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3.51 p 111: Eq (3.7.14) The β Functions with two Spacetime Deriva-
tives

We will not derive all these equations in detail. But let us remember that it was already
argued before that the string action leads to spacetime general coordinate symmetry. We
should thus not be surprised that if we add higher order terms, (part of) these will organise
themselves in spacetime covariant derivatives. What we will do is two things and both are
related to βGµν .

The first thing is just point out that if we would work out the spacetime Ricci tensor
Rµν to first order in Gµν = ηµν + χµν one indeed recovers the relevant part of (3.7.13a).
This is a straightforward calculation which we now sketch. We expand the spacetime field
Gµν = ηµν + χµν , use it to raise and lower indices and work to linear order. We then have
Gµν = ηµν − χµν . The spacetime connection is then given by

Γσµν =
1

2
gσλ(∂µgλν + ∂νgλµ − ∂λgµν) =

1

2
(∂µχ

σ
ν + ∂νχ

σ
µ − ∂σχµν) [3.362]

The spacetime curvature tensor is

Rµ
νσλ = ∂σΓµλν − ∂λΓµσν + ΓµσρΓ

ρ
λν
− ΓµλρΓ

ρ
νσ

=
1

2
(∂σ∂νχ

µ
λ − ∂λ∂νχ

µ
σ − ∂σ∂µχλν + ∂λ∂

µχσν) [3.363]

and the spacetime Ricci tensor is

Rνλ = Rµνµλ =
1

2
(∂µ∂νχ

µ
λ − ∂λ∂νχ

µ
µ − ∂µ∂µχλν + ∂λ∂

µχµν) [3.364]

We see form this that α′Rµν gives exactly the χ dependent part in (3.7.13a)
The second part is more involved. We will show how the H2 term appears in βGµν .

This is actually the subject of exercise 3.11 and is quite instructive to show here. This
solution is taken from Matthew Headrick who has published the solutions to about half of
the exercises of Polchinki’s book in arXiv:0812.4408 [hep-th].

We start by a simplification. Since our interest is in the H2 term we might as well take
Gµν to be constant, Φ to vanish and Bµν to be linear in X. This means that we can write
Bµν = bωµνX

ω for some constant bωµν . The antisymmetric part of the non-linear sigma
model action then becomes

SA
σ =

∫
d2σ
√
g iεabbωµνX

ω∂aX
µ∂bX

ν [3.365]

At the end of this section, we will argue that it is only this linear contribution that we need
to be concerned about in checking the Weyl invariance. Let us now consider this, partially
integrate and use the fact that ∂a(

√
gεbc) = 0,

√
g εabXµ∂aX

ν∂bX
ω = ∂a(εab

√
g Xµ∂aX

ν∂bX
ω)−Xν∂a(ε

ab√g Xµ∂bX
ω) [3.366]
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The first term vanishes as it is a boundary term and in the second term we use ∂a(εab
√
g) =

0 and the fact that the ∂a∂bXω vanishes when contracted with εab. We do the same trick
again

εab
√
g Xµ∂aX

ν∂bX
ω = − εab√g Xν∂aX

µ∂bX
ω = +εab

√
g ∂bX

ν∂aX
µXω [3.367]

We can therefore write

SA
σ =

∫
d2σ
√
g iεabbωµν

1

3
(Xω∂aX

µ∂bX
ν +Xµ∂aX

ν∂bX
ω +Xν∂aX

ω∂bX
µ)

=

∫
d2σ
√
g iεab

1

3
(bωµν + bµνω + bνωµ)Xω∂aX

µ∂bX
ν [3.368]

In the linear approximation, the field strength is then given by

Hωµν = ∂ω(bσµνX
σ) + ∂µ(bσνωX

σ) + ∂ν(bσωµX
σ)

= bσµνδ
σ
ω + bσνωδ

σ
µ + bσωµδ

σ
ν = bωµν + bµνω + bνωµ [3.369]

Therefore

SA
σ =

∫
d2σ
√
g iεab

1

3
HωµνX

ω∂aX
µ∂bX

ν [3.370]

In this approximation the non-linear sigma model becomes

Sσ =

∫
d2σ
√
g

(
Gµνg

ab∂aX
µ∂bX

ν +
i

3
εabHωµνX

ω∂aX
µ∂bX

ν

)
[3.371]

Now go to the conformal gauge and use complex coordinates. Remember that
√
g gab∂aX

