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The theory thus depends only on gauge-invariant objects built out of
the metric and other fields. One can think of the fields X* as being
coordinates on a manifold. This is called the target space, because the X*
define an embedding,

world-sheet — target . (3.7.9)

In string theory, the target space is spacetime itself. A field theory such
as (3.7.2), in which the kinetic term is field-dependent and so field space is
effectively a curved manifold, is known for historic reasons as a nonlinear
sigma model. Nonlinear sigma models have had many applications in
particle physics and quantum field theory. For example, the neutral and
charged pion fields can be regarded to good approximation as coordinates
on the group manifold SU(2).

The nonlinear sigma model action is no longer quadratic in X*, so the
path integral is now an interacting two-dimensional quantum field theory.
Expand the path integral around the classical solution X*(¢) = x, for any
chosen point x;. With X*(a) = x5 + Y#(0),

G;n'(X)aaXﬂava = G,uv (XO) 5 G;w,w(XO)Y(U
+ 5Guwp(X0) YO Y P +...|0,YF0,Y" . (3.7.10)

The first term in this expansion 1s a quadratic kinetic term for the field
Y#. The next term i1s a cubic interaction, and so forth. The coupling
constants in the expansion, G, ,(xo) and so on, involve derivatives of
the metric at xp. In a target space with characteristic radius of curvature
R., derivatives of the metric are of order R;!. The effective dimensionless
coupling in the theory is therefore o/'/?R;!. If the radius of curvature R,
1s much greater than the characteristic length scale of the string, then this
coupling is small and perturbation theory in the two-dimensional field
theory i1s a useful tool.



Notice that in this same regime we can employ
another tool as well. Since the characteristic length scale 1s long compared
to the string, we can ignore the internal structure of the string and use
low energy effective field theory. String theory enters in determining the
effective low energy action for the fields, as we will soon see. We have also
implicitly used o/!/?R;! <« 1 when restricting our attention to massless
backgrounds: when wavelengths are long compared to the string scale,
massive string states are not created.

The nonlinear sigma model (3.7.2) is a renormalizable theory: the fields
Y # have dimension zero and so the interactions all have dimension two.
Nevertheless the couplings, which are the coefficients in the expansion of
the metric, are infinite in number (unless some symmetry restricts the form
of the metric). In fact 1t 1s more useful to think of the metric function
itself, rather than its expansion coeflicients, as defining the couplings of
the theory.

MW%\ST

We have emphasized that Weyl invariance is essential to the consistency
of string theory. The action (3.7.6) will define a consistent string theory
only if the two-dimensional quantum field theory 1s Weyl-invariant. This
action happens to be the most general action that is classically invariant
under a rigid Weyl transformation, with 0@ independent of ¢. This 1s easy
to see: under a rigid Weyl transformation, the scaling of a term with n
derivatives will be proportional to 2 — n.

oy G PRdinshi

The point is that adding additional derivatives can only come in pairs J,X*J, X" com-
bined with a worldsheet metric ¢®°, otherwise we can’t have a worldsheet diffeomor-
phism invariant action. If we have n = 2k such derivatives then the action is of the
form [ dzo\/ﬁgalbl ... g%b% ... where we have only written the terms that change un-
der a Weyl transformation. But under g,, — e**, with w constant, then this changes
into (272K« [ @2g, /gg@1 ... g% ... We can thus only have invariance under rigid Weyl
transformations if we have n = 2k = 2 derivatives.



Of course, it is necessary also to
consider local Weyl transformations, under which the G,, and B, terms
in the action (3.7.6) are classically invariant while the @ term is not, and to
include the quantum contributions to the Weyl transformation properties.
In the limit that B,, and ® are small, and G, 1s close to n,,, we can
use the results of the previous section to find the Weyl transformation.
Write S, = Sp — V1 +..., with Sp the flat-space action and Vi the vertex
operator (3.6.14). Then

G(X) = nyy — dnges,, e X (3.7.11a)
B, (X) = —4ngeay e X, (3.7.11b)
O(X) = —4ng.peX . (3.7.11c)

Eaplonsdion ~\

Using the definition of the Polyakov action and the Vertex operator V/, one find to linear
order

Se=8,— V1 = / d20 /9 9%, 0, X8 XV

Aol

_ &/dzg\/g {(gabspu+i6abaﬂv)8aXp8queik-X+O{J¢R€ik~X}

a!

1

_ /dQU\/g{[gab (mw B 47T9c8#u6ik'X) 1 jeab (—47rgcam,e”'k'X)]

" Aral
X 9, X" X" + o' R (—4@6@56*'){ ) ] [3.345]

Comparing this with the no nonlinear sigma model, we indeed find to linear order,

G (X)) =0 — 47rg,:3,_weik'X

B, (X)=— 47rgcaweik'X
O(X) = — dmg.pe*X [3.346]



We could of course take linear combinations of vertex operators with
different momenta. To first order the Weyl variation is then given in
eq. (3.6.16); we take for convenience a renormalization scheme in which
=1 Relating this Weyl transformation to T¢% as in eq. (3.4.6) gives

1
T, = ﬁw I S ﬁB LT G, Eﬁ‘bR . (3.7.12)

2 20!
where, to linear order in y,,, B,, and @,

al
ﬁfv ~ _5(62X,uv = avawx,ua) = ayawxwv o 5u5\,xw@) + Zafﬁuav(l) :

(3.7.13a)

o = —%ﬁwHw,,w : (3.7.13b)
D26 o

B~ — o %ach . (3.7.13¢)

We have included in B® the flat spacetime anomaly found in section 3.4,
including the contribution proportional to 26 from the ghost fields. The
symbol f 1s used for the coefficients in T% because these are essentially
the renormalization group beta functions, governing the dependence of
the physics on world-sheet scale. We will discuss this connection further,
though it does not come up in detail until chapter 15,

