρ(σ1) = 1 by the definition
of holomorphic normal coordinates we have ln ρ(σ1) = 0. We furthermore have that all
connections vanish at σ1, see [3.216]. Therefore

∂zσ1
δzσ1(σ1) + ∂z̄σ1

δz̄σ1(σ1) = 0 [3.232]

For a general complex number w = x + iy we have w + w̄ = 2x = 2Rew, thus the above
equation says that

Re
[
∂zσ1

δzσ1(σ1)
]

= 0 [3.233]

This means that we can write

∂zσ1
δzσ1(σ1) = Re

[
∂zσ1

δzσ1(σ1)
]

+ i Im
[
∂zσ1

δzσ1(σ1)
]

= i Im
[
∂zσ1

δzσ1(σ1)
]

[3.234]

and [3.235] becomes

zσ′1(σ) = ei Im [∂zσ1
δzσ1 (σ1)]

[
δzσ1(σ1) + zσ1(σ) +

1

4
δz̄σ1(σ1)

∞∑
n=1

∇n−1
zσ1

R(σ1)

(n+ 1)!

(
zσ1(σ)

)n+1

]
[3.235]

The exponential pre-factor is now just a phase factor. We will shove this phase factor under
the rug, together with the one that determines the transition functions from coordinates in
the conformal gauge to holomorphic normal coordinates, see [3.467] in the appendix to
this chapter or for more details [LS].

Our final result is then

zσ′1(σ) = δzσ1(σ1) + zσ1(σ) +
1

4
δz̄σ1(σ1)

∞∑
n=1

∇n−1
zσ1

R(σ1)

(n+ 1)!

(
zσ1(σ)

)n+1
[3.236]

This is the holomorphic transition function between two charts with nearby base points σ1

and σ1
′. It is holomorphic in σ, any any point in the overlap of the two charts, but due to

the appearance of δz̄σ1(σ1) it is not holomorphic in the base points σ1 and σ′1.

THE DERIVATIVE OF A NORMAL ORDERED OPERATOR

Using the result [3.236] and the chain rule we can now work out the derivative w.r.t. the
base point σ1 for a given point σ

∂

∂zσ1(σ1)

∣∣∣
σ

=
∂zσ1(σ)

∂zσ1(σ1)

∣∣∣
σ

∂

∂zσ1(σ)
+

∂z̄σ1(σ)

∂zσ1(σ1)

∣∣∣
σ

∂

∂z̄σ1(σ)
[3.237]
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What does this mean? ∂zσ1(σ)/∂zσ1(σ1) is just the how zσ1(σ) varies when we vary the the
base point. We can read this off from [3.236]. It is just

∂zσ1(σ)

∂zσ1(σ1)
= lim

δzσ1 (σ1)→0

zσ′1(σ)− zσ1(σ)

δzσ1(σ1)

= lim
δzσ1 (σ1)→0

δzσ1(σ1) + 1
4δz̄σ1(σ1)

∑∞
n=1

∇n−1
zσ1

R(σ1)

(n+1)!

(
zσ1(σ)

)n+1

δzσ1(σ1)

= 1 [3.238]

But we have also a non-vanishing term for the complex conjugate of [3.236]

∂z̄σ1(σ)

∂zσ1(σ1)
= lim

δzσ1 (σ1)→0

z̄σ′1(σ)− z̄σ1(σ)

δzσ1(σ1)

= lim
δzσ1 (σ1)→0

δz̄σ1(σ1) + 1
4δzσ1(σ1)

∑∞
n=1

∇n−1
z̄σ1

R(σ1)

(n+1)!

(
z̄σ1(σ)

)n+1

δzσ1(σ1)

= +
1

4

∞∑
n=1

∇n−1
z̄σ1

R(σ1)

(n+ 1)!

(
z̄σ1(σ)

)n+1
[3.239]

and thus

∂

∂zσ1(σ1)

∣∣∣
σ

=
∂

∂zσ1(σ)
+

1

4

∞∑
n=1

∇n−1
z̄σ1

R(σ1)

(n+ 1)!

(
z̄σ1(σ)

)n+1 ∂

∂z̄σ1(σ)
[3.240]

In this expression we recognise the Virasoro generatos

L
(zσ1 )
n = −

(
zσ1(σ)

)n+1 ∂

∂zσ1(σ)
and L̃

(zσ1 )
n = −

(
z̄σ1(σ)

)n+1 ∂

∂z̄σ1(σ)
[3.241]

We have explicitly added the superscript (zσ1 ) to remind ourselves that these are the Vira-
soro generators for the patch around the base point σ1. We can thus write

∂

∂zσ1(σ1)

∣∣∣
σ

= −L(zσ1 )
−1 − 1

4

∞∑
n=1

∇n−1
z̄σ1

R(σ1)

(n+ 1)!
L̃

(z̄σ1 )
n [3.242]

This is an expression to the derivative w.r.t. to the variation base point keeping the point
σ fixed, i.e. w.r.t. δzσ1(σ1) =

(
zσ′1(σ) − zσ1(σ)

)∣∣
σ=σ1

. This is a so-called passive variation
where we move the frame of reference σ1 to σ′1 and keep the coordinate σ fixed. We can
obtain the active variation of changing the coordinate but keeping the base point fixed
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simply by introducing a minus sign. We thus have that the derivative w.r.t. coordinate for
a fixed base point is

