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1 Introduction

We consider critical bosonic string theory propagating on a spacetime of the form AdS; x M,
where AdSj3 is three-dimensional anti—de Sitter space and M is a compact internal manifold.
Here critical means that the total central charge of the worldsheet conformal field theory sat-

isfies ciora1 = 26, which is required for quantum consistency of the bosonic string.

The background also contains an antisymmetric tensor field B, from the Neveu-Schwartz sec-
tor. Its field strength H = dB or H,,, = 0,B,,+ 0,B,,+0,B,, is non-zero on AdSs. Our goal

is to determine the spectrum, i.e., the complete set of physical string states and their energies.

AdS;3 is special because, for generic curved backgrounds, the string worldsheet theory is only
approximately conformal. However, when AdSs is supported by NS—NS flux, the worldsheet
theory becomes exactly equivalent to a Wess—Zumino-Witten (WZW) model with target space
SL(2,R). Thus, string propagation on AdS; is described exactly by the SL(2, R) WZW model.

This allows one to study full string theory, not merely its low-energy gravity approximation.

In flat spacetime, gog = —1, which is constant. But in global coordinates on AdSs, the metric
takes the form

ds® = — cosh?(p) dt* + dp* + sinh?(p) d¢? (1)

— goo = — cosh?(p) (2)

which depends on position. This means the time coordinate interacts with spatial coordinates.
Such interactions make quantization difficult and typically introduce negative-norm states.

Therefore, one must carefully identify which quantum states are physical.

The group manifold of SL(2,R) contains a periodic time-like direction. Periodic time implies
closed time-like curves, which are unphysical. To avoid this, we use the universal cover of

SL(2,R), denoted by SL(2,RR), where the time coordinate is non-compact, t € (—00,0). Lo-

cally, the geometry is unchanged, but global identifications are removed.

The WZW model possesses left— and right-moving affine current algebras

—_—

sl(2, R)kL x sl(2,R), (3)

R

All worldsheet states transform in the representations of these algebras. Physical string states

are obtained by imposing the Virasoro constraints

(Lo = D) [¢) =0,

4
L,lv) =0 (n > 0), @



Thus, determining the string spectrum reduces to determining which representations of Sm)
must be included. For compact groups, unitarity strongly restricts the allowed represen-
tations. But SL(2,R) being non-compact, almost all representations contain negative-norm
states. Hence, unitarity alone does not specify which representations are allowed. Only the

final physical states, after Virasoro constraints, must have a non-negative norm.

Earlier analyses considered only representations with Ly bounded below. It was found that the
discrete spectrum is ghost-free if 0 < 7 < %, where j ~ representation label and k is the WZW
level. The quadratic Casimir behaves as Cy = —j(j — 1). So, j is roughly related to spacetime

mass. This bound implies an upper limit on string masses. There are two big Puzzles,

e If the target space-time manifold has a non-trivial one-cycle (a closed loop that cannot

be shrunk), strings may wrap it. A winding string satisfies
oo+ 27) = ¢(o) + 27w (5)

where w is the winding number. Winding contributes to the energy. An upper bound
on mass, therefore, implies an upper bound on w. Such a bound is non-physical, since

winding should be arbitrary.

e Semi-classical analysis predicts the existence of long strings, where the strings are stretched
near the boundary of AdS; with finite energy. These states do not appear in representa-

tions with Ly bounded below.

The resolution is to include new representations generated by spectral flow, an automorphism
of the affine algebra. These representations have Ly not bounded below, but after imposing
Virasoro constraints, they yield physical, ghost-free states. Including spectral-flowed represen-
tations, removes the mass upper bound, allows arbitrary winding, produces long string states,

and preserves unitarity of physical states.

Throughout, we use global coordinates on AdSs, given by (¢, p, ¢) where t € (—o0,00) is the
AdS3 time, p € [0,00) is the radial distance and ¢ € (0, 27|, ¢ + 27 ~ ¢ is the angular coordi-

nate. Thus (t, p, ) covers the entire spacetime and contains no horizons.

In AdS/CFT, energies in global AdS; correspond directly to conformal dimensions of operators
in the boundary CFT. A consistent string spectrum on AdS; requires enlarging the Hilbert
space of the SL(2,R) WZW model to include spectral-flowed representations. This produces

a consistent, ghost-free theory with the correct semi-classical limit.



2 Classical Structure of Strings on AdS;

2.1 Group Elements and Group Manifold

Choose the generators of s[(2,R) as follows,

1 1(1 O 1 110 1 ' 110 —1
T =305=3 - T=gn=j5 57 = 5
0 -1 10 1 0

whose commutation relations are

[Tla T2] = _T37 [T27 T3] = T17 [T?)u Tl] = T2 (7)

In the Cartan-Weyl Basis, we can choose the generators as
= 7% and T* =T"'+iT? — [H,T*]=4T* [TT,T7]=-2H (8)
This forms the s[(2,R) algebra. The trace relations are given by,
Tr(T*T") = %Hab where £ = diag(1,1, —1) = kg (9)

We can also choose another set of basis denoted by 7 which are given by,

ab
T = 7% and T9 =73 — Tr(Ta*Tb*):% (10)

k% is the invariant symmetric bilinear form of s[(2,R) which is used to raise and lower indices.

Any element of SL(2,R) group can be written as,

X 1+X: Xo—Xo
—Xo—Xo X 1-X;

and since the determinant has to be 1, we have a constraint,
X2+ X2 —XP-X2=1 or —X* —X2+X?+X2=-1 (12)

Thus we can think of X_;, Xy, X;,Xs as the embedding coordinates that form a three—

dimensional hyperboloid in ambient R?*? space with the metric
dsgez = —dX?, —dXZ +dX? 4+ dX3 (13)

We can parametrize the embedded hyperboloid using the intrinsic global coordinates (¢, p, ¢).



We can relate the ambient space coordinates with the intrinsic coordinates as follows,

X_1 = cosh(p) cos(t),
(

Xy = cosh(p) sin(t),
0 p)sin(t) (14)
X, = sinh(p) cos(¢),
Xy = sinh(p) sin(¢).
The induced metric becomes
ds® = — cosh®(p) dt* + dp? + sinh?(p) d¢* (15)

This is the metric of the AdS3 space-time with (¢, p, ) as the intrinsic global coordinates.
Thus, the SL(2,R) group manifold is locally AdSs.