µ∂bX
ν = 4(∂Xµ∂̄Xν + ∂̄Xµ∂Xν)

√
g εab∂aX

µ∂bX
ν = − 4i(∂Xµ∂̄Xν − ∂̄Xµ∂Xν) [3.372]

plus d2z = 2d2σ and we can write the action as Sσ = S0+i with

S0 =
1

2πα′
Gµν

∫
d2z ∂Xµ∂̄Xν

Si =
1

6πα′
Hωµν

∫
d2z Xω∂Xµ∂̄Xν [3.373]

S0 is the the action for the free theory and Si is the action for the interaction, which we
will treat as a perturbation. We can expand the expectation value of some operator O(X)
in the path integral formalism as

〈O(X)〉 =

∫
[dX]O(X)e−S0−Si =

∫
[dX]O(X)e−S0

(
1− Si +

1

2
S2
i + · · ·

)
= 〈O(X)〉0 − 〈SiO(X)〉0 +

1

2
〈S2
iO(X)〉0 [3.374]
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where 〈· · · 〉0 denotes the expectation value taken in the free theory. We have already
calculated the Weyl variation of the first two terms. The Weyl variation of the first term
leads to the Weyl anomaly term proportional to D − 26, whilst the Weyl variation of the
second term gives a term linear inHωµν , precisely the term that we find in βBµν in (3.7.13b).
It is the Weyl variation of the third term, that is quadratic in H, that interests us and
in particular the part proportional to

∫
d2z 〈∂Xµ∂̄Xν · · · 〉0 as that is the part that will

contribute to βGµν . Focussing on this term

1

2
〈S2
i · · · )〉0 =

1

2

(
1

6πα′

)2

HωµνHω′µ′ν′

∫
d2z d2z′

×
〈

: Xω(z, z̄)∂Xµ(z)∂̄Xν(z̄) : : Xω′(z′, z̄′)∂′Xµ′(z′)∂̄′Xν′(z̄′) · · ·
〉

0
[3.375]

We have written out the normal product signs explicitly and also notice that X is neither
holomorphic nor antiholomorphic, but depends on z and z̄. To calculate the Weyl variation
of this, we will only need the singular parts of the OPE. Indeed the nonsingular parts
becomes zero after the integration. In working out the OPE we need to identify the singular
term with in the numerator a ∂X∂̄X as that is the structure we are looking for. Hence we
need to perform two cross-contractions. To calculate how many such terms there are,
let us first identify how many possibilities there are to keep one uncontracted factor in
each normal order product. This is clearly 3 × 3 = 9. We then have two contractions to
make between twice two factors and this can be done in two ways. In total there are thus
9× 2 = 18 possible terms.

Let us work out one such term. The contraction we need to use is from the free theory,
i.e.

Xµ(z, z̄)Xν(z′, z̄′) = −α
′

2
Gµν ln |z − z′|2 [3.376]

consider the case where we contract Xω(z, z̄) with ∂′Xµ′(z′) and ∂̄Xν(z̄) with Xω′(z′, z̄′):
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This term gives

1

2
〈S2
i · · · 〉

(1)
0 =

1

2

(
1

6πα′

)2

HωµνHω′µ′ν′

∫
d2z d2z′

×Xω(z, z̄)∂′Xµ′(z′) ∂̄Xν(z̄)Xω′(z′, z̄′)
〈

: ∂Xµ(z)∂̄′Xν′(z̄′) : · · ·
〉

0

=
1

2

(
1

6πα′

)2

HωµνHω′µ′ν′

∫
d2z d2z′

(
−α
′

2
Gωµ

′
∂′ ln |z − z′|2

)
×
(
−α
′

2
Gνω

′
∂̄ ln |z − z′|2

)〈
: ∂Xµ(z)∂̄′Xν′(z̄′) :

〉
0

= − 1

298π2
HωµνHω′µ′ν′G

ωµ′Gνω
′
∫
d2z d2z′

1

|z − z′|2
〈

: ∂Xµ(z)∂̄′Xν′(z̄′) : · · ·
〉

0

= − 1

298π2
Hµ′

µνH
ν
µ′ν′

∫
d2z d2z′

1

|z − z′|2
〈

: ∂Xµ(z)∂̄′Xν′(z̄′) : · · ·
〉

0

= − 1

298π2
HµλωH

λω
ν

∫
d2z d2z′

1

|z − z′|2
〈
: ∂Xµ(z)∂̄′Xν(z̄′) : · · ·

〉
0

[3.377]