∂zσ1
= L

(zσ1 )
−1 +

1

4

∞∑
n=1

∇n−1
z̄σ1

R(σ1)

(n+ 1)!
L̃

(z̄σ1 )
n [3.243]

From here on we are working with a fixed base-point σ1 and so it is superfluous to keep
on reminding ourselves that the coordinates z are taking with base point σ1. The above
equation thus becomes

∂z = L−1 +
1

4

∞∑
n=1

∇n−1
z̄ R(σ1)

(n+ 1)!
L̃n [3.244]

Let us now see what the corresponding derivative ∂z does when acting on a local op-
erator that is Weyl normal ordered and is inserted at the base point σ1 with holomorphic
normal coordinates z, viz an operator ��A(σ1)��z. We have

∂z
�
�A(σ1)��z =

[
L−1 +

1

4

∞∑
n=1

∇n−1
z̄ R(σ1)

(n+ 1)!
L̃n

]
�
�A(σ1)��z [3.245]

We can evaluate L−1
�
�A(σ1)��z via the OPE of the energy-momentum tensor with the oper-

ator ��A(σ1)��z

L−1
�
�A(σ1)��z =

∮
dz

2π
T (z)A(w) = �

�∂zA(σ1)��z [3.246]

and so we just pick up the residue of the simple pole of the simple pole of the OPE which
is, as we have seen before by translation invariance ��∂zA(σ1)��z.

We have now achieved our end result for this part. We know how to take the derivative
of a normal ordered local operator:

∂z
�
�A(σ1)��z = �

�∂zA(σ1)��z +
1

4

∞∑
n=1

∇n−1
z̄ R(σ1)

(n+ 1)!
L̃n
�
�A(σ1)��z [3.247]

The key point here, and it is worth emphasising it, is that one cannot just take a derivative
in a normal ordered product. There is an additional contribution that depends on the anti-
holomorphic part of the theory. Note also that these results are very general. They are
valid for an arbitrary background and CFT with total central charge zero. These results are
also valid off-shell.

AN EXPLICIT EXAMPLE
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After all this hard work, let us consider a specific example. We wish to compute

Tµ(σ1) = ∇a��∇aXµeik·X(σ1)��z [3.248]

As at the end of the last section, we have not written all the necessary indices, but we are
working with holomorphic normal coordinates at base point σ1. This means that covariant
derivatives ∇z = ∇zσ1

are equal to ordinary derivatives and and ρ(σ1) = 1 with all its
derivatives at σ1 being zero. Replacing the covariant derivative by ordinary derivatives,
going to complex coordinates, and using our formula [3.247] for the derivative of a normal
ordered operator, we find

Tµ(σ1) = 4∂z
�
�∂z̄X

µeik·X(σ1)��z

= 4��∂z

(
∂z̄X

µeik·X(σ1)
)
�
�z +

1

4

∞∑
n=1

∇n−1
z̄ R(σ1)

(n+ 1)!
L̃n4��∂z̄X

µeik·X(σ1)��z [3.249]

We now use the OPE to compute

L̃n
�
�∂z̄X

µeik·X(σ1)��z =

∮
Cz

dw

2πi
(w − z)n+1T̃ (w̄)��∂z̄X

µeik·X(σ1)��z [3.250]

Let us consider first what we need before we start blindly calculating. Because n ≥ 1
we need a pole in the OPE T̃ (w̄)∂z̄X

µeik·X(z) of order three or higher to have a non-
zero contribution. Here we have not written the normal ordering symbols as these are
understood in OPEs. We will also focus further on the holomorphic twin of this expressions,
and put conjugates at the end. We thus need the third and higher order poles of

T (w)∂Xµeik·X(z) = − 1

α′
∂Xν∂Xν(w)∂Xµeik·X(z) [3.251]

The highest order pole we get is when we contract one of the ∂Xν(w) with the ∂Xµ(z)
and the other ∂Xν(w) with an Xσ(z) from the exponential. Using

Xµ(w)Xν(z) = − 1

2
α′ ln |w − z|2

∂Xµ(w)Xν(z) = − 1

2
α′

1

w − z

∂Xµ(w)∂Xν(z) = − 1

2
α′

1

(w − z)2
[3.252]

we see that the highest order pole is a third order pole and is given by

T (w)∂Xµeik·X(z) = − 1

α′

[
2

(
−1

2
α′

ηµν

(w − z)2

)(
−1

2
α′
ikσηνσ
w − z

)
eik·X(z)

]
+ · · ·

= − ikµα′

2

1

(w − z)3
eik·X(z) + · · · [3.253]
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Thus

Ln
�
�∂zX

µeik·X(σ1)��z =

∮
Cz

dw

2πi
(w − z)n+1

[
− ikµα′

2

1

(w − z)3
eik·X(z) + · · ·

]

= − iα′kµ

2
δn,1

∮
Cz

dw

2πi(w − z)
eik·X(z)

= − iα′kµ

2
δn,1e

ik·X(z) [3.254]

We see that the result is the same for the conjugate twin and therefore

Tµ(σ1) = 4��∂z

(
∂z̄X

µeik·X(σ1)
)
�
�z +

∞∑
n=1

∇n−1
z̄ R(σ1)

(n+ 1)!