In terms of the global coordinates, we can write the group element as,

cosh(p) cos(t) + sinh(p) cos(¢) cosh(p) sin(t) — sinh(p) sin(¢)

g = eiuaz epag eivaz — (16)
— cosh(p) sin(t) — sinh(p) sin(¢) cosh(p) cos(t) — sinh(p) cos(¢)
where
Lt t=o
2 2

Also, it can be shown that for any group manifold, the induced metric can be written as,
o 1 —1 -1
ds® = §Tr(g dg g"dg) (17)

where the above ds? is called the natural bi-invariant metric on the group. We can check this
explicitly for SL(2,R) group manifold, where for g = e"72ef73¢™72  we get, the induced metric

exactly as shown before.

Let, g = ABC where A = ¢™92, B = ¢, (C = ™92, the Maurer-Cartan one-form becomes
g 'dg=C"'B YA 'dA)BC + C (B 'dB)C + C'dC. (18)
where A7 A =ioydu, B7YdB =o3dp, CT'dC =ioydv, (19)

together with B~ '0yB = cosh(2p)oy — isinh(2p)oy,

C~'o,C = cos(2v)oy + sin(2v)os, (20)
C~to3C = —sin(2v)oy + cos(2v)os,

4



one finds g7 'dg = wi01 + iws09 + wsos, where

wy = sinh(2p) cos(2v) du — sin(2v) dp,
wy = cosh(2p) du + dv, (21)
w3 = sinh(2p) sin(2v) du + cos(2v) dp.

Since Tr(c?) = Tr(o2) = 2, and Tr((ic9)?) = —2 and all mixed traces vanish, the ds* gives
ds® = wi + wj — ;. (22)
Substituting the explicit expressions for the one-forms yields
ds? = dp?® + sinh?(2p) du® — (cosh(2p) du + dv)?* . (23)

Finally, using

dt + d¢ by dt—do
2 bl U 2 )

du = (24)

and simplifying, one obtains

ds® = dp* — cosh?(p) dt* 4 sinh?(p) dp? | (25)

This is precisely the metric of global AdS3;. Therefore, the SL(2,R) group manifold, equipped

with the bi-invariant metric, is locally identical to AdSs.
We can also show this directly using the ambient coordinates as follows. We have,

X a+XT Xo—Xo dX_; +dX; dXo+dX;

—Xo—Xo X 1-X3 —dXo+dXy dX_; —dX,

X1-X7 —Xo—Xo
and ¢! =

Xo—Xo X1+ X

Multiplying these matrices, one finds
1
QTr(g_ldg g 'dg) = —dX? — dX§ +dX] +dX] (26)

Thus, the group manifold inherits precisely the flat metric of the embedding space R??, given
by ds? = —dX? —dX$+dX {2+ dX3, restricted to the hyperboloid X 2, + XZ — X2 — X7 = 1.

By substituting the global coordinates parametrization, we will recover the AdS; metric.



2.2 SL(2,R) WZW Action, equations of motions and currents

Let g(7,0) : ¥ — G be a map from a two-dimensional worldsheet ¥ into the group manifold

of a Lie group G whose Lie algebra is g. So, ¢g(o,7) € G. Then, the WZW action is given by,

Slg) = — — /ZdQU\/Thh“’BTr(g‘l(Gag)g‘l(aﬁg))+

8ma/

127rO//BTI“(g_lclg/\gfldg/\g_ldg) (27)

Skin T'wz

where B is a three-dimensional manifold such that 0B = X and h,g is the world-sheet metric.
The first term in the WZW action is known as the sigma-model kinetic term. To understand

this terminology, recall that a non-linear sigma model describes maps X : ¥ — Target space.

The Sigma-Model action is

1

4ol

So

/ d?o N —h h*PG N (X)0, XM 0 XN (28)

In the WZW model, the fundamental field is instead group-valued g(7,0) € G. Introducing
local coordinates X™ on the group manifold and writing ¢ = g(X™), the Maurer—Cartan

one-form may be expanded as
g g =" y(X)T,dX" = ¢ '0,9=e"u(X)T, 0, XM (29)
where e®), are the vielbeins on the group manifold. Using Tr(7,7T;) = %mab, one finds

1
Tr(g 'dg g 'dg) = émabe“MebNdXMdXN

(30)
1
—  Tr(97'(0a9) g ' (9s9)) = QﬁabeaMebN(aaXM)(aﬁXN)
Define the target-space metric as shown below,
S
Gun = 9 (éﬁabe M€ N) (31)
Then,
_ _ 2
Tr(97(09) 971 (959)) = 7 Gun (0aX)(95X™) (32)
Substituting the Maurer—Cartan form into the kinetic term gives
-1 —19a 1 b _c L aa YV 2 a v
Tr (97 '0ag g~ '0%) = 5 fibeC e L0, XHO° XY = % G (X)0, X"0" X", (33)
Consequently,
1
Sun =~y [ VR Gar (X)(2,X 1) (02X 39
T pX



This is precisely the action of a non-linear sigma model with target-space metric G;y. For

this reason, the first term of the WZW action is referred to as the sigma-model kinetic term.

The second term, known as the Wess—Zumino term, describes the coupling of the string to the
background antisymmetric B-field or, equivalently, to the NS-NS three-form flux supporting
the AdS3 background.

To derive equations of motion, choose conformal gauge h.g = €“1,5 and light—cone coordinates

T =r1+o0, aizé(&iag),

k

Y ted

= Slg] = /erﬂ Tr(Jy J-) + /6”'“Tr(g‘laigg‘l(?jgg‘l@kg)- (35)
¥ B

127ma/

where J; = ¢7(0,g) and J_ = g7'(9d_g). Note that J. are Lie-algebra valued objects.