The Weyl anomalies (3.7.13) have further contributions from higher
orders in the fields. For example, expanding the path integral to second
order in the cubic interaction from the expansion (3.7.10) will give rise
to divergences when the two interaction vertices approach one another.
Their OPE includes a singularity of the form |z|7?0X*0X" times the
square of the derivative of G,p. Integrating d*z produces a logarithmic
divergence. Diff invariance requires that the integral be cut off in terms
of the invariant distance, |z|exp(w) > ag. This introduces a dependence
on the scale of the metric, Inzyj, = —w + Inag. The Weyl variation ﬁg.

thus gets a contribution proportional to O(Gmﬁ,-},)2 which combines with
the linear second derivative term to form the spacetime Ricci tensor.
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Recall first that all these equations are valid as operator equations, so we can use (3.4.6)

1
i) = =5 [ do BT () ) (3.347)
We split the S, again in the Polyakov and vertex part. The Weyl transformation of the

Polyakov part is simply the Weyl anomaly (3.4.15)

D — 26
12

(%V=—%R=— R [3.348]

The Weyl variation of the vertex part is given by (3.6.16)
Sear & d2 o abS . abA 0. XHO. XV itk-X (o) 'FR ik-X (o)
wh =3 0 /g ow(o)q (9% S + 1€ Ap) [Oa b X" e r-l—a e )
1
- / 20 /G 6w(0)(T»)2(0) (3.349]

with S, A,, and F given by (3.6.17). We have written it is the form of (3.4.6) in the
understanding that this is valid as an operator equation. We can thus write

a

(T} = (—Qﬂ)%{(ga’bsw +ie%A4,,) 8aX”8bX”eik'X(g)] +dFR [eik'x(”)] } [3.350]

We thus have, combining both parts

D — 26

T? = — gow(9™ Sy + 1€ A,,,)8, X P8, X Ve X — g.ma/ FRe*™* — T

R |3.351 |

We have dropped the renormalisation symbols for convenience. Let us write this in the
form (3.7.12)

1 ‘ 1
T2 = —5 859" 0 X XY — S BP0 X 0X" — ST R [3.352]

a

Let us break this down in parts top avoid long formula. We start with the last term

D — 26
12

—%5@R==—ggmﬁFRékX-— R [3.353]

Using (3.6.17¢) for F' and taking from here on v = 0 we find

D — 26
6

D — 26
6

B2 = 2g.ma/ (—k%p)et* X + = 2g.ma’ ¢ B2etF X 4 [3.354]



Note that here 9* and later 9, denote derivatives w.r.t. the spacetime field X* and not the
worldsheet coordinate c®. We now use the definition of the dilaton field ®(X) in (3.7.11c¢)

B® =2¢g.ma/ (—473% 82(13') + D ; 26
o = i %’a% [3.355]
Consider now the second term
—2%, B €0, X XY = — gomie® Ay, 0, X 9 X" e X [3.356]

Using A,,, from (3.6.16b) we find
B €0, X 0, X" =20/ geme®™ (—k*apy + kuk” apy — kuk® au,) 8. X0 X e X
=20/ g e 0, X" 0y XY (0,0 — 0y0,0% + 41y0,0%)e* X [3.357]
We use the expression for B,,,,(X) in (3.7.11b)

1 ‘
B 0, X 0, X" =20/ g.me®0, X "0 X" ( g ) (8°B,, — 8,6 By, + 8,0°By,)
o ab 7’ v 2 w w
from which we get
B o 2 W w
al

where we have used the definition of the field strength (3.7.8). Finally we take the first
term

1 ,
— 5B 0 X X" = — gemg™ S, 0u X' OX Y X [3.360]
Using the definition of S, in (3.6.17b), setting v = 0 and ignoring the g0, X 9, X" we
have
BEL, =20 gom(—k% 5, + Kok S + kuk® sy — kuk, s + 4k, k,d)e* X
— 2a'gcﬂ'(sw,5'2 — 83,0, 0" — 8,,0,6° + 5,0,0, — 4¢3“§,,)eik'x

20/ g.m . )
= — 471_:’; (82X,uu - aya Xpw — 8M8wxyw + aﬂaVXw — 48“8;/(1))
/
= - %(32qu — 30" Xuw — 00" Xow + 00 X2) + 20/0,0,P) [3.361]

where we have used (3.7.11) and the fact that G, = 7, + X, to that order.



Otl

o =Ry +24'V,V, 0 — i H,,H,* +0(?), (3.7.14a)
ﬁﬁ — —%Vwwa, + aiqu)Hw,uv e O((x,z) > (3714b)
D-26 & / )
B = == = SVO+ oV, OV D — — H,o H' + 0(%)

(3.7.14c)

Several terms in (3.7.14) can be recognized from the linear approximation

(3.7.13), but now made covariant under a change of spacetime coordinates.
The spacetime Ricci tensor 1s R, distinguished from the world-sheet Ricci
tensor R,,. Terms with more derivatives are higher order in the world-
sheet o/!/2R;! expansion. Incidentally, the most efficient method to carry
the calculation of the Weyl anomaly to higher order is not the one we

have described, but rather dimensional regularization.
The condition that the world-sheet theory be Weyl-invariant is thus

G _ pB _ p® _
w - ﬁyv E ﬁ =0. (3715)

These are sensible-looking equations of motion. The equation JB,qu =0
resembles Einstein’s equation with source terms from the antisymmetric
tensor field and the dilaton. The equation ﬁﬁ, = 0 1s the antisymmetric
tensor generalization of Maxwell’s equation, determining the divergence

of the field strength.