(
− iα

′kµ

2
δn,1e

ik·X(z)

)
= 4��∂z

(
∂z̄X

µeik·X(σ1)
)
�
�z −

iα′kµ

4
R(σ1)��e

ik·X(σ1)��z [3.255]

In the last line we have once more added the bells and whistles of the normal ordering.
Consider now the first term. From [3.246] we have

4��∂z

(
∂z̄X

µeik·X(σ1)
)
�
�z = 4L−1

�
�∂z̄X

µeik·X(σ1)��z [3.256]

We now need

L−1∂z̄X
µeik·X(z) =

∮
Cz

dw

2πi
(w − z)−1+1T (w)∂z̄X

µeik·X(z) [3.257]

The only non-vanishing contribution comes from the single pole in the OPE T (w)∂z̄X
µeik·X(z),

which is easily computed as we know that eik·X is a primary field, and hence so is ∂z̄Xµeik·X(z)
as T (w)∂z̄X

µ(z̄) has no singular parts in the contour. We can thus write down immediately

L−1∂z̄X
µeik·X(z) =

∮
Cz

∂z̄X
µ∂ze

ik·X(w)

w − z
= �
�∂z̄X

µ∂ze
ik·X(z)��z [3.258]

where we have added the bells and whistles of normal ordering again at the end. This is
actually nothing but a complicated and rigorous way to explain that bring the ∂z through
the ∂z̄Xµ in a normal ordering, i.e. that ∂z̄Xµ is anti-holomorphic.

Recall that we are using holomorphic normal coordinates so that we can replace the
ordinary derivatives by covariant ones. Thus

4��∂z

(
∂z̄X

µeik·X(σ1)
)
�
�z = 4��∂z̄X

µ∂ze
ik·X(z)��z = �

�∇aXµ∇aeik·X(σ1)��z [3.259]

We thus find our final result for Tµ(σ1):

∇a��∇aXµeik·X(σ1)��z = �
�∇aXµ∇aeik·X(σ1)��z +

iα′γkµ

4
R(σ1)��e

ik·X(σ1)��z [3.260]
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Where we have introduce a parameter γ that is equal to −1 in our case.

WEYL TRANSFORMATIONS IN WEYL NORMAL ORDERING

Let us consider a patch with base point σ1 holomorphic normal coordinates zσ1(σ). We
now wish to perform an infinitesimal but general holomorphic change of coordinates

zσ1(σ)→ wσ1(σ) = zσ1(σ) + δzσ1(σ) = zσ1(σ) +
∞∑
n=0

εn
(
zσ1(σ)

)n
[3.261]

Note that δzσ1(σ) has a different meaning than in [3.214]. Here it is a change of co-
ordinates with a fixed base point σ1, whereas previously it denoted the impact on the
coordinate of a change of base point σ1 to σ′1.

As we are working in holomorphic normal coordinates, the following relations are
valid, see [3.210] and [3.211]

ds2 = ρ(zσ1 , z̄σ1)dzσ1dz̄σ1 with ∂nzσ1
ρ(zσ1 , z̄σ1)

∣∣∣
σ=σ1

= δn,0 [3.262]

Our aim is to find out how vertex operators transform under Weyl transformations – re-
member that we have a regularisation scheme, either Pauli-Villars or dimensional regular-
isation, that is manifestly diffeomorphism invariant and so the survival of the Weyl invari-
ance in the quantum theory is what should concern us – so let us find the coefficient εn for
a Weyl transformation.

Consider, therefore, the Weyl transformation

ds2 → dŝ2 = eδφ(σ1)ρ(zσ1 , z̄σ1)dzσ1dz̄σ1 [3.263]

In order to satisfy the nitpickers amongst us, let us point out that by δφ(σ1) we actually
mean δφ

(
zσ1(σ), z̄σ1(σ)

)
. From [3.264] we have that, using ln ρ = δφ

δφ(σ) = ∇zσ1
δzσ1(σ) +∇z̄σ1

δz̄σ1(σ) [3.264]

Because both zσ1 and wσ1 are chosen to be holomorphic normal coordinates we have
zσ1(σ1) = wσ1(σ1) = 0 and hence also δzσ1(σ1) = 0. But recall that the derivatives of
δzσ1(σ) taken at sic are not necessarily zero.

In order to compute δzσ1(σ) we perform the same trick as before: we take the (n−1)th
derivative of δzσ1(σ) evaluated at σσ1, multiply it by

(
zσ1(σ)

)n
/n! and sum from n = 2 to

infinity

∞∑
n=2

1

n!
∂n−1
zσ1

δφ(σ)

∣∣∣∣∣
σ=σ1

(
zσ1(σ)

)n
=

∞∑
n=2

1

n!
∂n−1
zσ1

(
∇zσ1

δzσ1 +∇z̄σ1
δz̄σ1

)
(σ)

∣∣∣∣∣
σ=σ1

(
zσ1(σ)

)n
[3.265]
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We now use [3.216] for the non-vanishing connections and the RHS becomes

RHS =
∞∑
n=2

1

n!
∂n−1
zσ1

(
∂zσ1

δzσ1 + (∂zσ1
ln ρ)δzσ1 + ∂z̄σ1

δz̄σ1 + (∂z̄σ1
ln ρ)δz̄σ1

)
(σ)

∣∣∣∣∣
σ=σ1

(
zσ1(σ)

)n
=
∞∑
n=2

1

n!