In the last line we have renamed indices and used the symmetry of Hωµν . It so happens
that the 17 other terms give the same contribution. Therefore

1

2
〈S2
i · · · 〉0 = − 1

16π2
HµλωH

λω
ν

∫
d2z d2z′

1

|z − z′|2
〈
: ∂Xµ(z)∂̄′Xν(z̄′) : · · ·

〉
0

[3.378]

This integral is logarithmically divergent at z = z′. The expectation value has no other
singularities as it is normal ordered. We can thus also expand z′ around z in the expectation
value and find

1

2
〈S2
i · · · 〉0 = − 1

16π2
HµλωH

λω
ν

∫
d2z

〈
: ∂Xµ(z)∂̄Xν(z̄) : · · ·

〉
0

∫
d2z′

1

|z − z′|2
[3.379]

We need to regularise the last integral in such a way that it remains diffeomorphism invari-
ant (as we don’t want to introduce an anomaly in that symmetry!). The diffeomorphism
invariant distance at short distance is given by (3.6.9), i.e d(z, z′) = |z − z′|eω(z). We can
thus introduce a diffeomorphism invariant cut-off in the integral at |z−z′| = εe−ω. In polar
coordinates the last integral then becomes∫

d2z′
1

|z − z′|2
=

∫ ∞
εe−ω

rdr

∫ 2π

0
dθ

1

r2
= 2π

∫ ∞
εe−ω

dr

r

= − 2π ln εe−ω + terms independent of ω

= − 2π ln ε+ 2πω + terms independent of ω [3.380]
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We need the Weyl variation of the expectation value, i.e. the transformation under a change
ω → ω + δω. Thus

δW
1

2
〈S2
i · · · 〉0 = − 1

16π2
HµλωH

λω
ν

∫
d2z

〈
: ∂Xµ(z)∂̄Xν(z̄) : · · ·

〉
0
× 2πδω(z)

= − 1

8π
HµλωH

λω
ν

∫
d2z δω(z)

〈
: ∂Xµ(z)∂̄Xν(z̄) : · · ·

〉
0

[3.381]

Rewriting this in a worldsheet covariant way and taking into account that an expectation
value in the free theory will only differ by higher order terms to an expectation in the full
theory, we can write

δW
1

2
〈S2
i · · · 〉0 = − 1

16π
HµλωH

λω
ν

∫
d2σ
√
g δω(σ)gab 〈: ∂aXµ∂bX

ν : · · · 〉

= − 1

2π

∫
d2σ
√
g δω(σ)〈T [H2] a

a · · · 〉 [3.382]

with

T [H2] a
a =

1

8
HµλωH

λω
ν [3.383]

According to the definition (3.7.12) this gives a contribution to βGµν of the form

βGµν = · · · − α′

4
HµλωH

λω
ν [3.384]

Adding to this result the fact that the we already showed how the spacetime Ricci scalar
appears and that we can replace the partial derivatives by covariant derivatives, we recover
(3.7.14a).

In the above derivation we assumed that Bµν was linear in X. Let us discuss what
happens if we drop this requirement. Clearly a constant term will not impact the discussion
as this reverts us back to the original antisymmetric part of the vertex operator. Recall what
happened with our linear term. We basically had to work out an OPE of the symbolic form
(X∂X∂̄X)(X∂X∂̄X). In order to be left with a product ∂X∂̄X we need the contractions

X∂̄X ∂XX. This gives us a z−1z̄−1 = |z|−2 = r−2 which led to the integral
∫
dr/r giving

us the logarithmic divergence we regularised.
Let us now assume that Bµν depends on ∂X. Note that this is now a worldsheet

derivative. We start with just one ∂X. We then have to take two contractions between
(∂X∂X∂̄X)(∂X∂X∂̄X). But if we are to be left with a product ∂X∂̄X, this means that
we need to take two contractions between ∂X∂̄X and ∂X∂X. Clearly one of them needs

to be ∂X∂̄X which vanishes. If Bµν contains a mixture of ∂mX ∂̄nX we have the same
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issue. Leaving out a ∂X∂̄X from the product (∂mX ∂̄nX∂X∂̄X)(∂mX ∂̄nX∂X∂̄X) leaves
a different number of ∂X and ∂̄X on both sides to be contracted, and so we are necessarily
left with a contraction that vanishes. Thus, terms of the form ∂mX ∂̄nX do not contribute
and cannot cause an anomaly.