/
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3.51 p 111: Eq (3.7.14) The 3 Functions with two Spacetime Deriva-
tives

We will not derive all these equations in detail. But let us remember that it was already
argued before that the string action leads to spacetime general coordinate symmetry. We
should thus not be surprised that if we add higher order terms, (part of) these will organise
themselves in spacetime covariant derivatives. What we will do is two things and both are
related to 35,

The first thing is just point out that if we would work out the spacetime Ricci tensor
R, to first order in G\, = 7., + X One indeed recovers the relevant part of (3.7.13a).
This is a straightforward calculation which we now sketch. We expand the spacetime field
G v = Nuw + Xuw, use it to raise and lower indices and work to linear order. We then have
G" = 1, — X The spacetime connection is then given by

1 1
]‘-‘Zl/ = 590)\(8“9)\” + 81/9/\;1 - aAg;w) = 5(3;0(5 + aVXZ - 30)(#1/) [3.362]
The spacetime curvature tensor is

R}, =0,I\, —O\I,, + T, TN — T4 TV,

1
= 5(8081»(!; - a)\auxg - aaaMX)\y + 8)\8NXG'V) [3.363]
and the spacetime Ricci tensor is
1
R, = Rﬁu,\ = 5(3;@/)(‘,\‘ - 5,\3VXZ - 8“3“)()\,/ + 3A5“X;w) [3.364]

We see form this that o/ R,,,, gives exactly the x dependent part in (3.7.13a)

The second part is more involved. We will show how the H? term appears in BEV.
This is actually the subject of exercise 3.11 and is quite instructive to show here. This
solution is taken from Matthew Headrick who has published the solutions to about half of
the exercises of Polchinki’s book in arXiv:0812.4408 [hep-th].

We start by a simplification. Since our interest is in the H? term we might as well take
G to be constant, ® to vanish and B,,, to be linear in X. This means that we can write
By, = by, X¢ for some constant b,,,. The antisymmetric part of the non-linear sigma
model action then becomes

SA = / 20 /G i€y X© 0 X O XY [3.365]

At the end of this section, we will argue that it is only this linear contribution that we need
to be concerned about in checking the Weyl invariance. Let us now consider this, partially
integrate and use the fact that 9,(,/ge*) = 0,

VIEP XM, XV 9y XY =0 (e\/g XHDu XV 0y X*) — XDy (¢"0/g X O X*) [3.366]

—174—
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The first term vanishes as it is a boundary term and in the second term we use 9, (e®,/g) =
0 and the fact that the 9,0, X% vanishes when contracted with ¢?*. We do the same trick
again

e\ /g XPO XV OpXY = — €\ /g XV 0, X Oy XY = +¢™\ /g 0p X" 0y X' XY [3.367]
We can therefore write
1
SA = / d?o gie“bbwwg(X‘”aaX“&)X” + XFO, XV XY 4+ XV 9, X“Op X M)
1
= /dQO' gieabg(bww + Do + buwp) X0, XM 0 X" [3.368]

In the linear approximation, the field strength is then given by

Hepw =00 (bou X ) + 04(bgpwX?) + 0y (bowp X7)
= o0, + bovwdy, + bowudy = bupw + buvw + buwp [3.369]

Therefore

1
SA = / d’c gie“bgﬂwx%)ax#abxy [3.370]
In this approximation the non-linear sigma model becomes

Sy = / d*o \/g <ngabaaX“abX” + ;e“waWXwaaX“f?bX”) [3.371]

Now go to the conformal gauge and use complex coordinates. Remember that
VI 90, X XY =4(0XHDXY + DXHOX")
Ve X XY = — 4i(0XHIXY — OXHIX") [3.372]

plus d?z = 2d?c and we can write the action as S, = Sy+; with

1 _
So =G [ d*20X"0X"

2ma!

1 _
S =——Hyu / d*z XUoX'9X" [3.373]
6ma’

Sy is the the action for the free theory and S; is the action for the interaction, which we

will treat as a perturbation. We can expand the expectation value of some operator O(X)
in the path integral formalism as

(O(X)) = /[dX] O(X )¢50 :/[dx] O(X)e=S <1—Si+253+~->

= (0(X))o — SIO(X))o + 5(S2O(X))s [3.374

—175—
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where (---)o denotes the expectation value taken in the free theory. We have already
calculated the Weyl variation of the first two terms. The Weyl variation of the first term
leads to the Weyl anomaly term proportional to D — 26, whilst the Weyl variation of the
second term gives a term linear in H,,,,, precisely the term that we find in fy in (3.7.13b).
It is the Weyl variation of the third term, that is quadratic in H, that interests us and
in particular the part proportional to [ d?z (0X*0X"---)o as that is the part that will
contribute to Bf,,. Focussing on this term

1 2
<67T0/> Hw“,,Hw/M/V//dQZdQZ/

: XY(2,2)0XM(2)0X"(2) 1 : XY (2, 2 XM (NI XV () - - >0 [3.375]

We have written out the normal product signs explicitly and also notice that X is neither
holomorphic nor antiholomorphic, but depends on z and z. To calculate the Weyl variation
of this, we will only need the singular parts of the OPE. Indeed the nonsingular parts
becomes zero after the integration. In working out the OPE we need to identify the singular
term with in the numerator a 9X0X as that is the structure we are looking for. Hence we
need to perform two cross-contractions. To calculate how many such terms there are,
let us first identify how many possibilities there are to keep one uncontracted factor in
each normal order product. This is clearly 3 x 3 = 9. We then have two contractions to
make between twice two factors and this can be done in two ways. In total there are thus
9 x 2 = 18 possible terms.