(
∂nzσ1

δzσ1 + (∂nzσ1
ln ρ)δzσ1 + (∂zσ1

ln ρ)∂n−1
zσ1

δzσ1

+ (∂n−1
zσ1

∂z̄σ1
ln ρ)δz̄σ1 + (∂z̄σ1

ln ρ)∂n−1
zσ1

δz̄σ1

)
(σ)

∣∣∣∣∣
σ=σ1

(
zσ1(σ)

)n
=
∞∑
n=2

1

n!
∂nzσ1

δzσ1(σ)

∣∣∣∣∣
σ=σ1

(
zσ1(σ)

)n
[3.266]

Indeed, all but one term survives due to the choice of holomorphic normal coordinates
and the fact that δz̄σ1 is anti-holomorphic. We complete the sum and extract the Taylor
expansion to find

∞∑
n=2

1

n!
∂n−1
zσ1

δφ(σ)

∣∣∣∣∣
σ=σ1

(
zσ1(σ)

)n
=

∞∑
n=0

1

n!
∂nzσ1

δzσ1(σ)

∣∣∣∣∣
σ=σ1

(
zσ1(σ)

)n − δzσ1(σ1)−
(
∂zσ1

δzσ1(σ1)
)
zσ1(σ)

= δzσ1(σ)−
(
∂zσ1

δzσ1(σ1)
)
zσ1(σ) [3.267]

where we have also used δzσ1(σ1) = 0. We thus have

δzσ1(σ) =
(
∂zσ1

δzσ1(σ1)
)
zσ1(σ) +

∞∑
n=2

1

n!
∂n−1
zσ1

δφ(σ)

∣∣∣∣∣
σ=σ1

(
zσ1(σ)

)n
[3.268]

We add zσ1(σ) to both sides and use the fact that δzσ1(σ) + zσ1(σ) = wσ1(σ) to find

wσ1(σ) =
[
1 + ∂zσ1

δzσ1(σ1)
]
zσ1(σ) +

∞∑
n=1

1

(n+ 1)!
∂nzσ1

δφ(σ)

∣∣∣∣∣
σ=σ1

(
zσ1(σ)

)n+1

= e∂zσ1
δzσ1 (σ1)

[
zσ1(σ) +

∞∑
n=1

1

(n+ 1)!
∂nzσ1

δφ(σ)

∣∣∣∣∣
σ=σ1

(
zσ1(σ)

)n+1

]
[3.269]

The last equation is correct to first order in δφ and thus also δz. The argument of the
exponential can be written as

∂zσ1
δzσ1(σ1) = Re ∂zσ1

δzσ1(σ1) + i Im ∂zσ1
δzσ1(σ1)

=
1

2

[
∂zσ1

δzσ1(σ1) + ∂z̄σ1
δz̄σ1(σ1)

]
+ i Im ∂zσ1

δzσ1(σ1)

=
1

2
δφ(σ1) + i Im ∂zσ1

δzσ1(σ1) [3.270]
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In the last line we have used [3.264] and the fact that at σ = σ1 the connections vanish.
The imaginary part just gives a phase, which we can, just as before, ignore. We thus find
our final result, the transition function for a holomorphic change of coordinates zσ1 →
wσ1(zσ1), with fixed base point, corresponding to a Weyl transformation

wσ1(σ) = e
1
2
δφ(σ1)

[
zσ1(σ) +

∞∑
n=1

1

(n+ 1)!
∂nzσ1

δφ(σ)

∣∣∣∣∣
σ=σ1

(
zσ1(σ)

)n+1

]
[3.271]

We can thus write for a Weyl transformation

zσ1(σ)→ wσ1(σ) = zσ1(σ) +

∞∑
n=0

εn
(
zσ1(σ)

)n
[3.272]

with

ε0 = 0

ε1 =
1

2
δφ

εn = e
1
2
δφ(σ1) 1

(n)!
∂n−1
zσ1

δφ(σ)

∣∣∣∣∣
σ=σ1

for n ≥ 2 [3.273]

From standard CFT we know that local operator transforms under a general conformal
transformation as

�
�A(wσ1 )(σ1)��wσ1

= �
�A(zσ1 )(σ1)��zσ1

−
∞∑
n=0

(
εnL

(zσ1 )
n + ε̃nL̃

(zσ1 )
n

)
�
�A(zσ1 )(σ1)��zσ1

[3.274]

As we have the εn from [3.273] and we can evaluate L
(zσ1 )
n

�
�A(zσ1 )(σ1)��zσ1

by contour
operation of the OPE, we thus have an explicit expression of how a local operator changes
under a Weyl transformation.

WEYL TRANSFORMATIONS OF THE PROPAGATOR

We are now in a position to really start working on showing that Weyl invariance of the
operator V1 requires the conditions (3.6.16). First we need to work out the Weyl transfor-
mations of the propagator ∆(σ′, σ) and derivatives thereof in our scheme. We have

∆(σ′, σ) =
α′

2
ln
∣∣zσ1(σ′)− zσ1(σ)

∣∣2 [3.275]
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As per our scheme, the geodesic distance is taken with fixed base point. We wish to find
the change of this under a Weyl transformation, i.e.