Consider the left variation given by, g — (1 + €)g, where dg = eg. Thus € ~ &(7,0) € g Lie

1

algebra. Then g~! varies as §(¢7') = —¢g'(6g)g~' = —g~'e. The current J, = g~1(d,g) varies

as follows:
0Jo = 0(97")0ag + g~ 0a(dyg)
= (~97'€)0ag + g~ 0aleg) (36)
= —g €009+ g 1 (0ag)g + g '€0ng
=g (Dag)g
Consider € = gng~'. Taking the derivative on both sides, we can show that,
0ot = g (Oan + [Ja,n)) g~ (37)
= 9 (0ag)g = Oan + [Ja, 1] (38)
= 0Jo = 0un + [Ja, 7] (39)

The equations of motion are given by extremizing the total WZW action 05 = 6 Sk +0I'wz = 0.

Now let’s vary the kinetic term,

8 Skin = _% dPx Ty ((0J5)J- + J(6.J-))
_ _471:&, /de Te (@4 + [T )T+ Jo(0-n + [T,m))) (40)
= _47]:0/ /de Tr<(3+77)<]_ + J+(8_77)>

The commutators vanish by cyclicity of trace. Then, on integrating by parts,

5Skin =

/de Tr(n(04J- +0_Jy)). (41)

4o



The variation of Wess—Zumino Term is given by

_ k 2 -1 af _ k 2 -1 af
0wy = m/d xTr(g dge ((%Jg)) = 47T0//d xTr((g £g) € ((%Jg)) )

k 2
= e /d xTr(n(8+J_ — 3_J+)>.
Adding both variations, 0S = ~3 ko/ /dQ.CE Tr(n (0+J-)) =0 (43)
7r

Since ¢ is arbitrary, n = g~ 'eg is also arbitrary. Thus, we get the equation of motion as,

0+J_ =0 = |0+ (97'(0-9)) =0 (44)

This variation was done by multiplying g with (1 + ) from the left. If we repeat the variation
with ¢ — g(1 + ¢) (varying from right), then we get the other form of the equation of motion,

O_J. =0 = |0_((0:9)9g7") =0 (45)

2.3 Gauge Symmetry, Noether Theorem and chiral currents

The full WZW action is invariant under independent left and right multiplications by constant
elements of G,
glzt,27) — Qug(zt,z7) Q5 Q. Qp eG. (46)

This is a global symmetry since €27, and 2i are constants. Infinitesimally,
Qr ~1+wr, Qr ~ 1+ wg, where wp,wp € g —  dg=wrg—gwr (47)

Variation of the WZW action gives 0, Jp = 0 and 0_Jg = 0 where

k
Ji(x7) = 59‘18—9 , Jr(at) =

k _
—(0:9)97" (48)
Thus, the on-Shell conditions directly make the currents J;, and Jg conserved. So, we can
modify the global symmetry to local symmetry. Also, since the currents themselves are holo-

morphic and anti-holomorphic, we can promote the global variational parameters w; and wg

to chiral functions,

‘wL — wr(z7), wr — wr(zh). ‘ (49)

Thus, the global symmetry of the WZW action becomes a local symmetry under

glat,27) — Qu(z7) gzt 27)Qz' (z), where Q(z7), Qr(z") € G. (50)

The equations of motion, therefore, force the theory to split into left-moving and right-moving

sectors where the left(right) multiplications become purely left(right)-moving.



“lwrg. Then, following the procedure as

Consider 6g = wr () g, wr € G. Define n, =g
before, we get,

08 =

@2 Tr(n 04 (970 9) ). (51)

2ma’

We shall expand the quantity J;,(z7) = £ ¢7(0_g) in terms of basis 7" of g, whose coefficients

of expansion is Jj(xz™).

= Ji(e) =~ k ZJL T K (52)

Multiplying throughout by T and taking trace, gives,

k . )
(1! Z/ﬂabJL )Tr (T T")
_ (53)
JC
_ZlﬁlabJL ___ZJL (;j )
2k
= |Ji(z7) = —Tr( ~(0-9)) (54)
Also, expand 17, = 17,7 . Then,
0S = Z /de /{abTr<nL68+(TC J(z )T ))
abc
= Z . /d T Kap N e (047 (27)) Tr(TC*Tb*)
a,b,c (55)
Kbe
_Z /d T Rab ML c 6+JL 7 Z /d TNLc 8+JL ))(52
abc
— 05 = Z E/d%n,;a (04 J7(x7)) = 0;J}(z7)=0

Hence, we can write the left current conservation in terms of coefficients of the s[(2,R) basis

expansion of Jp(z7).

Similarly, for §g = gwgr(z") , wgr € G. Define ngr = g 'wrg. This gives,

dS = d*x Tr(nR 9_((019) g’1)>. (56)

2o

We shall expand the quantity Jr(z") = £(d,¢)g~" in terms of basis T of g, whose coefficients

of expansion is J&(xt).

k
= Jr(a") = —(0:9)g ZJR )T K (57)



Multiplying throughout by 7 and taking trace, gives,

Th) = 2 ne(1(0,9)67) (59)

With this definition of right currents and by expanding nr = ngr.7°, we get the current con-

servation for right multiplication as,

1 a
55 =>" o /dzx Nra (0-J4(xT)) (59)
Hence, the complete symmetry algebra is therefore g x gg.

Aside: The WZW action is invariant under independent left and right global multiplica-
tions, ¢ — Qrg and ¢ — gQy'. The natural objects appearing in the equations of mo-
tion are the left- and right-invariant Maurer-Cartan forms, ¢=*(d_g) and (9,.g)g~', respec-
tively. They behave differently under these symmetries. Under a global left multiplication,
g H0_g) = (g7 (0-(Qrg)) = g71(0_g). So, g~(d_g) is invariant, while (9,g)g~! —
(04(Q29)(Qrg) ™ = QL[(019)97']Q;". So, Jg transforms by conjugation. But conversely,
under a global right multiplication, g~!(9_g) transforms under a conjugation but (9, g)g~" is
invariant. So, when defining current components Jj , one chooses a basis so that both left-
and right-moving currents transform in the adjoint representation under the symmetry that
acts non-trivially on them. This choice explains why a conjugated generator appears in the

projection of the left current, while no such conjugation is needed for the right current.