Let us work out one such term. The contraction we need to use is from the free theory,
ie.

o 9
XM(z,2) X" (¢, 2) = _EGW In|z — 2| [3.376]

consider the case where we contract X“(z, z) with &' X*'(2') and X" (z) with X*'(2/, 7'):

—176—
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This term gives

1 y 1/ 1)
§<S7,2 >(()) ( > kuun/“/y//dQZdQZl

6o’

|—|,_|—| o
x X¥(2,2)0' X (') X" (2)X @/z@<:&x#@ﬁyXW(yy-u>0

1/ 1\? - o )
=5 (6770/) kuunWu'/d zd*? <—2G“’” d'In|z — 2|

o vw' 9 12 . I A A A
x<—2G Gmk—z|><6X(@8X @)>0

1
= Hw;uwa w V/GM'LL Guw /d2Z d2z/

29872 2 —

1 / 1 S
_ W v 2, 72,/ . I3 XV (Z) ...
= 298772H wt M/V//d zd°z | e <.8X ()0 X" (Z) - >0

z—z
1

A 2 2
= — 298777-2H#)\MHV w d Zd Z/

1 = _
m <: aX“(Z)a/XU(Z/) R >0 [3377]
In the last line we have renamed indices and used the symmetry of H,,,. It so happens
that the 17 other terms give the same contribution. Therefore

1 2 1 Aw 2, 72 3 vV(z
§<SZ t '>O = _@HMAWHV d°zd“z ,m< 8X” )0’X (Z/) Lo >0 [3.378]

This integral is logarithmically divergent at z = z’. The expectation value has no other
singularities as it is normal ordered. We can thus also expand 2’ around z in the expectation
value and find

1

1 2
Bt 0= " g

- 1
Aw 2 . V(iz) . 2
H\H, d*z (: 0X"(2)0X" (2) : -~~>O/d 4 P [3.379]

We need to regularise the last integral in such a way that it remains diffeomorphism invari-
ant (as we don’t want to introduce an anomaly in that symmetry!). The diffeomorphism
invariant distance at short distance is given by (3.6.9), i.e d(z,2') = |z — 2’ ]e”(z). We can
thus introduce a diffeomorphism invariant cut-off in the integral at |z — 2’| = ee~“. In polar
coordinates the last integral then becomes

2 o)
/dzzflz/ rdr/ d9_27r/ dr
’Z - Z/’2 ge—w T

= — 2w lnee™ ¥ + terms independent of w
= — 27wlne 4 27w + terms independent of w [3.380]
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We need the Weyl variation of the expectation value, i.e. the transformation under a change
w — w + éw. Thus

1

1672

= — 8% /,L)\wHV)‘w d2Z 5&)(2) <: 8X:U'(Z)5XV(2) . >

HooH | dPz (: OXH(2)0XV(2) -+ ), X 2mow(z)

L, 2
5W§<Sz‘"'>0: 0

0 [3.381]

Rewriting this in a worldsheet covariant way and taking into account that an expectation
value in the free theory will only differ by higher order terms to an expectation in the full
theory, we can write

5w%<5i2 )0 = = m%HWH,,M A0 /G 0w(0)g™ (: B X XY - ---)
= - % / d* \fgw(o) (T ) [3.382]
with
Tl = é e, [3.383]

According to the definition (3.7.12) this gives a contribution to BED of the form

O[/

8%, = — ZHWH,,M [3.384]
Adding to this result the fact that the we already showed how the spacetime Ricci scalar
appears and that we can replace the partial derivatives by covariant derivatives, we recover

(3.7.14a).

In the above derivation we assumed that B, was linear in X. Let us discuss what
happens if we drop this requirement. Clearly a constant term will not impact the discussion
as this reverts us back to the original antisymmetric part of the vertex operator. Recall what
happened with our linear term. We basically had to work out an OPE of the symbolic form
(X0X0X)(X0X0X). In order to be left with a product 9X9X we need the contractions

—1 M

X0X 0XX. This gives us a 27 'z7! = |z|72 = 72 which led to the integral [ dr/r giving
us the logarithmic divergence we regularised.

Let us now assume that B, depends on 0X. Note that this is now a worldsheet
derivative. We start with just one 9X. We then have to take two contractions between
(0X0X0X)(0X0X0X). But if we are to be left with a product 9X9X, this means that
we need to take two contractions between 0X9X and 0X0X. Clearly one of them needs

1 =
to be 0X0X which vanishes. If B, contains a mixture of 0™X 0"X we have the same
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issue. Leaving out a 9XJX from the product (0™X 0"X0X0X)(0"X 0" X0X0X) leaves
a different number of X and X on both sides to be contracted, and so we are necessarily
left with a contraction that vanishes. Thus, terms of the form 9™ X 9" X do not contribute
and cannot cause an anomaly.

Let us now assume that B, is of the (n + 1)-th order in X. We then need to have

contractions between (X" *19X0X)(X"T10X0X). Leaving out a product 9X9X we are
1 1 1
left with one contraction X9X, one contraction 90X X and n contractions X X, thus an

integral of the form

n 2 In"t1 2

1 In
a2z — (In|z?)" =2 / dr 1 —opx 2T
/ Z|z|2(n|z’) L Tt 1) lees

T _ 2 n+1 .
= _ [ln (66 "J) } + terms independent of w
n+1
2n+1
= — T (Ine —w
n+1

)”+1 + terms independent of w [3.385]

This will result in a contribution to the Weyl variation of the form
2”+17T(1n5 — w)25w ~ 2" LS In™ & [3.386]

In the last equation we have pushed the curvature to infinity, by setting w = 0. We see
that we recover the previous, linear, result if we set n = 0, as we should. The upshot of all
this is that that if n > 1, i.e. if we have more than one factor of X, then the possible Weyl
anomaly terms comes coupled with the divergence and can be removed a the counterterm.
We will leave it as an exercise to the reader to show that a general term of the form
Xk(9m X )km (9" X )kn can similarly be removed by a counterterm, unless it is only linear in
X.