δW∆(σ′, σ) =
α′

2
ln
∣∣wσ1(σ′)− wσ1(σ)

∣∣2 − α′

2
ln
∣∣zσ1(σ′)− zσ1(σ)

∣∣2
=
α′

2
ln

∣∣∣∣wσ1(σ′)− wσ1(σ)

zσ1(σ′)− zσ1(σ)

∣∣∣∣2 [3.276]

We have worked out an expression for wσ1 under a Weyl transformation in [3.271] which
we write to first order as

wσ1(σ) =

(
1 +

1

2
δφ(σ1)

)
zσ1(σ) +

∞∑
n=1

1

(n+ 1)!
∂nzσ1

δφ(σ1)
(
zσ1(σ)

)n+1
[3.277]

We have written δφ(σ1) but it is, of course, understood that we first take the appropriate
number of derivatives of δφ(σ) and only afterwards take σ = σ1. Therefore

wσ1(σ′)− wσ1(σ)

zσ1(σ′)− zσ1(σ)
=
[
zσ1(σ′)− zσ1(σ)

]−1
{(

1 +
1

2
δφ(σ1)

)[
zσ1(σ′)− zσ1(σ)

]
+

∞∑
n=1

1

(n+ 1)!
∂nzσ1

δφ(σ1)
[(
zσ1(σ′)

)n+1 −
(
zσ1(σ)

)n+1
]}

= 1 +
1

2
δφ(σ1) +

∞∑
n=1

1

(n+ 1)!
∂nzσ1

δφ(σ1)

(
zσ1(σ′)

)n+1 −
(
zσ1(σ)

)n+1

zσ1(σ′)− zσ1(σ)

[3.278]

Let us now look at the fraction in the sum. In the end we will be interested in the limit
σ′ = σ = σ1. First we have

lim
x→y

xn+1 − yn+1

x− y
= lim

x−→y

2∑
k=0

xkyn−k = (n+ 1)yn [3.279]

We will thus end up with n
(
zσ1(σ)

)n, which we will take at σ = σ1 and hence this vanishes.
Therefore at σ′ = σ = σ1

ln
wσ1(σ′)− wσ1(σ)

zσ1(σ′)− zσ1(σ)
= ln

(
1 +

1

2
δφ(σ1)

)
=

1

2
δφ(σ1) [3.280]

We have a similar contribution of the conjugate part and thus

δW∆(σ′, σ)
∣∣∣
σ′=σ=σ1

=
α′

2
× 2× 1

2
δφ(σ1) [3.281]
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This deserves its standalone formula

δW∆(σ, σ′)
∣∣∣
σ′=σ=σ1

=
α′

2
δφ(σ1) [3.282]

Recalling that our δφ is equal to the 2δω of Joe, we recover (3.6.11).
Let us now work out ∂z′δW∆(σ′, σ) in our scheme. As we will see, this has become

pretty easy in this scheme. Using [3.276] and [3.278] we have

δW∆(σ′, σ) =
α′

2
ln

∣∣∣∣∣1 +
1

2
δφ(σ1) +

∞∑
n=1

∂nzσ1
δφ(σ1)

(n+ 1)!

n∑
k=0

(
zσ1(σ′)

)k(
zσ1(σ)

)n−k∣∣∣∣∣
2

=
α′

2

[
1

2
δφ(σ1) +

∞∑
n=1

∂nzσ1
δφ(σ1)

(n+ 1)!

n∑
k=0

(
zσ1(σ′)

)k(
zσ1(σ)

)n−k
+ c.c.

]
[3.283]

where c.c. stands for complex conjugate. We now need to take the z′ = zσ1(σ′) derivative
of this and then put σ′ = σ = σ1. There is only one term in the expression that then
remains, it is the term with k = 1 and n = 1 and this gives

∂z′δW∆(σ′, σ))
∣∣∣
σ′=σ=σ1

=
α′

2

[
∂zσ1

δφ(σ1)

2

]
[3.284]

Again, this deserves a standalone formula

∂z′δW∆(σ′, σ))
∣∣∣
σ′=σ=σ1

=
α′

4
∂zδφ(σ1) [3.285]

This is (3.6.15a) with again δφ = 2δω
Let us do one more derivative: ∂z′∂z̄δW∆(σ′, σ). This is pretty simple from [3.283].

There are no mixed z′ and z̄ terms so that expression vanishes

∂z′∂z̄δW∆(σ′, σ))
∣∣∣
σ′=σ=σ1

= 0 [3.286]

which is (3.6.15b) for γ = −1.

WEYL TRANSFORMATIONS OF THE VERTEX OPERATOR V1

We can now calculate the Weyl Variation of the operator V1 in the new renormalisation
scheme. Recall that we already did this for using the renormalisation in Joe’s book. But
in order to do that we had to assume (3.6.18) was valid. In our new renormalisation
scheme we can calculate this Weyl variation, without having to assume (3.6.18). As we
have already done most of the calculation, we will not repeat everything. The reader is
referred to the derivation of (3.6.16) on p105 for all details.
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We can immediately go to [3.175]

δWV1 =
gc
α′

∫
d2σ

{
− 2α′φ̃

√
g(∇2δω)

[
eik·X(σ)

]
w

+
1

2

√
g(gabsµν + iεabaµν)

∫
d2σ′d2σ′′δW∆(σ′, σ′′)

δ

δXλ(σ′)

δ

δXλ(σ′′)

[
∂aX

µ∂bX
νeik·X(σ)

]
w

+
1

2

√
gα′φ̃R

∫
d2σ′d2σ′′δW∆(σ′, σ′′)

δ

δXλ(σ′)

δ

δXλ(σ′′)