2.4 Chiral Factorization

The classical field equations of the left and right sectors suggest that the solution for g(z™, x7)

has to factorize into a product of matrices as follows. Consider first the left-moving sector. The

1
equation g 7'0_g = EJ (x7) is a first-order differential equation in x~. Its general solution can

be written as
g(a™,a7) = hy(aT) g-(27), (60)
where g_(z7) satisfies
Jo(x™) = kg-(27)]7"0-(g-(27)), (61)
and hy (z) is an integration constant with respect to x~. Similarly, the right-moving equation

(0,9)g ' = EJ r(x) is a first-order differential equation in x™. Tts general solution is

g(l‘+,$_) :g+($+) h—(x_)v (62)

where g, () satisfies
Tr(a®) = k(04 (9+ (7)) g4 ()] (63)

10



So here, h_(x7) is independent of T, and is a constant of integration with respect to ™. Since
both results represent the same field g(x ™, 27), the arbitrary functions hy can be absorbed into

redefinitions of g4. Therefore, the most general classical solution factorizes as

9@, a7) = g (@7) g-(a7) | (64)

This factorization reflects the complete decoupling of left-moving and right-moving degrees of
freedom at the classical level in the WZW model.

2.5 Monodromy in the WZW Model

For a closed string, the spatial worldsheet coordinate is periodic o ~ ¢ 4 27w. Therefore, the
target-space embedding must satisfy g(7,0 + 27) = ¢g(7,0). In light cone coordinates, under a

shift ¢ — o + 27, we get,

x>t +2r and T - — 27

The equations of motion of the WZW model imply g(z,27) = g (x*)g_(z7) where g, is
purely right-moving and g_ is purely left-moving. Substitute the factorized form into the

periodicity condition:

go(" +2m) g (27 = 2m) = g4 (a7) g-(27) (65)

Multiply from the left by g, (")~ and from the right by ¢g_(z~) '

g+(2") g (@t +2m) = g_(z7)g- (7 —2m)"" (66)

The left-hand side depends only on z*, while the right-hand side depends only on xz~. Since
the equality must hold for all (z*,27), both sides must equal a constant group element M €
SL(2,R) called the Monodromy Matrix. Hence,

g+(@" +2m) =g (a") M and  g(27 —2m) =M g (a7) (67)

The full field ¢ = g,g_ is strictly periodic, but the chiral factors are only periodic up to
multiplication by a Monodromy. Thus M measures the failure of the left- and right-moving
parts to be individually periodic. It characterizes how the string is “twisted” as one goes once

around the spatial circle. Also, the decomposition g = g, ¢_ is not unique. One may redefine
g+(@") = g (") f and g-(z7) = flg-(a7) (68)
with a constant f € SL(2,R). Under this transformation, the definition of M goes to

M — f'Mf.

Therefore, the Monodromy matrix is defined up to a conjugacy class.
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Elements of SL(2,R) fall into three types.

e Elliptic: |Tr M| < 2 (rotation-like)
e Hyperbolic: |Tr M| > 2 (boost-like)
e Parabolic: |Tr M| = 2 (null-like)

(Classical string solutions are grouped according to which class their Monodromy belongs to.

With respect to string theory, we will see that,

e Elliptic Monodromy — short strings oscillating near the center of AdSs.
e Hyperbolic Monodromy — long strings reaching toward the boundary.

e Parabolic Monodromy — marginal or threshold configurations.

2.6 Left and Right Currents of SL(2,R) WZW Model

Using the global coordinates parameterization of the SL(2,R) group element,

‘ ‘ cosh(p) cos(t) + sinh(p) cos(¢) cosh(p) sin(t) — sinh(p) sin(¢)
iuos o3 ivor

g=e
— cosh(p) sin(t) — sinh(p) sin(¢) cosh(p) cos(t) — sinh(p) cos(¢)

where

We get the expression for the Left and Right Currents as:

Ji = %If((a_u) sinh(2p) sin(2v) + (0_p) cos(2v))

J;: = %lf((@_p) sin(2v) — (0_u) sinh(2p) cos(2v))
o (69)
I = J(Cosh(Qp)(a,u) + (0_v))
Ji = %]f [(8_,0) +i(0_u) sinh(2p)] e
Jp = %((84)) cos(2u) + (04v) sinh(2p) sin(2u))
Jy = %]f((&rv) sinh(2p) cos(2u) — (94p) sin(2u))
(70)

/

T = 22 (cosh(2p)(240) + (24)

Ji = 2k [(&Fp) +i(04v) sinh(2p)} e TR

Oé/
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Derivation of J; and J; in Global Coordinates

The left-moving current is J§ = kTr(T" g~'0_g). Then, define
A=e"? B=e¢ (=" = g¢g=ABC and ¢ '=C"'B'A™" (71

ug = (8, A)BC + A(9.B)C + AB(9,0). (72)

Multiplying by ¢~! from the left,
g 009 =C'B 1A Y0,A)BC +C B 1(9,B)C + C~(0,0) (3rd term) (73)

Also, we can find,

AT'0,A = i(04u) 0,
B7'0,B = (0.p)0s, (74)
C710,C = i(0av) 0,

We substitute these into the previous expression. Using Baker—Campbell-Hausdorff identities,

we get other useful results,

B~ '09B = cosh(2p) oo + i sinh(2p) oy,
B~'01B = cosh(2p) o, — isinh(2p) o9,
(75)
C~'o1C = cos(2v) o1 — sin(20) o3,
C~to3C = cos(2v) o3 + sin(2v) 0.
Consider the first term in ¢='0,g,
C'BT'A7Y(0,4)BC = C7'B™"(i(0qu) 02) BC
= i(0au)C ™" (cosh(2p)oy + isinh(2p)oy) C (76)
= i(Dau) (cosh(2p)o + isinh(2p)C~ "o, C)
= i(Dqu) (cosh(2p)o + isinh(2p)[cos(2v) oy — sin(2v)o3))
For the 2nd term,
C'B™(0aB)C = C™(0ap)o3C = (Oap)(cos(2v)os + sin(2v)oy ) (77)
Then adding all three terms, and collecting o1, 09, 03 components, we get,
9 009 = [ — (Oqu) sinh(2p) cos(2v) + (Oap) sin(2v)] o1
(78)