3.52 p 113: Eq (3.7.19) The B Function for the Linear Dilaton Model
Setting G = N, B = 0and ® =V, X*, (3.7.14c) becomes

D -2
B = G 6 _ 0+ o'V, OV D +0 [3.387]

As @ is a scalar field w.r.t. spacetime we have V,® = 0, = V,, and thus we have

D—2
B = G 6 o + 'V, V# [3.388]

Requiring the g function to vanish give (3.7.19).
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3.53 p 114: Eq (3.7.20) The Effective Spacetime Action

We do this in separate steps, starting with the variation of the dilaton field

_ L D —20 2(D — 26) i JUDN n
5¢S—2ﬁ%/d x(5q>{\/ Ge 2| = S0 4 R S HunHP + 40,90"0 |

1

- H
2/4;(2)

PY: 43@8%}

_ 2(D — 26) 1
D 20, — e Sl o
d x{e (—26®)V/ G[ s TR

+V-G e‘2¢88#<b8“6¢>}
_ L D —2P 2(D — 26) i (2N L
=57 /d x{ 2e G| - =5 + R— S Hun "™ + 40,00 2]

- 80" [V=G e 29,0 }5@

1 2(D — 26 1
== /d% e 2/ -G | - (30/) +R- EHMHW + 40,04 ®
0
+4(=G) V(" =G)0,® + 4( — 20"D) D, + 4010, D | 5
1 2(D —2 1
=—— /de e 2%/ -G | — (7,6) + R~ - Hy \H" —49,0"®
K 3 12

+2G" "Gl 0,® + 4auaﬂq>] 5P

1 D —9% D-26 o o A
= — 2/{30/ /d X e —G 26@{ — 4[ 6 —+ « 3N<I>a“‘1> — 53#8“(13 — ﬂHHV)\HHV
/ ! o . ﬁ/ LU
+a R+ 22/0"0,® 4HWAH
1
— - / APz e 22— 25<1>( —48% + ﬁcjﬂ) [3.389]
0

In the last line we have replaced the ordinary derivative by the covariant derivative, used
the fact that the spacetime metric is covariantly constant, V,G*” = 0 and used the defini-
tion in (3.7.14).

— 180—



Joe’s Book (version of November 21, 2020) Notes from Stany M. Schrans

Let us now consider

1 B 2(D — 26) 1
opS =—- [ dPxdpl V= 2@[—7 R— —H, \H" 1 40 @8#@}
B 2/1%/ € B{\/iGe 3a/ + 12 UV + i
1 1 1
=== dPx \/je_m’ <—HWJ>\5BHHV>\> =— dPx \/je‘M’H“’”\éBaﬂBM
2K 6 4,{0
1
=2 [ Pz, (\/Ie—?‘bHW) 5By
0
1 1
- @ dDCL' \/je_2(b< + iG”UGMGWHW)‘ - 26M(I)H‘ul/)\ + aMH‘uV)‘> 6BV>\
0
1 D 29 o vo LU / LU o (02N
=~ g | e VGe (= FC" 7 0uGuoH"™ + /0, QH — Z0,H" ) 6B,
1
= 2w / a7z V=G e *3,5,6B,» [3.390]
0

Here also, we have replaced the ordinary derivative by the covariant derivative, used the
fact that the spacetime metric is covariantly constant, V,G*” = 0 and used the definition
in (3.7.14).

Finally we consider

_L D —2® 2(D — 26) i UV m
5GS_2Kg/d $5g{\/ Ge 2| S+ R S HunHP 440,90 o]

[3.391]

Recall that we already worked out the variation of the Einstein-Hilbert action, see [1.35]
1
5a / dPr V-G R = / dPrV-G <R,w - 2GWR> SGH [3.392]

But we need to be careful as we have an extra factor e~2®. Just as for [1.35] we split the
calculation

4
o / APz /=G e PGP Ry, =Y dal, [3.393]
a=1

with
Sli = / dPz (6aV—-G) e **G" Ry, = / de%\/ZGW(SGWe—Q‘DGPURM

1
= / dPx —Ge_n’bG“”R]éGW [3.394]
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Next,
Salo = / APz /=G (6ge **)G" R, = 0 [3.395]
Third,
oals = / P2V —G e **(56G" )R, = / dPr /=G e **(—~G"* G 5G o) Ry
- / P/ =Ge ™| — R |0G,u, [3.396]

Finally, and this is where the change occurs compared to the Einstein-Hilbert action

Saly = / dPr v/ ~G e **G"5q R, = [3.397]
We already calculated the variation of the Ricci tensor in [1.31] §R,,, = 5Rﬁpy = Vp(SFZ,,—
V., 6T%,. Thus
Scly = / A"z /=G e **GM(V ,06T%, — V., 66T%,)
= / dPz e ** [V=G V,(G"6cT0,) — V=GV, (G" 5T )]
= / dPz e ?*[0,(vV -G G"5a1%,) — 9,(V—G G"5a1%,)] [3.398]

In the case of the Einstein-Hilbert action, i.e. ® = 0, this is a total derivative and vanishes.
This times this is not the case as we get a contribution from the dilaton field upon partial
integration

Scly =2 / APz e**V =G G [0,9661Y,, — 0,061 [3.399]
Unfortunately, this time we need to work out the variations of the connections

1
66T 0 = 665G" (9uGon + Gy — 95Giu)
1
= [ — GG 5G e (0, Cay + 0y Gy — 05G )

+ GP(8,0G gy + 0y 0Gay — 050Gu) [3.400]

Recall that by covariance we can, to that order, replace all partial derivatives by covariant
derivatives. This means that we can ignore the first line. We then split the calculation in
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Selag =2 / 4P 2~ G G By G (0,0Cion + DG oy — 000C)
= - / AP V=G GG [0, (¢7270,8) 6Gioy + 0, (€720, D) 6Giy
— 0, (¢72°9,®) 0G|
_ / 4P /=G GG (20, (¢70,8) 6Gig — D (¢ 270, 2) 0G|
= — / APz V=G 9y (72%0,0) (2G7VGP* — G* GP7)5G [3.401]
The second part is
Sl = —2 / 4P 20~ G G 3,2 LGP (Ou8G ap + p3Ciop — Do)
- / AP V=G GG [0, (€72%0,8) 6G g + 0, (¢7270,8) 6Giy
— 0, (¢7270,8) 0G|
= / dPz V=G G" G0, (e 2*0,) 6G o
= / APz v/ ~G 0y (72%0,2) GF*GP75G [3.402]
Therefore
Sl = / APz V=G 9y (e72%0,0) (—2G7VGP* + GM' G + GM GP7)6G
= / APz V=G 0, (e72%0,®) 2(G* G — GV GP")5G
= / AP/ —G e *®(—20,90,® + 9,0,8) 2(G" G — GV G"")5G,

= / AP V/—G e 7P (—40,80° DG + 40FBI” D + 20,0° PG — 2010 ®)5G
[3.403]

Adding the four pieces together we find
1
5c / APz /=G e *G" R, = / APz —Ge™2® <§G“”R — R

— 40, D07 DG + 40" DI D + 20,07 DG — 200" D)6Gy,  [3.404]
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As expected this gives back the Einstein equations when we have a constant ®, but we see
that the dilaton field gives a correction that includes its derivative only.