[
eik·X(σ)

]
w

}
[3.287]

We are denoting the renormalisation based on Weyl normal ordering by [· · · ]w. We are tak-
ing into account that due to the fact that we are using a different renormalisation scheme,
we have assumed a different φ̃. Once more we take the three lines separately. The first line
gives [3.177]

J1 = −2gcφ̃

∫
d2σδω

√
g∇a∂a

[
eik·X(σ)

]
w

[3.288]

We know that we need to be very careful now with derivatives and Weyl normal ordering.
Let us first check ∂z

[
eik·X(σ)

]
w

. Eq [3.247] tells us how to bring a derivative in a Weyl
normal ordered product

∂z

[
eik·X(σ)

]
w

=
[
∂ze

ik·X(σ)
]

w
+

1

4

∞∑
n=1

∇n−1
z̄ R(σ1)

(n+ 1)!
L̃n

[
eik·X(σ)

]
w

[3.289]

Let us first check the second term. We have

L̃n

[
eik·X(σ)

]
w

=

∮
Cz

dw

2πi
(w − z)n+1T (w)eik·X(z)

=

∮
Cz

dw

2πi
(w − z)n+1

[
(α′k2/4)eik·X(z)

(z − w)2
+
∂ze

ik·X(z)

z − w

]
[3.290]

The first term of the OPE gives a (z − w)n−1 and the second a (z − w)n. For n ≥ 1 neither
of these contributions give a pole and so

L̃n

[
eik·X(σ)

]
w

= 0 for n ≥ 1 [3.291]

and therefore

∂z

[
eik·X(σ)

]
w

=
[
∂ze

ik·X(σ)
]

w
[3.292]
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The same holds, of course, for its complex conjugate and hence

∇a∂a
[
eik·X(σ)

]
w

=∇a
[
∂ae

ik·X(σ)
]

w
= ∇a

[
ikµ∂aX

µeik·X(σ)
]

w

= ikµ∇a
[
∇aXµeik·X(σ)

]
w

[3.293]

But now comes the fruit of all our hard work, because we already calculated this in [3.260]

∇a
[
∇aeik·X(σ)

]
w

= ikν

[
∂aX

µ∂aXνeik·X(σ)
]

w
+
iα′γkµ

4
R(σ1)

[
eik·X

]
w

[3.294]

We thus find

J1 = − 2gcφ̃

∫
d2σδω

√
g ikµ

[
ikν

[
∂aX

µ∂aXνeik·X(σ)
]

w
+
iα′γkµ

4
R(σ1)

[
eik·X

]
w

]
=
gc
2

∫
d2σ
√
g δω

{(
γα′k2φ̃R

) [
eik·X

]
w

+
(

4kµkν φ̃
) [
∂aX

µ∂aXνeik·X)
]

w

}
[3.295]

Note that this is exactly the same result as in our previous calculation, [3.180] if we set
γ = −2/3 and φ̃ = φ as per Joe’s book.

The third line is identical to the previous result, as there are no derivatives to mess it
up:

J3 =
gc
2

∫
d2σ
√
gδω

(
− α′k2φ̃R

) [
eik·X

]
w

[3.296]

Let us finally focus our attention to the second line. If both functional derivatives act
on the exponential we have no derivatives to worry about and we can, once more, just take
over the result from our previous calculation, [3.185]

J2a =
gc
2

∫
d2σ
√
gδω

(
gab(−k2sµν) + iεab(−k2aµν)

) [
∂aX

µ∂bX
νeik·X

]
w

[3.297]

If one functional derivative acts on the exponential and the other on ∂X, then the previous
calculation is valid up to the point where we will apply derivatives on the Weyl normal
ordered local operators. This means that we can just take over up to [3.193]

J2b = − igc
2

∫
d2σδω

√
g

{
(gabsµν + iεabaµν)kµ∇a

[
∂bX

νeik·X
]

w

+ (gabsµν + iεabaµν)kν∇b
[
∂aX

µeik·X
]

w

}
[3.298]
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We will consider the symmetric and antisymmetric part separately

J s2b = − igc
2

∫
d2σδω

√
g
{
sµνk

µ∇a
[
∇aXνeik·X

]
w

+ sµνk
ν∇a

[
∇aXµeik·X

]
w

}
[3.299]

We can again use [3.260] and the symmetry of sµν

J s2b = − igc
∫
d2σδω

√
gsµνk

µ

{[
∇aXν∇aeik·X

]
w

+
iα′γkν

4
R
[
eik·X

]
w

}
= − igc

∫
d2σ
√
gδωsµνk

µ

{
ikλ

[
∂aX

ν∂aXλeik·X
]

w
+
iα′γkν

4
R
[
eik·X

]
w

}
[3.300]

Note that we can simplify the first contribution as, ignoring pre-factors,

sµνk
µkλ

[
∂aX

ν∂aXλeik·X
]

w
= gabsµνk

µkλ

[
∂aX

ν∂bXλeik·X
]

w

=
1

2
gab
(
sλνk

λkµ + sµλk
λkν
) [
∂aX

µ∂bXνeik·X
]

w
[3.301]

We thus find for the symmetric part

J s2b =
gc
2

∫
d2σ
√
gδω

{
α′R

(γ
2
sµνk

µkν
) [
eik·X

]
w

+ gab
(
sλνk

λkµ + sµλk
λkν
) [
∂aX

µ∂bXνeik·X
]

w

}
[3.302]