+ i[cosh(?p)(@au) + (0av)} oy + [(@Yu) sinh(2p) sin(2v) + (9.p) cos(?v)] o3
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Now, Jf = 2 Tr(T* g7'(0-g)). T* =T?, T* =T7F. Then,

DO |

2k . 2k )
JP== Tr(T3 1(8,g)) = —— Tr < 09~ (8g)) only o9 component survives

2/{: T (79)
- J(cosh(Zp)(ﬁ_u) + ((‘lv)) r(202)
Similarly, we can find even J; and JZ, giving us,
2% . .
J; = o — ((8-u) sinh(2p) sin(2v) + (0_p) cos(2v))
, 2k _ |
Ji = g((a_p) sin(2v) — (9_u) sinh(2p) cos(2v)) (80)

I = %If(cosh@p)(au) + (0_v))

Then we also get J; = 2 Tr(T+ g71(0_g)) = J} FiJ} as,

JE = %]f [(8_,0) cos(2v) + (9_u) sinh(2p) sin(2v) F i((9_p) sin(2v) — (9_u) sinh(2p) COS(ZU))]

= 2k [(8 p)(cos(2v) F isin(2v)) £ i(0_u) sinh(2p)(cos(2v) F isin(2v))
o
(81)
+ 2k . : 2iv
= Ji = ol [((3_,0) +i(0_u) smh(2p)e} et (82)
Similarly, we can find the components of the Right current. Firstly, we have,
(009)g " = (0,A)A™ + A(0,B)B'A™' + AB(0,0)C'B1A™! (83)

Now, we can show that,
(8aA)A V= i(0qu)0o,

(0aB)B™" = (Oup)os, (84)
(0,C)C71 = i(04v)0s.

= (009)g " = i(0qu)oy + A(Oup)os A~ + ABi(Oqv)oy B~TA™L, (85)
We also use the conjugation identities involving A,

AosA™! = cos(2u) o3 — sin(2u) oy,

(86)
Ao A™! = cos(2u) oy + sin(2u) o3

Then, the 2nd term becomes A((9ap) 03) A~ = (Oap)[cos(2u)os — sin(2u)o .
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And the 3rd term:

ABi(0,v)00 BT AT = i(0,v) A(cosh(2p)oy — isinh(2p)oy) A7

(87
= i(0,v) cosh(2p)os + (Oav) sinh(2p) [ cos(2u)oy + sin(2u)os). )
Then by collecting all terms,
(009)g ' = [(&ﬂ;) sinh(2p) cos(2u) — (Oap) sin(2u)}01
(88)
+i [((%u) + cosh(2p)(8av)] oy + [((%p) cos(2u) + (0,v) sinh(2p) sin(2u)] 3.
The right currents are defined by J§ = Z—’f Tr(T%(01g)g™"). Then,
. 2% 2% i ,
Jp=—=Tr(T%(04+9)97") = = Tr( —5029"'(0_g) | only o» component survives
i R )
= J(cosh(Qp)(&rv) + (8+u))¥
Similarly, we can find even J4 and J3, giving us,
. 2% . .
Jp = J(((‘Lp) cos(2u) + (0;v) sinh(2p) sin(2u))
J2—2k8 inh(2 2 O.p)sin(2 (90)
i = = ((9:v) sinh(2p) cos(2u) — (9;.p) sin(2u))
2k

7= 2% (cosh(2)(0,0) + (0,1)
Then we also get J5 = J} +iJ3 as,

7=

(04p) cos(2u) + (01v) sinh(2p) sin(2u) + i((91v) sinh(2p) cos(2u) — (94p) sin(Qu))}
— %]f [(8+p)(cos(2u) F isin(2u)) + (04 v) sinh(2p) ( cos(2u) F isin(2u))

= Ji= %]f (04p) £i(01v) sinh(2p)] e T (92)
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2.7 Relation between J%y r Zero Modes and Spacetime Charges

The SL(2,R) group element is written as g = ™7 e#7 ¢*7> with u = $(t+¢) and v = 3 (¢t — ).
Here t is the global AdS; time coordinate and ¢ is the angular coordinate. Consider an

infinitesimal time translation

-0t

ot ot .
t—t+0t — U_>U+§, v—>v+§ — g TP geiT (93)

Thus, time translations correspond to simultaneous left and right multiplications by ei%o2,
Similarly, for an infinitesimal angular rotation
Y0, 0p 56

O — O+ 00 = u—>u+7, v U - o — g—)(zzf"?ge_i%ﬁ‘72 (94)

Therefore, angular rotations correspond to opposite left and right multiplications. Observe
that in both time translation and angular rotation, the left and right multiplication factors

have the oy matrix in the exponential, which can be written in terms of 7.

g — e T ge T — g (1=T3t)g(1 = T36t) = &g = —0t(T?q+ gT?) (95)
t—t+dt

92 e g T — g (1-T%6¢)g(1+T%6¢) = 0p9 = —0(T°g—gT?) (96)
p—¢+6¢9

If we define the left and right group actions as L*[g] = T"g and R[g] = g7, then,
0ig = —0t(L’ + R*)[g] and d49 = —0¢(L* — R°)[g] (97)

Note that the global left and right multiplications on g by any SL(2,R) group element is an

isometry symmetry transformation. Now, 0, and J, are killing vectors of AdS3 space time.
dg=—(L°+R))g = 0 ~R+L° and 0,9= (R*—L)]g] = 05~ R’ —L* (98)

The corresponding conserved Noether currents associated with this isometry transformation
are Jj + J3} for time translation and J3 — J} for ¢—rotations. So, the corresponding conserved
Noether spacetime charges are energy F, which is the generator of time-translation, and angular

momentum ¢, which is the generator of angular-rotation. They are given by,
E=J,+Jor and (=J3gp—Jo, (99)

where
27

1 1 2
Jor = o ), do* Jj(z") and Jg, = %/0 dz~ Ji(x7) (100)

Thus, the zero modes of the SL(2, R) currents encode the AdS; energy and angular momentum.
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2.8 Second Quadratic Casimir

Let g be a Lie algebra with generators T° satisfying [T%,T°] = i f®.T°. A Casimir operator C

is an element of the universal enveloping algebra of g such that

(C,T=0 Va (101)

By Schur’s lemma, in any irreducible representation, the object (here the second Casimir)
which commutes with all the group elements has to be proportional to the identity, with its

eigenvalue as the proportionality constant. Thus, its eigenvalue therefore labels the irr-reps.