There is another thing that we need to be careful about as well. Any indices upstairs
have been raised via the spacetime “metric” G*” so they also carry a metric dependence.
For example

S HunH" = Hyn 06 (GH GYP G Hy ) = 3H,un G G¥P Hy pe G
= — 3H,,zG" G"" Hy e G G16Gr,
= —3H"H", G, = —3H""H",,6G . [3.405]

Similarly
060, P0"® =6cG" 0,90, = -G'G"0,90,P0G )0 = —0"'PO"PIG 1, [3.406]
So we have

2(D—26) 1
3o/ 12

0

+V=G(- R+ %G’“’R — 40, D DG + 49" DD D + 20,07 DG — 201"
1 [ v 14
+{HIOHY,, — 10" 00" ) 5GW}

L[ aPev=Ge® { %G‘“’(FGW [ -

B 2(D — 26) 1
- 2&%

e — Ty + 4agq>a“<1>]

+(-R"+ %G‘“’R — 40,D0°DGH + 20,07 DG — 200" P + iH“p"H”pg)éGW}

1 /
= - /dD:c V—Ge?* [O/R‘“’ + 20/ 01OV D — & greo v -
2K§a/ 4 P
1 ! 2(D — 26
-G (/G R+ 40'0,0° S Hpor H (3) ~ 409,007 |
[3.407]
We can rewrite the term between brackets as
1
B = O — G (RO — 4B7) [3.408]
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Indeed

/ 1 /
B = o/ R + 20/ VIVID = THITHYy — SG (o R4 20/ VR0 — S HY Hyy

2(D — 26 /
- (3) +20/ V20 — 40/ V, BV + %H)‘WH)\W)
/ 1 /
= /R 422/ = CHIWHY,, — G (0 R+ 40/VP0 — S HY Hy
2(D — 26
= (3) - 4a'V,0V"9) [3.400]

and we see that if we replace the covariant derivatives by partial derivatives we do indeed
find the expression between brackets in [3.407].

3.54 p 114: Eq (3.7.23) The Ricci Scalar after a Weyl Transformation

I expect most of you are expecting yet another long and tedious calculation. But if that is
the case then you have a short memory. Indeed we have used this formula many times for
the specific case of two dimensions, but when we originally derived it in chapter one we
did so for general dimensions D, see [1.21]. Happy and light-footed we move on to the
next challenge.

3.55 p 114: Eq (3.7.25) The Space Time Action with Einstein Metric

Let us first work out the pre-factor in (3.7.20). We have

Gy = e G, = e M0 D/D-2G  — A¥/(D-2q [3.410]
implying that
V=G = ¢2P?/(D-2)\/_¢ [3.411]
so that
[ Ge2® — 2Dq>/ (D-2)./_ 2(Po+P) 2@064&’/(D72) /_é [3.412]
We will absorb the e~2%0 into the . Let us now do term by term in (3.7.20)
:3:'1 dD.’L' \/7 —2 |:_2(D — 26):|
2&0 3a/
D,/ —26) (A% /(D-2)
d _ [3.413]
2/@2 3o/
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Next, consider the term with the curvature. Using (3.7.23)

Ty = 2% dPzvV-Ge *R
ko
- 2% APy ¢~ 20048/(D=2)/_ [ 2R+ 2(D — 1)V2w + (D — 2)(D — 1)dw - &u]
ko
L[ 4D =280 48/(D-2) /— [ —43/(D-2) fp _ 4(D — 1)V2<f> n 4(D — )8<I> 3(1)}
2&0 D -2 D —
1 D 5 ) D 4&/(D-2) D—-1_y D-1_ z
= — 4 —— Vo 4+ —0P-09 .
22 d”x G{R—l— e D—QV +D—28 0 [3.414]
We need one more step. We write
0% - 9% =G"0,80,0 = 1P (P-DG 9, 59,d = e 42/ P25d . H [3.415]
Thus
T, Pz~ [R +4 2) (~e'*/ PV + 06 - 5@)] [3.416]

Next, the term with the antisymmetric field strength
1 1
Ts =5 / dPxv/—-Ge <—12 WGWG”UGMHPM>
1

2]{(} dee 2<I>064<1>/ (D-2),/ (_2 " )\67124)/( )éupéuaé)\lilﬁ[paﬁ>

1

=53 APz ~G [—me—SQ/(D—Q)HWHm} [3.417]

Finally, the term with the dilaton field

T, = 2% P2/ —G e 4G 5,50, D
_ 21 (P e 220 A/(D=2) /G 4 ~A%/(D-2) Gy §9,F
i
1
= 55 [ "0 V=G 108 58] [3.418]

Adding the four contributions we find

4
1 D = 2(D — 26) 4% /(D-2 H 1 _sé/(p—2 7
ZTGZW/d X —G[—Te /( )+R_Ee / )HMV/\HPUH
a=1
D—-1 g ~ = x= = =z
n 4(19—2) <_e4¢/<D—2>v2q> + 0 aq>) + 405 - aﬂ [3.419]
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We seem to be close but not exactly equal to (3.725). What saves us, as usual, is a partial
integration. Indeed

x_ /dD VG /(D272 /dD$e 2D8/(D-2) /=G A/ (D-2)y i
- / w2, (V=Gord) = - / w0, (e727) V=G "D
= / Pz e (<20,0) V-G o' = 2 / APz e 222D%/(D-2\/_ G, 50"
=2 [P VGO DG b =2 [P0 /-G e EODG, b