Let us now focus on the antisymmetric part

J a2b = − igc
2

∫
d2σδω

√
giεabaµν

{
kµ∇a

[
∂bX

νeik·X
]

w
+ kν∇b

[
∂aX

µeik·X
]

w

}
[3.303]

The only non-vanishing component of εab is εzz̄ and so we have

J a2b = − igc
2

∫
d2σδω

√
giεzz̄aµν

{
kµ∇z

[
∂z̄X

νeik·X
]

w
+ kν∇z̄

[
∂zX

µeik·X
]

w

}
[3.304]

We can again just take over [3.260], without a factor of four. Note that the second term in
[3.260] will bring down an extra factor of kµ resulting in a combination aµνkµkν which is
zero by antisymmetry of aµν . So we get

J a2b =
gc
2

∫
d2σδω

√
giεzz̄aµν

{
kµ
[
∂z̄X

ν∂ze
ik·X

]
w

+ kν
[
∂zX

µ∂z̄e
ik·X

]
w

}
=
gc
2

∫
d2σδω

√
giεzz̄aµν

{
kµ
[
∂z̄X

νikλ∂zX
λeik·X

]
w

+ kν
[
∂zX

µikλ∂z̄X
λeik·X

]
w

}
=
gc
2

∫
d2σδω

√
giεabaµν

{
kµ
[
∂bX

νikλ∂aX
λeik·X

]
w

+ kν
[
∂aX

µikλ∂bX
λeik·X

]
w

}
=
gc
2

∫
d2σδω

√
giεab

(
sλνk

λkµ + sµλk
λkν
) [
∂aX

µ∂bXνeik·X
]

w
[3.305]
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Adding the symmetric and antisymmetric part we find

J2b =
gc
2

∫
d2σδω

√
g

{
α′R

(γ
2
sµνk

µkν
) [
eik·X(σ)

]
r

+ (gab + iεab)
(
sµλkνk

λ + sλνkµk
λ
) [
∂bX

ν∂aX
µeik·X(σ)

]
r

}
[3.306]

This is the same result [3.198] as in our previous calculation, if we set again γ = −2/3
there.

Let us finally focus on the term where both functional derivatives act on the ∂aXµ∂bX
ν .

Once again, we can follow the calculation from the past as long as we don’t mess around
with derivatives of operators. This means we can go straight to [3.202]

J2c =
gc
α′

∫
d2σ
√
ggabsµµ∂

′
a∂bδW∆(σ′, σ)

∣∣∣
σ′=σ

[
eik·X(σ)

]
r

[3.307]

But the only non-vanishing metric components are gzz̄ and we have shown in [??] that
∂z′∂z̄δW∆(σ′, σ))

∣∣∣
σ′=σ=σ1

= 0 and so in Weyl normal ordering we simply have

J2c = 0 [3.308]

Bringing the results together, we find We can now bring all the contributions together.
They are of the form

δWV1 =
gc
2

∫
d2σ
√
g δω

{
(gabsµµ + iεabaµν)

[
∂aX

µ∂aX
µeik·X(σ)

]
r

+ α′R f
[
eik·X(σ)

]
r

}
[3.309]

The contributions form the different parts to s, a and f are summarised in the table below.

sµν aµν f
J1 4kµkν φ̃ – γk2φ̃
J2a −k2sµν −k2aµν –
J2b kλkµsλν + kλkµsνλ kλkµaλν + kλkµaνλ

γ
2k

µkνsµν
J2c – – –
J3 – – −k2φ̃

Table 3.3: Weyl transformation of the massless vertex operator; contributions to [3.205]
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Thus

sµν = − k2sµν + kλkµsλν + kλkµsµλ + 4kµkν φ̃

aµν = − k2aµν + kλkµaλν + kλkµaνλ

= − k2aµν + kλkµaµλ − kλkµaνλ
f = (γ − 1)k2φ̃+

γ

2
kµkνsµν [3.310]

Requiring Weyl invariance of the vertex operator V1 requires that sµν = aµν = f = 0. We
can now go through the same reasoning as for (3.6.22), which we briefly repeat here. First
we take an n satisfying n2 = 0 and k · n = 1. Also nµsµν = nµaµν = 0. Start by requiring
sµνnµnnu = 0. This means

0 = − k2sµνn
µnν + kνk

ωsµωn
µnν + kµk

ωsνωn
µnν + 4kµkνn

µnν φ̃ = 4φ̃ [3.311]

so that

φ̃ = 0 [3.312]

Now require sµνnµ = 0. This gives

0 = − k2sµνn
µ + kνk

ωsµωn
µ + kµk

ωsνωn
µ = (k · n)kωsνω [3.313]

so that

kµsµν = 0 [3.314]

Similarly, requiring Aµνnµ = 0 leads to

0 = − k2aµνn
µ + kνk

ωaµωn
µ − kµkωaνωnµ

= (k · n)kµaνµ [3.315]

so that

kµaµν = 0 [3.316]

Finally, requiring sµν = 0 gives

0 = − k2sµν + kνk
ωsµω + kµk

ωsνω = −k2sµν [3.317]

and so also

k2 = 0 [3.318]
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Note that sµν = 0 just means that there would be no symmetric part. We now see that
aµν = 0 is also satisfied and so is f = 0. We have exactly the same on-shell conditions as
from the renormalisation scheme in Joe’s book.