Let us now assume that Bµν is of the (n + 1)-th order in X. We then need to have
contractions between (Xn+1∂X∂̄X)(Xn+1∂X∂̄X). Leaving out a product ∂X∂̄X we are

left with one contraction X∂̄X, one contraction ∂XX and n contractions XX, thus an
integral of the form∫

d2z
1

|z|2
(
ln |z|2

)n
= 2π

∫
εe−ω

dr
lnn r2

r
= 2π × lnn+1 r2

2(n+ 1)

∣∣∣
εe−ω

= − π

n+ 1

[
ln
(
εe−ω

)2]n+1
+ terms independent of ω

= − 2n+1π

n+ 1
(ln ε− ω)n+1 + terms independent of ω [3.385]

This will result in a contribution to the Weyl variation of the form

2n+1π(ln ε− ω)2δω ∼ 2n+1πδω lnn ε [3.386]

In the last equation we have pushed the curvature to infinity, by setting ω = 0. We see
that we recover the previous, linear, result if we set n = 0, as we should. The upshot of all
this is that that if n ≥ 1, i.e. if we have more than one factor of X, then the possible Weyl
anomaly terms comes coupled with the divergence and can be removed a the counterterm.
We will leave it as an exercise to the reader to show that a general term of the form
Xk(∂mX)km(∂̄nX)kn can similarly be removed by a counterterm, unless it is only linear in
X.

3.52 p 113: Eq (3.7.19) The β Function for the Linear Dilaton Model

Setting Gµν = ηµν , Bµν = 0 and Φ = VµX
µ, (3.7.14c) becomes

βΦ =
D − 26

6
− 0 + α′∇µΦ∇µΦ + 0 [3.387]

As Φ is a scalar field w.r.t. spacetime we have∇µΦ = ∂µΦ = Vµ and thus we have

βΦ =
D − 26

6
− 0 + α′VµV

µ [3.388]

Requiring the β function to vanish give (3.7.19).
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3.53 p 114: Eq (3.7.20) The Effective Spacetime Action

We do this in separate steps, starting with the variation of the dilaton field

δΦS =
1

2κ2
0

∫
dDx δΦ

{
√
−Ge−2Φ

[
− 2(D − 26)

3α′
+R− 1

12
HµνλH

µνλ + 4∂µΦ∂µΦ
]}

=
1

2κ2
0

∫
dDx

{
e−2Φ(−2δΦ)

√
−G

[
− 2(D − 26)

3α′
+R− 1

12
HµνλH

µνλ + 4∂µΦ∂µΦ
]

+
√
−Ge−2Φ8∂µΦ∂µδΦ

}

=
1

2κ2
0

∫
dDx

{
− 2e−2Φ

√
−G

[
− 2(D − 26)

3α′
+R− 1

12
HµνλH

µνλ + 4∂µΦ∂µΦ
]

− 8∂µ
[√
−Ge−2Φ∂µΦ

]}
δΦ

= − 1

κ2
0

∫
dDx e−2Φ

√
−G

[
− 2(D − 26)

3α′
+R− 1

12
HµνλH

µνλ + 4∂µΦ∂µΦ

+ 4(−G)−1/2
(
∂µ
√
−G
)
∂µΦ + 4

(
− 2∂µΦ

)
∂µΦ + 4∂µ∂µΦ

]
δΦ

= − 1

κ2
0

∫
dDx e−2Φ

√
−G

[
− 2(D − 26)

3α′
+R− 1

12
HµνλH

µνλ − 4∂µΦ∂µΦ

+ 2Gνσ∂µGνσ∂µΦ + 4∂µ∂
µΦ

]
δΦ

= − 1

2κ2
0α
′

∫
dDx e−2Φ

√
−G 2δΦ

{
− 4

[
D − 26

6
+ α′∂µΦ∂µΦ− α′

2
∂µ∂

µΦ− α′

24
HµνλH

µνλ

]

+ α′R+ 2α′∂µ∂µΦ− α′

4
HµνλH

µνλ

}

= − 1

2κ2
0α
′

∫
dDx e−2Φ

√
−G 2δΦ

(
− 4βΦ + βGµµ

)
[3.389]

In the last line we have replaced the ordinary derivative by the covariant derivative, used
the fact that the spacetime metric is covariantly constant, ∇µGµν = 0 and used the defini-
tion in (3.7.14).