=2 [ dP2 V-G 9,00 [3.420]

Note that we had to go back and forth between GG and G more than once in this last
derivation. This means that we can write the last few terms of [3.419] as

/dD —G4[ ( )+1}a<i>-5<i>

4
D
2/{2 d-x G[ D3 }8@ L [3.421]

Therefore [3.419] becomes, finally,

212 3a/

! 26) 13/(p_2) . =
Z‘Za—— dPzx v/ — { 764¢/(D 2+ R
a=1

L _sé/(D-2 ] 4 5. A&
- ﬁ@ /( )H/J,I/AHpUH - ma(b . 8@ [3422]

which is exactly (3.7.25).
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One other qualitative feature of the field equations 1s readily understood:
the field ® always occurs differentiated, so there 1s an invariance under
X*-independent shifts of ®. This 1s because such a shift only changes the
world-sheet action (3.7.6) by a term proportional to the Euler number,
and so does not affect local properties like Weyl invariance. In particular,
the background

Guv(X) = Huv » Buv(X) =0, OX)=0 (3.7.16)

is exactly Weyl-invariant for any constant ®¢. This is just the flat spacetime
action (3.2.2), with

)= . (3.7.17)

The value of 4 determines the coupling strength between strings, but we
now see that this does not mean that there are different string theories with
different values of this parameter. Different values of 4 correspond not to
different theories, but to different backgrounds in a single theory. The other
parameter appearing in the Nambu—Goto and Polyakov actions, the Regge
slope o, is also not really a free parameter because it is dimensionful. It
simply defines the unit of length, and can be absorbed in the definition of
XH,

Changing the fields G,,, By,, and ® in the world-sheet action would
seem, from the two-dimensional point of view, to give a new theory.
From the point of view of the full string theory, one 1s merely looking
at a different background — a different state — in the same theory.
This 1s one of the features that makes string theory attractive. In the

Standard Model, and in most attempts to unify the Standard Model within
quantum field theory, there are many constants that are not determined

by the theory; any values for these constants give a consistent theory. In
string theory there are no such free parameters — the coupling constants
depend on the state and are determined in principle by the dynamics.
Of course, for now this only moves the difficulty elsewhere, because we
do not understand the dynamics well enough to know the values of the

background fields.



It is striking that Einstein’s equation turns up in what seems to be
a rather out-of-the-way place, as the condition for Weyl invariance of
a two-dimensional field theory. String theory provides the physical con-
nection between these two ideas. It 1s also notable that, because of the
need for Weyl invariance, strings can propagate consistently only in a
background that satisfies appropriate field equations. This parallels our
earlier discovery that only on-shell vertex operators make sense.

Another observation: the condition D = 26 came from the R term in
T<%. In the nonlinear sigma model this is generalized to f® = 0. We see
in eq. (3.7.14¢) that the leading term in B® is proportional to D — 26 but
that there are corrections involving the gradients of the fields. Evidently
we can have other values of D if the fields are not constant. This is true,
although we cannot really conclude it from eq. (3.7.14c) because this has
been derived in the approximation o''/?R;! < 1 where the correction
terms in B® are small. In fact, exact solutions with D # 26 are known.
For now we give one simple example, saving others for later. This is

Guw(X)=1uw, BuwX)=0, &X)=V,X". (3.7.18)

The beta functions (3.7.14) vanish if

26—D

V= ——

(3.7.19)

This result 1s actually exact, because the fields (3.7.18) are constant or linear
in X*, so the world-sheet path integral remains Gaussian. Varying g, to
determine T, for this theory, one finds that it is none other than the linear
dilaton CFT (hence the name), whose central charge ¢ = D + 6a'V, V¥
1s indeed 26 under the condition (3.7.19). Because ® must have a large
gradient in order to change D, this CFT does not describe our roughly
static and homogeneous four-dimensional spacetime, but it may have
cosmological applications. This CFT is also important because the cases
D =1 and D = 2 are simple enough for the string theory to be exactly
solvable, as we will discuss in section 9.9.



Booct - bime_ Adtien

The field equations (3.7.15) can be derived from the spacetime action

1 ol 2(D—26) 1 ’
S= 1 [Pxgre0[ 2P =20 o 14w
212 / M= gw ¢ g 4
+ 40,00"D + O(oc’)} . (3720)

The normalization constant kg is not determined by the field equations
and has no physical significance since it can be changed by a redefinition
of ®. One can verify that

1
23{%0(’
+ (25@- %G“"éGm)( Go —4ﬁ‘1’)] . (3721

08 = —

f de (_G)I/Ee—?.([) |:5 G#\'ﬁGﬂv k. 5B‘“vﬁB‘m'

The action is written in bold as a reminder that this is the effective action
governing the low energy spacetime fields, unlike the world-sheet actions
that have appeared everywhere previously in this book.

It is often useful to make a field redefinition of the form

G (x) = exp(20(x)) G (x) (3.7.22)
which is a spacetime Weyl transformation. The Ricci scalar constructed
from G;w 1S

R = exp(—2w)|R — 2(D — 1)V?*w — (D — 2)(D — 1)o,wd | . (3.7.23)
For the special case D = 2, this is the Weyl transformation (3.3.5). Let
w = 2(®y — P)/(D — 2) and define

O=0—-0q, (3.7.24)

which has vanishing expectation value. The action becomes

0 — L/dDX (_6)1/2 [_2(D _ 26)e4(i/(D—2] L k
254 3o/

1 i - 4 o

- Ee—g“’/w—”H}“,AHW — 55000+ 0|, (37.25)

where tildes have been inserted as a reminder that indices here are raised

with G*. In terms of G, the gravitational Lagrangian density takes

the standard Hilbert form (—G)!/?R/2x?. The constant k = koe® is the

gravitational coupling, which in four-dimensional gravity has the value
(gn)l/z

Kk = (8nGn)/? = N (243 x 1018 Gev)~! . (3.7.26)