In the WZW model, the physical symmetry algebra acting on string states is the current algebra
generated by operators J¢(z~) and J&(2T) whose modes satisfy the affine Kac-Moody Algebra,

m)“n

k
[J&, TN = ife e+ 3 M ES im0 (for both Left and Right currents) (102)

String states are built by acting with J¢ on a ground state. Thus, we are interested in the

representations of s[(2,R), x sl(2,R), , which is the tensor product of left and right affine
L R

extensions of the s[(2, R) algebra. Therefore, the invariant operators must be constructed from

the current modes J?. Now, the zero modes J§ generate the global sl(2,R) algebra:
[J§, Jo) = if e (103)
In the Cartan-Weyl Basis,

3T = 0 and I, 0] = 203 (104)

It can be shown that the second Casimir is given by,

(Tt Ty + Iy J) = () (105)

N | —

Cy=> kadiJe =
a,b

Since there are two copies of the current algebra, there can be two copies of the second Casimir
(s, and Cy  whose eigenvalues are given by j.,(jr —1) and jr(jr—1), respectively, whose irre-
ducible representations will be labeled by the quantum numbers (jr, jg). But for the physical
closed-string states, we must have identical left- and right-moving Casimir eigenvalues j;, = jr

because their eigenvalue is directly related to the spacetime mass of the string.

On group manifolds, the second Casimir plays the role of the AdS3 Laplacian

~V? & JyJg.
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Thus, the spacetime Klein-Gordon equation

(~V? +m?)|@) = 0
becomes
(JOJ§ +m?)|®) = 0.
— mi~Cy=—j(j—1).

Thus, the eigenvalue of the second Casimir determines spacetime mass in AdS3, governing the

mass spectrum of string states.

2.9 Classical Sugawara Energy Momentum Tensor

Varying the action with respect to the worldsheet metric h,p (Lorentzian) defines the Energy-

Momentum tensor as follows.

dr 48
Tp=————. 1
8= T /=h 6hoP (106)
The full WZW action and its metric variation are given below.
k
S=—g- / d*o V—=hh*" Tr (g7 (0ag)g™ (959)) + k Twa. (107)

The Wess-Zumino term I'wy is topological and does not depend on h,g. Hence, it does not

contribute to the stress tensor. Varying the kinetic term with respect to h®? gives,

S = _87]:a’ /dQU[(éx/—h) h + /—h5h* | Tr (g~ (9a9)g™ " (059))
k 1
— o [ o = SV E VR ) [ Te(g  ug (@s0) (108
k 1 _ _ _ _ ”
=5 / V=R Shy 1 Tx (g7 (0a9)9 7 (959)) = Tr(g ™ (Dug)g ™ (Drg) | (O1)
— 5 __ K \/—h[Tr(g‘l(a )97 (0,9)) = hyu K Te (g (Bug)g™ (0 g))} (109)
Ohrv 8ma/ a v 2 M “ g
k -1 -1 1 uv -1 -1
— | Tag = 55| Tr(97(9a9)9™(969)) = Shas W Tr(97(9u9)9™(D19)) (110)
In conformal gauge and light-cone coordinates, hy_ = h_, = -1, hyy = h__ = 0 and

ht==h""=—1, htt =h~" =0. This gives,

T _ = %[Tr(gl(ag)gl(ag))] =
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k * * * ab
Expand ag_l(a_g) = ; Kap JET? and using Tr(T T") = %, we get,

Te([757"] [J57])

_ _ o
T,,(l' ) = ﬁTr(JL( )JL(I' )) = ﬂ ;;Fmb/{ﬁcd
O/ %bd O/
- ok Z Z K@bKCngJET = Ak ; KaeJ1J]

a,b c,d

(112)

We shall choose a different normalization constant (irrelevant) for the energy-momentum tensor

component and write,

— |T__(z7) = ;‘—k > ki (@) Iy (x7) (113)

Similarly for the 7'y, component, we get,

ok » o k Ak »
Tiy = 5 [Te(g7 (0:0)97(0:9) ] = 5 T‘([5;<a+gnz |[5 @) ])] (114)
Expand —(8+g Z KapJoT" and using Tr(T°T%) = % we get,

a,b

T (zh) = %Tr(JR( )JR(:c+)> = %; Zzﬁabﬁcd TT([JETZ)} [JIC%Td])

(115)
o " e libd o o e
a,b c,d a,c
In terms of the new normalization constant, we get,
o u
= |Terla®) = o > k@) Jp(a) (116)
a,b

Let, — = X. Then, the chiral components of the energy-momentum tensor are given by,
«

T ()= g S ha R ) and Ty (o) szh et )

Aside: The normalization constant in front of the energy-momentum tensor components is
irrelevant classically, as the classical equations of motion, the classical constraint algebra, and
the physical classical solutions remain unchanged. But quantum mechanically it is significant,

and we will see the reason later.
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2.10 Virasoro Constraints

We consider string propagation in a background of the form AdS3 x M, where the AdS; part
is described by an SL(2,R) WZW model and M is some internal conformal field theory. Then

the total worldsheet action is a sum of two decoupled sigma models:

Stotal = Sadss[9 hag] +SMmIX", hags),
— ——
WZW

where g(7,0) € SL(2,R) describes motion in AdS3, X(7,0) are coordinates on M, and h,g
is the worldsheet metric. Since the action splits into two independent pieces, the worldsheet

stress-energy tensor also splits as follows,
Tog™ = T18° + T4 (118)

The Polyakov string action is invariant under Worldsheet diffeomorphisms and Weyl trans-
formations. Because of this gauge symmetry, the worldsheet metric h,p has no propagating

degrees of freedom. So, the equation of motion obtained by varying the action with respect to

08
hag is Shed 0. Using the definition of the stress tensor, this implies

Tig™ = Tid + T35 = 0 (119)

Thus, the Virasoro constraints are simply the equations of motion of the worldsheet metric

given in the above equation. In terms of the light cone coordinates, it becomes,
protel — pAdS LM and petel = pAdS M (120)

The AdS; Energy-Momentum tensor is the same one derived previously using the Sugawara

construction, and Tjr\j‘r is left unspecified, corresponding to the internal CFT.