— 180—



Joe’s Book (version of November 21, 2020) Notes from Stany M. Schrans

Let us now consider

δBS =
1

2κ2
0

∫
dDx δB

{
√
−Ge−2Φ

[
− 2(D − 26)

3α′
+R− 1

12
HµνλH

µνλ + 4∂µΦ∂µΦ
]}

=
1

2κ2
0

∫
dDx
√
−Ge−2Φ

(
−1

6
HµνλδBHµνλ

)
= − 1

4κ2
0

∫
dDx
√
−Ge−2ΦHµνλδB∂µBνλ

=
1

4κ2
0

∫
dDx ∂µ

(√
−Ge−2ΦHµνλ

)
δBνλ

=
1

4κ2
0

∫
dDx
√
−Ge−2Φ

(
+

1

2
Gνσ∂µGνσH

µνλ − 2∂µΦHµνλ + ∂µH
µνλ
)
δBνλ

= − 1

2κ2
0α
′

∫
dDx
√
−Ge−2Φ

(
− α′

4
Gνσ∂µGνσH

µνλ + α′∂µΦHµνλ − α′

2
∂µH

µνλ
)
δBνλ

= − 1

2κ2
0α
′

∫
dDx
√
−Ge−2ΦβBµνδBνλ [3.390]

Here also, we have replaced the ordinary derivative by the covariant derivative, used the
fact that the spacetime metric is covariantly constant, ∇µGµν = 0 and used the definition
in (3.7.14).

Finally we consider

δGS =
1

2κ2
0

∫
dDx δG

{
√
−Ge−2Φ

[
− 2(D − 26)

3α′
+R− 1

12
HµνλH

µνλ + 4∂µΦ∂µΦ
]}

[3.391]

Recall that we already worked out the variation of the Einstein-Hilbert action, see [1.35]

δG

∫
dDx
√
−GR =

∫
dDx
√
−G

(
Rµν −

1

2
GµνR

)
δGµν [3.392]

But we need to be careful as we have an extra factor e−2Φ. Just as for [1.35] we split the
calculation

δG

∫
dDx
√
−Ge−2ΦGµνRµν =

4∑
a=1

δGIa [3.393]

with

δGI1 =

∫
dDx (δG

√
−G) e−2ΦGµνRµν =

∫
dDx

1

2

√
−GGµνδGµνe−2ΦGρσRρσ

=

∫
dDx
√
−Ge−2Φ

[1

2
GµνR

]
δGµν [3.394]
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Next,

δGI2 =

∫
dDx
√
−G (δGe

−2Φ)GµνRµν = 0 [3.395]

Third,

δGI3 =

∫
dDx
√
−Ge−2Φ(δGG

µν)Rµν =

∫
dDx
√
−Ge−2Φ(−GµρGνσδGρσ)Rµν

=

∫
dDx
√
−Ge−2Φ

[
−Rµν

]
δGµν [3.396]

Finally, and this is where the change occurs compared to the Einstein-Hilbert action

δGI4 =

∫
dDx
√
−Ge−2ΦGµνδGRµν = [3.397]

We already calculated the variation of the Ricci tensor in [1.31] δRµν = δRρ
µρν = ∇ρδΓρµν−

∇νδΓρµρ. Thus

δGI4 =

∫
dDx
√
−Ge−2ΦGµν(∇ρδGΓρµν −∇νδGΓρµρ)

=

∫
dDx e−2Φ

[√
−G∇ρ(GµνδGΓρµν)−

√
−G∇ν(GµνδGΓρµρ)

]
=

∫
dDx e−2Φ

[
∂ρ(
√
−GGµνδGΓρµν)− ∂ν(

√
−GGµνδGΓρµρ)

]
[3.398]

In the case of the Einstein-Hilbert action, i.e. Φ = 0, this is a total derivative and vanishes.
This times this is not the case as we get a contribution from the dilaton field upon partial
integration

δGI4 = 2

∫
dDx e−2Φ

√
−GGµν

[
∂ρΦδGΓρµν − ∂νΦδGΓρµρ

]
[3.399]

Unfortunately, this time we need to work out the variations of the connections

δGΓρµν = δG
1

2
Gρσ(∂µGσν + ∂νGσµ − ∂σGµν)

=
1

2

[
−GρκGστδGκτ (∂µGσν + ∂νGσµ − ∂σGµν)