Compockilic iLication = CFT

The four string theories studied thus far (with or without boundaries,
oriented or unoriented) have a number of features in common. One good
feature is the automatic inclusion of general relativity. There are also
several bad features: the need for 26 dimensions, the existence of the
tachyon, and the absence of fermions in the spectrum. The elimination

of the tachyon and the introduction of fermions will have to wait until
volume two. However, the presence of general relativity provides a natural
way to account for the extra dimensions. In general relativity the geometry
of spacetime is dynamical, not fixed. Flat spacetime is only one of many
solutions to the field equations. There may well be solutions in which some
dimensions are large and flat and others are small and highly curved. The
metric would be

— | Nuw 0
EMN = [ 0 gm"(xp) ] g (3729)

We have divided the 26 coordinates M, N = 0,...,25 into four ‘spacetime’
coordinates u,v = 0,...,3 and 22 ‘internal’ coordinates m,n,p = 4,...,25.
The metric (3.7.29) is flat in the four spacetime dimensions and curved
in the 22 internal dimensions. The internal dimensions are assumed to
be compact. As one example, the background field equations (3.7.15) are
satisfied to order o' if the dilaton field is constant, the antisymmetric tensor
is zero, and the metric for the internal space is Ricci-flat, R,,, = 0.

In other words, spacetime is of the form M? x K, where M? is d-
dimensional Minkowski space and K 1s some (26—d)-dimensional compact
Riemannian space.* In such a spacetime, the physics on length scales much
longer than the size of K is the same as in a d-dimensional Minkowski
space. One says that 26 — d dimensions have been compactified, though
cosmologically it seems more appropriate to say that the large dimensions
have decompactified. As we discussed briefly in the introduction, there are
good reasons, independent of string theory, to consider the possibility that
our spacetime might be of this form. The compact dimensions must be
small enough not to have been observed. In fact, we will see in chapter 8,
and in more detail in chapter 18, that the size of any extra dimensions must
be within a few orders of magnitude of the Planck length, 1.6 x 1073 cm.

We can also think about generalizing this idea further. The basic phys-
ical consistency conditions are few in number. We require Lorentz invari-
ance, and we require that quantum mechanical probabilities be positive
and conserved — to date, nothing in string theory seems to require that the
standard quantum mechanical framework be modified. though it would
be interesting to learn otherwisc. . ..... e e ee . ople
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Although these conditions are simple
there 1s a tension between them, in gauge theory and gravitation as well
as in string theory. In a manifestly covariant gauge there are negative
norm timelike excitations that must decouple from physical amplitudes.
In the light-cone gauge the inner product is positive but covariance i1s no
longer manifest.

One necessary condition is therefore two-dimensional diff invariance, so
that the unphysical oscillations are merely oscillations of the coordinate
system. Weyl invariance 1s a more technical requirement: the extra degree
of freedom that appears when Weyl invariance is lost is less intuitive than
an oscillation of the coordinate system, but we have argued in section 3.4
that it is incompatible with Lorentz invariance.

We will also make an additional technical assumption: that the embed-
ding time X appears in the world-sheet action only in the term

1
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For example, in the sigma model this means that the fields are static with
Gou = nop and Bp, = 0. This assumption is not much of a restriction.
The form (3.7.30) is sufficient if one is interested in static states. Time-
dependent backgrounds are certainly of interest for cosmological and
other reasons, but they can be analyzed using low energy effective field
theory except in the extreme case that the time scale is of the order of the
string scale. The reason for making the assumption (3.7.30) is to put the
main problem, the wrong-sign nature of X°, in a rather explicit form.

The requirement that the local invariances be maintained leads to
the following proposal for a more general string theory: Replace the 25
spatial X" fields with any unitary CFT having ¢ = ¢ = 25. This ensures
that the full two-dimensional theory, with X and the ghosts, can be
coupled to a curved metric in a (diff xWeyl)-invariant way. The unitary
(positive inner product) condition is necessary because there is only enough
local symmetry to remove the unphysical X excitation; the world-sheet
inner product is relevant here because it becomes the spacetime inner
product in the one-particle sector. We will see in volume two that further
generalization is possible, enlarging simultaneously the local symmetry
group and the set of unphysical excitations.



If we are interested in a bosonic string theory whose low energy physics
looks four-dimensional, we keep the free fields X* for u = 0,1,2, 3, and
replace the remaining X* with a compact unitary CFT having ¢ = ¢ = 22.
By compact, we mean that the spectrum is discrete, just as for a quantum
field theory in a finite volume. There have been some efforts to construct
all CFTs, or all CFTs having various additional properties. We will
describe some of these in chapter 15. Incidentally, all of these theories
have tachyons, the product of the unit state |1) from the internal CFT
with the ground state |0;k) from the four-dimensional CFT.

How large a generalization have we just made? If the local symmetries
are the only essential restriction, we are free to introduce fields on the
world-sheet with various world-sheet and spacetime quantum numbers.

This seems to take us far beyond the original theory of 26 X* fields. How-
ever, in two dimensions there are many equivalences between seemingly

different quantum field theories, so that the situation is not clear.

It 1s generally assumed that all string theories based on different CFTs
but the same world-sheet gauge symmetries and topology are different
ground states of the same theory. This causes a semantic problem: we
often refer to strings with different world-sheet Lagrangians as different
theories, though they are most likely just different vacua in one theory.
We will take this even further in chapter 14, seeing that all string theories
appear to be vacua of a single theory.

As we develop the techniques of string theory in volume one, we will
usually take the simplest case of flat 26-dimensional spacetime in explicit
examples. However, many results will be developed in such a way as to
apply to the very general string theory we have described above.

Feo MMWMTM\QS

MY\M%MM Ch-%