We are now, finally, in a position to argue (3.6.18). And it is now pretty simple. Using
a the Weyl normal ordering renormalisation scheme we have found the above mass-shell
conditions as in Joe’s book. Going back through the calculation of the on-shell conditions
in Joe’s book we see that these can only be satisfied if (3.6.18) is valid. As physical results
should be independent of the renormalisation scheme and mass-shell conditions certainly
are physical results, this shows that (3.6.18) is indeed valid.

3.42 p 106: Eq (3.6.20) The Independent Parameters of the Massless
Vertex Operator, I

Let us first consider the change in aµν . This change will only impact Aµν:

Aµν →Aµν − k2(ζµkν − kµζν) + kνk
λ(ζµkλ − kµζλ)− kµkλ(ζνkλ − kνζλ)

= Aµν − k2ζµkν + k2kµζν + k2ζµkν − (k · ζ)kµknu− k2kµζν + (k · ζ)kµkν

= Aµν [3.319]

and so

δWV1(sµν , aµν + ζµkν − kµζν , φ) = δWV1(sµν , aµν , φ) [3.320]

Similarly, we find

Sµν →Sµν − k2(ξµkν + kµξnu) + kνk
λ(ξµkλ + kµξλ) + kµk

λ(ξνkλ + kνξλ)

− 1

3
kµkν2(k · ξ)− 4

3
kµkν2(k · ξ)

=Sµν − k2ξµkν − k2kµξnu+ k2kνξµ + kµkν(k · ξ) + k2kµxν + kµkν(k · ξ)
− 2kµkν(k · ξ) = Sµν [3.321]

We also have

F →F − 5

3
k2

(
−1

3
(k · ξ)

)
− 1

3
kµkν(ξµkν + kµξν) +

1

18
k22(k · ξ)

=F +

[
5

9
− 2

3
+

1

9

]
k2(k · ξ) = F [3.322]

and so

δWV1(sµν + ξµkν + kµξν , aµν , φ−
1

3
k · ξ) = δWV1(sµν , aµν , φ) [3.323]
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3.43 p 106: Eq (3.6.21) The Independent Parameters of the Massless
Vertex Operator, II

Let us chose our axes so that k = (1, 1, 0, · · · , 0). It satisfies k2 = 0 as it should. n is then
necessarily of the form n = (−1

2 ,
1
2 , ~n) in order to satisfy k · n = 1. Now n2 = 0 implies

~n2 = 0 and so ~n = 0. We can thus always chose

k = (1, 1, 0, · · · , 0)

n = (−1

2
,
1

2
, 0, · · · , 0) [3.324]

Let us now start from a general sµν we allow a transformation (3.6.20a) but require that
the transformed field satisfies (3.6.61), i.e.

0 =nµ(sµν + ξµkν + kµξν)

=nµsµν + (n · ξ)kν + ξν [3.325]

Let us write this out explicitly. For ν = 0, 1 we have

0 =
1

2
(−s00 + s10) +

1

2
(ξ0 + ξ1) + ξ0

0 =
1

2
(−s01 + s11) +

1

2
(ξ0 + ξ1) + ξ1 [3.326]

This is easily solved for ξ0 and ξ1:

ξ0 =
1

8
(3s00 − 3s10 − s01 + s11)

ξ1 =
1

8
(−s00 + s10 + 3s01 − 3s11) [3.327]

The other equations are, for ν = 2, · · · , D − 1

0 =
1

2
(−s0ν + s1ν) + ξν [3.328]

which is solved by

ξν =
1

2
(s0ν − s1ν) [3.329]

In other words, given an sµν we can always transform it to a new form that satisfies nµsµν =
0 and still has the same Weyl transformation. A similar argument holds obviously for aµν .
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3.44 p 106: Eq (3.6.22) The Independent Parameters of the Massless
Vertex Operator, III

Start by requiring Sµνnµnnu = 0. This means

0 = − k2sµνn
µnν + kνk

ωsµωn
µnν + kµk

ωsνωn
µnν − (1 + γ)kµkνs

ω
ωn

µnν + 4kµkνn
µnνφ

= [−(1 + γ)sωω + 4φ] kµkνn
µnν = [−(1 + γ)sωω + 4φ] (k · n)2 = −(1 + γ)sωω + 4φ [3.330]

so that

φ =
1 + γ

4
sωω =

1

12
sωω [3.331]

Now require Sµνnµ = 0. This gives

0 = − k2sµνn
µ + kνk

ωsµωn
µ + kµk

ωsνωn
µ − (1 + γ)kµkνs

ω
ωn

µ + 4kµkνn
µφ

= (k · n)kωsνω [3.332]

so that

kµsµν = 0 [3.333]

Similarly, requiring Aµνnµ = 0 leads to

0 = − k2aµνn
µ + kνk

ωaµωn
µ − kµkωaνωnµ

= (k · n)kµaνµ [3.334]

so that

kµaµν = 0 [3.335]

Finally, requiring Sµν = 0 gives

0 = − k2sµν + kνk
ωsµω + kµk

ωsνω − (1 + γ)kµkνs
ω
ω + 4kµkνφ

= − k2sµν [3.336]

and so also

k2 = 0 [3.337]

Note that sµν = 0 just means that there would be no symmetric part. We now see that
Aµν = 0 is also satisfied and so is F = 0.
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