+Gρσ(∂µδGσν + ∂νδGσµ − ∂σδGµν)
]

[3.400]

Recall that by covariance we can, to that order, replace all partial derivatives by covariant
derivatives. This means that we can ignore the first line. We then split the calculation in
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two

δGI4a = 2

∫
dDx e−2Φ

√
−GGµν∂ρΦ

1

2
Gρσ(∂µδGσν + ∂νδGσµ − ∂σδGµν)

= −
∫
dDx
√
−GGµνGρσ

[
∂µ
(
e−2Φ∂ρΦ

)
δGσν + ∂ν

(
e−2Φ∂ρΦ

)
δGσµ

− ∂σ
(
e−2Φ∂ρΦ

)
δGµν

]
= −

∫
dDx
√
−GGµνGρσ

[
2∂µ

(
e−2Φ∂ρΦ

)
δGσν − ∂σ

(
e−2Φ∂ρΦ

)
δGµν

]
= −

∫
dDx
√
−G∂σ

(
e−2Φ∂ρΦ

)
(2GσνGρµ −GµνGρσ)δGµν [3.401]

The second part is

δGI4b = − 2

∫
dDx e−2Φ

√
−GGµν∂νΦ

1

2
Gρσ(∂µδGσρ + ∂ρδGσµ − ∂σδGρµ)

=

∫
dDx
√
−GGµνGρσ

[
∂µ
(
e−2Φ∂νΦ

)
δGρσ + ∂ρ

(
e−2Φ∂νΦ

)
δGσµ

− ∂σ
(
e−2Φ∂νΦ

)
δGρµ

]
=

∫
dDx
√
−GGµνGρσ∂µ

(
e−2Φ∂νΦ

)
δGρσ

=

∫
dDx
√
−G∂σ

(
e−2Φ∂ρΦ

)
GµνGρσδGµν [3.402]

Therefore

δGI4 =

∫
dDx
√
−G∂σ

(
e−2Φ∂ρΦ

)
(−2GσνGρµ +GµνGρσ +GµνGρσ)δGµν

=

∫
dDx
√
−G∂σ

(
e−2Φ∂ρΦ

)
2(GµνGρσ −GσνGρµ)δGµν

=

∫
dDx
√
−Ge−2Φ(−2∂σΦ∂ρΦ + ∂ρ∂σΦ) 2(GµνGρσ −GσνGρµ)δGµν

=

∫
dDx
√
−Ge−2Φ(−4∂σΦ∂σΦGµν + 4∂µΦ∂νΦ + 2∂σ∂

σΦGµν − 2∂µ∂νΦ)δGµν

[3.403]

Adding the four pieces together we find

δG

∫
dDx
√
−Ge−2ΦGµνRµν =

∫
dDx
√
−Ge−2Φ

(1

2
GµνR−Rµν

− 4∂σΦ∂σΦGµν + 4∂µΦ∂νΦ + 2∂σ∂
σΦGµν − 2∂µ∂νΦ

)
δGµν [3.404]
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As expected this gives back the Einstein equations when we have a constant Φ, but we see
that the dilaton field gives a correction that includes its derivative only.

There is another thing that we need to be careful about as well. Any indices upstairs
have been raised via the spacetime “metric” Gµν so they also carry a metric dependence.
For example

δGHµνλH
µνλ =HµνλδG(GµσGνρGλκHσρκ) = 3HµνλG

µσGνρHσρκδG
λκ

= − 3HµνλG
µσGνρHσρκG

λτGκηδGτη

= − 3HσρτHη
ρσδGτη = −3HµρσHν

ρσδGµν [3.405]

Similarly

δG∂µΦ∂µΦ = δGG
µν∂µΦ∂νΦ = −GµρGνσ∂µΦ∂νΦδGρσ = −∂µΦ∂νΦδGµν [3.406]

So we have

δGS =
1

2κ2
0

∫
dDx e−2Φ

{
δG
(√
−G
)[
− 2(D − 26)

3α′
− 1

12
HρσλH

ρσλ + 4∂σΦ∂σΦ
]

+
√
−G
(
−Rµν +

1

2
GµνR− 4∂σΦ∂σΦGµν + 4∂µΦ∂νΦ + 2∂σ∂

σΦGµν − 2∂µ∂νΦ

+
1

4
HµρσHν

ρσ − 4∂µΦ∂νΦ
)
δGµν

}

=
1

2κ2
0

∫
dDx
√
−Ge−2Φ

{
1

2
GµνδGµν

[
− 2(D − 26)