Quantum Correction

At the quantum level, operator products of currents modify the stress tensor. The Sugawara

form becomes
T _(z7) = LZK I aT) I (e7) : and Ty (a) = LZH AW ACARE
- 2(k —2) =" F LA o 2k —2) "R R
Thus in the quantum theory, one replaces
k—k—n"
where A" is the dual Coxeter number of the linear algebra g which is 2 for s[(2,R).
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3 (Geodesics in AdS;

We previously derived that the classical solutions of the WZW model obey g(z,z27) =
g+ () g_(x7). Also, if the solution depends only on 7 and not on o, then the string has
no spatial extension. It is a point particle moving in target space. The trajectory of this point
must then satisfy the geodesic equation of AdS3. Thus, to find geodesics, we look for solutions

where the solution g(z*,2~) depends only on 7.

3.1 Time-like geodesic

Consider an ansatz solution
g+($+) — Ueiv+(z+)02 : g,(l’i) _ eiu_(:v_)crzv — g(l’+,ﬂf7) — Uei(v+(;p+)+u_(x_))02v (121)

where U and V' are constant SL(2,R) matrices. Let, O(z*,27) = vy(27) + u_(z~) Then, let

us derive the currents Ji(z~) and Jgr(x™) for this ansatz.
0.g = Ui(0y0,)one ™| v (122)
— (0,9)g ' = U[i(3+v+)026i9(‘”+’$7)"2] Vv (V_le_w(ﬁ’f)”U_l) = i(0yv ) Uoy U™ (123)
Then the right current components are,

J% = K i(0yvy) Tr <T“ UJQU_1> = 9K (D40, Tr<(U—1TaU)T3) (124)

The conjugation of any basis element can be expressed as a linear combination as follows,

UT'TU =Y R(U)",T" (125)
b

kb 1
— T((UTTU)T) = > RUYT(T'TY) = 3 R(U), 5 = SRO)* .
— RO =2T((UTU)T")
Also, R(U)® = 2Tr<U‘1T“UTb) - 2Tr(UTbU—1Ta> — R(U1)a (127)

Then, the right current can be written as,

Jh = —K (D01 ) R(U)™ (128)

— Z RabJ}%Tb - —K(8+U+) Z I{abR(U)a?)Tb = _K<8+U+) Z ’iabR(U_l):saTb
a,b ab

b (129)
= =X (0101) > RUTTY = =K (040,) (UT?U )
= | ) JET, = —K(04v) (UT*U ™) (130)
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Similarly, we can find the left-moving current as follows,

gz, 27) = Uellvr@tu-(@ozy, — O_g=Ui(0_u_)oe®@ = )2y (131)
— ¢ H0_g) = i(0_u_ )V oV = =200_u_ )V 'T*V (132)
— o= —23<(a_u_)Tr(T“*v—1T3*V) - —2x(a_u_)Tr<VT“*v—1T3*) (133)

The conjugation of any left basis (7°*) element can be expressed as a linear combination, as

VITYV =) CL(V), T (134)

. Tr((vflTa*V)Tc*> = ;L(V)“bTr<Tb*TC*> ZL b% - %L(V)ac (135)

—  L(V)®= 2Tr((v—1Ta*V)T”*>

Also, L(V)® = 2Tr<v—1Ta*VTb*) - 2Tr(VTb*V—1Ta*> — L(VYt (136)

= J§=-K(0_u_)L(V)>™ (137)
= Y KT = =K(0_u_) Y kaL(V)*T"
b ) ) (138)
~X(0_u_) Y L(V)ATY = =K(0_u_ )V 'T*V
b
Y BT = -K(0_u )V 'THV (139)

Now, with this expression for left and right currents, we can find the chiral components of the

energy-momentum tensors as follows. For the right sector,

(e Z Fa T (@ Z Kap | = K (040 ) RUY™] | = K (D10, R(U)™
= X( 8+v+ Z%abR )agR(U) = K(01v4) Zf@ab R(U)asR(U)b3
a,b a,b

Now, in the adjoint representation, the invariant bilinear form is preserved. (140)
> ke R(U)  RU), = K (141)

a,b
= Thi(a") = K(05v4) kg (142)

Using, k33 = —1, we get,

Tii(ah) = =K(05v1)" (143)




Similarly, we can find 7___(z~) as follows.

T (o) = % S b 2 ()T () = % S oy [ = (0w ) LVY*) [ - K(@-u ) (V)

= K(0_u_)* Y kay LV)™L(V)® = K(0_u_)* Y & L(V)?,L(V)?,

a,b
(144)
Since the invariant bilinear form is preserved, where Z/@“b L(V),L(V)¢, = k“, and using
a,b
K33 = —1, we get,
T _(z7)=—-K(0_u_)? (145)

Now, we have determined the contributions to the energy-momentum tensor arising from the
AdS; sector. However, the action also contains additional contributions from the compact
manifold M. If the string is excited along M, these excitations are characterized by a conformal
weight (hg, hy) in the corresponding sigma model on M. Assuming equal left- and right-moving
conformal weights, hr = hy, = h, we set,

™™ =T = h.