3α′
− 1

12
HρσλH

ρσλ + 4∂σΦ∂σΦ
]

+
(
−Rµν +

1

2
GµνR− 4∂σΦ∂σΦGµν + 2∂σ∂

σΦGµν − 2∂µ∂νΦ +
1

4
HµρσHν

ρσ

)
δGµν

}

= − 1

2κ2
0α
′

∫
dDx
√
−Ge−2Φ

[
α′Rµν + 2α′∂µ∂νΦ− α′

4
HµρσHν

ρσ

− 1

2
Gµν

(
α′GµνR+ 4α′∂σ∂

σΦ− α′

12
HρσλH

ρσλ − 2(D − 26)

3
− 4α′∂σΦ∂σΦ

)]
[3.407]

We can rewrite the term between brackets as

Bµν = βG µν − 1

2
Gµν(βG σ

σ − 4βΦ) [3.408]
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Indeed

Bµν =α′Rµν + 2α′∇µ∇νΦ− α′

4
HµρσHν

ρσ −
1

2
Gµν

(
α′R+ 2α′∇2Φ− α′

4
HλρσHλρσ

− 2(D − 26)

3
+ 2α′∇2Φ− 4α′∇σΦ∇σΦ +

α′

6
HλρσHλρσ

)
=α′Rµν + 2α′∇µ∇νΦ− α′

4
HµρσHν

ρσ −
1

2
Gµν

(
α′R+ 4α′∇2Φ− α′

12
HλρσHλρσ

− 2(D − 26)

3
i− 4α′∇σΦ∇σΦ

)
[3.409]

and we see that if we replace the covariant derivatives by partial derivatives we do indeed
find the expression between brackets in [3.407].

3.54 p 114: Eq (3.7.23) The Ricci Scalar after a Weyl Transformation

I expect most of you are expecting yet another long and tedious calculation. But if that is
the case then you have a short memory. Indeed we have used this formula many times for
the specific case of two dimensions, but when we originally derived it in chapter one we
did so for general dimensions D, see [1.21]. Happy and light-footed we move on to the
next challenge.

3.55 p 114: Eq (3.7.25) The Space Time Action with Einstein Metric

Let us first work out the pre-factor in (3.7.20). We have

Gµν = e−2ωG̃µν = e−4(Φ0−Φ)/(D−2)G̃µν = e4Φ̃/(D−2)G̃µν [3.410]

implying that

√
−G = e2DΦ̃/(D−2)

√
−G̃ [3.411]

so that
√
−Ge−2Φ = e2DΦ̃/(D−2)

√
−G̃ e−2(Φ0+Φ̃) = e−2Φ0e4Φ̃/(D−2)

√
−G̃ [3.412]

We will absorb the e−2Φ0 into the κ0. Let us now do term by term in (3.7.20)

T1 =
1

2κ2
0

∫
dDx
√
−Ge−2Φ

[
−2(D − 26)

3α′

]
=

1

2κ2

∫
dDx

√
−G̃

[
−2(D − 26)

3α′
e4Φ̃/(D−2)

]
[3.413]
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Next, consider the term with the curvature. Using (3.7.23)

T2 =
1

2κ2
0

∫
dDx
√
−Ge−2ΦR

=
1

2κ2
0

∫
dDx e−2Φ0e4Φ̃/(D−2)

√
−G̃

[
e2ωR̃+ 2(D − 1)∇2ω + (D − 2)(D − 1)∂ω · ∂ω

]
=

1

2κ2
0

∫
dDx e−2Φ0e4Φ̃/(D−2)

√
−G̃

[
e−4Φ̃/(D−2)R̃− 4(D − 1)

D − 2
∇2Φ̃ +

4(D − 1)

D − 2
∂Φ̃ · ∂Φ̃

]
=

1

2κ2

∫
dDx

√
−G̃

{
R̃+ 4e4Φ̃/(D−2)

[
−D − 1

D − 2
∇2Φ̃ +

D − 1

D − 2
∂Φ̃ · ∂Φ̃

]}
[3.414]

We need one more step. We write

∂Φ̃ · ∂Φ̃ =Gµν∂µΦ̃∂νΦ̃ = e−4Φ̃/(D−2)G̃µν∂µΦ̃∂νΦ̃ = e−4Φ̃/(D−2)∂Φ̃ · ∂̃Φ̃ [3.415]

Thus

T2 =
1

2κ2

∫
dDx

√
−G̃

[
R̃+ 4

(D − 1)

D − 2

(
−e4Φ̃/(D−2)∇2Φ̃ + ∂Φ̃ · ∂̃Φ̃

)]
[3.416]

Next, the term with the antisymmetric field strength

T3 =
1

2κ2
0

∫
dDx
√
−Ge−2Φ

(
− 1

12
HµνλG

µρGνσGλκHρσκ

)
=

1

2κ2
0

∫
dDx e−2Φ0e4Φ̃/(D−2)

√
−G̃

(
− 1

12
Hµνλe

−12Φ̃/(D−2)G̃µρG̃νσG̃λκH̃ρσκ

)
=

1

2κ2

∫
dDx

√
−G̃

[
− 1

12
e−8Φ̃/(D−2)HµνλH̃ρσκ

]
[3.417]

Finally, the term with the dilaton field

T4 =
1

2κ2
0

∫
dDx
√
−Ge−2Φ4Gµν∂µΦ∂νΦ

=
1

2κ2
0

∫
dDx e−2Φ0e4Φ̃/(D−2)

√
−G̃ 4e−4Φ̃/(D−2)G̃µν∂µΦ̃∂νΦ̃

=
1

2κ2

∫
dDx

√
−G̃

[
4∂Φ̃ · ∂̃Φ̃

]
[3.418]

Adding the four contributions we find

4∑
a=1

Ta =
1

2κ2

∫
dDx

√
−G̃

[
− 2(D − 26)

3α′
e4Φ̃/(D−2) + R̃− 1

12
e−8Φ̃/(D−2)HµνλH̃ρσκ

+ 4
(D − 1)

D − 2

(
−e4Φ̃/(D−2)∇2Φ̃ + ∂Φ̃ · ∂̃Φ̃

)
+ 4∂Φ̃ · ∂̃Φ̃

]
[3.419]
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We seem to be close but not exactly equal to (3.725). What saves us, as usual, is a partial
integration. Indeed

X =

∫
dDx

√
−G̃ e4Φ̃/(D−2)∇2Φ̃ =

∫
dDx e−2DΦ̃/(D−2)

√
−Ge4Φ̃/(D−2)∇µ∂µΦ̃

=

∫
dDx e−2Φ̃∂µ

(√
−G∂µΦ̃

)
= −

∫
dDx ∂µ

(
e−2Φ̃

)√
−G∂µΦ̃

=

∫
dDx e−2Φ̃

(
−2∂µΦ̃

)√
−G∂µΦ̃ = −2

∫
dDx e−2Φ̃e2DΦ̃/(D−2)

√
−G̃ ∂µΦ̃∂µΦ̃

= 2

∫
dDx

√
−G̃ e4Φ̃/(D−2)∂µΦ̃Gµν∂νΦ̃ = 2

∫
dDx

√
−G̃ e4Φ̃/(D−2)∂µΦ̃e−4Φ̃/(D−2)G̃µν∂νΦ̃

= 2

∫
dDx

√
−G̃ ∂µΦ̃∂̃µΦ̃ [3.420]

Note that we had to go back and forth between G and G̃ more than once in this last
derivation. This means that we can write the last few terms of [3.419] as

1

2κ2

∫
dDx

√
−G̃ 4

[
D − 1

D − 2
(−2 + 1) + 1

]
∂Φ̃ · ∂̃Φ̃

=
1

2κ2

∫
dDx

√
−G̃

[
− 4

D − 2

]
∂Φ̃ · ∂̃Φ̃ [3.421]

Therefore [3.419] becomes, finally,

4∑
a=1

Ta =
1

2κ2

∫
dDx

√
−G̃

[
− 2(D − 26)

3α′
e4Φ̃/(D−2) + R̃

− 1

12
e−8Φ̃/(D−2)HµνλH̃ρσκ −

4

D − 2
∂Φ̃ · ∂̃Φ̃

]
[3.422]

which is exactly (3.7.25).

3.56 Appendix: Almost Complex Structures, Holomorphic Normal Co-
ordinates, Beltrami Equations and all that Stuff

In this appendix we develop the basics of complex structures and the associated transfor-
mation rules. This is almost completely taken over from [LS]. We refer the reader for more
details to that text, in particular section 2. In fact, we will only select those parts we need.
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