Including this contribution, the Virasoro constraints become

~XK(04vy ) +h=0 and —~ KO- u_)?+h=0 (146)

— (0ivy) = i\/g = (0_u_) (147)

Thus, the functions v, and u_ are linear functions of ™ and z~, respectively. Let,

4h
vy = %x* and  uy = %x’ where a =+ % (148)

Then the classical solution becomes,

g(:)j+, I_) _ Uei(v+(x+)+U—(af))U2V — UeioTo2y) — U(I[2 COS(QT) + 109 SiIl(CMT))V (149)

cos(ar)  sin(ar)

) =U 1% (150)

—sin(ar) cos(ar)

- g(mJr

Since the solution depends only on 7 and not on o, the string embedding is independent of
o. This means every point along the string has an identical spatial position. Therefore, the
string is collapsed to a point. This is a point particle-like solution evolving along a trajectory

in AdS; parameterized by 7. The currents and stress tensor components are given by,

e : 1
Ja(e*) = === (UTU7) , Ju(a7) = =5 (V'T¥V) and Taw(a®) = = Ka®  (151)
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In the special case U =V = 1, the solution is just,
g(r) =€ (152)

In terms of global coordinates,

t=ar and p=0 (153)

Thus, this configuration corresponds to a particle located at the center of AdSs.

Now, AdS3 can be realized as the group manifold AdS; ~ SL(2,R), with induced metric

ds® = %Tr (97'dg g~'dg). This metric is invariant under the transformation

g — QpLgQy where Qp, Qg € SL(2,R) and are constants. (154)

Because, under this change, g~'dg — Qr(g~'dg)Q5" and as the trace is cyclic, Tr(g~*dg g~'dg)
is unchanged. Hence, the isometry group is SL(2,R), x SL(2,R)g.

For the classical solution g(z",27) = €*™2 where t = a7 and p = 0, the global AdS; metric
becomes,

ds* = —dt* = —a*dr* < 0 (155)
So, the trajectory is timelike. Then, a general solution of the form g = Ue'®™2V is just an
isometry transformation with Q; = U and Qg = V1. Thus, the induced metric, even for this

general solution, should be the same as that of g = €72, Thus, any solution of the form,

g(1) = Ue™2V (156)

represents a time-like geodesic in AdSs.

The Monodromy matrix is defined by g, (7 +27) = g4 (z7) M and g_(z~ —27) = M~ g_(z7),

— Ueiv+(ac+)02M _ Ueiv+(x++27r)02

+
ei a§+ oo ei a(z 2-4—27r) o2
; M (157)

azT

iO‘IJrJ ) +O‘ iaro
= ¢e" 2 PM =¢e' 2 72"

s M — e’iOﬂTO’Q

Thus,

v cos(am)  sin(an) (158)

—sin(arm) cos(am)

Now, Tr(M) = 2cos(am). Thus, —2 < Tr(M) < 2 or |Tr(M)| < 2. Hence, this solution
corresponds to the Elliptic conjugacy class of SL(2,R) which describes short strings oscillating

near the center of AdSs.
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3.2 Space-like geodesic

We know that the classical equations of motion of the WZW model factorize into two chiral
parts as g(z,27) = g, (x1)g_(x7). Also, a point-like string (geodesic in target space) satisfies
9,9 =0. And since, 9, =9, — 0. = 0,g=0g9 = g;(0.g9s)=(0_g )g_"

Consider the following ansatz, which satisfies the above equations,

gi(zt) =Ue™ )7 and g (27) = e*-(@ )3y

1
— g(at,27) = Ue+E)Fu-(@)osy (159)
Then, following the same procedure as before, we get,
tmzzx@ng{@FWWwﬂ):x@ngwwl (160)
Lﬁzzx@JLynerﬁﬁhTﬂ:4u&ﬂ4vaa (161)

Then the chiral components of the energy-momentum tensor for this solution are proportional
to k11 = 1, Thus,
Tyi(27) = K(Dsv4)? (162)

T (7)) =%X(0_u_)? (163)

We are looking for a hyperbolic conjugacy class of solutions. So let’s allow negative conformal

weight in M sector. Then, the Virasoro constraints give,

K(Oyvy)*+h=0 and KO u_)*+h=0 (164)
—h
= (04v4) = 4/ = (O_u_) (165)
o a —4h
= v, = §x+ and  u, = 57 where o = £ a (166)
1. 5 .
= | Ty4 = Zﬂ(a (positive) (167)
And the currents are,
X X
JWWr%WWﬂmdMﬂz%WW% (168)
Then, we get the solution to be,
e*” 0
g(t) =Ue¥3V =U 1% (169)
0 6_067_

So, those string states which have a negative conformal weight in the compact M manifold

will be able to produce such solutions in AdSs.
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For U =V =1, the solution becomes e®7?3 where in global coordinates, it is,
glzt,z7) = e’ wherep=ar, t=0 and ¢=0 (170)

Hence, the geodesic lies entirely in a fixed time slice ¢t = 0 and at a fixed angular direction
¢ = 0. The trajectory is therefore a straight radial line emanating from the origin p = 0 in
the spatial section of AdS; in the (p, ¢) plane. The spatial slice ¢ = 0 of global AdS; is a
hyperbolic disk. In this geometry, radial curves at fixed ¢ are spacelike geodesics. Therefore,

this trajectory represents a straight spacelike geodesic.

For this geodesic, the metric is given by ds? = dp? > 0. So it is space-like. Then, by acting
SL(2,R); x SL(2,R)g isometry using constant matrices U and V', we can generate all spacelike

geodesics at different time-slices and angles.

The Monodromy matrix M satisfies g, (7 +27) = g, (z7) M and g_(z~ —27) = M1 g_(z7),

+
a(z 2+27r) o3

O(Qf+
— Uen@Nm) = Uerr@H2mos — S = (171)

e™ 0
= M= (172)
0 e o7

Now, Tr(M) = 2 cosh(am) > 2, thus this class of solutions belongs to the Hyperbolic conjugacy

class which describes long strings reaching toward the spatial boundary of AdSs.

3.3 Null Geodesics

In the sl(2,R) Cartan—Weyl basis we have TF as the nilpotent raising / lowering generators
whose (T7)? = (T~)? = 0. A representative of the parabolic conjugacy class is the exponential

of a nilpotent element. Thus, consider the ansatz,
g (@F,27) = Uelr@ru@moty — 2@t e )Ty gy e SL(2,R) constant  (173)

where the scalar function §(z",27) = v (%) +u_(2~) will be chosen such that it satisfies the
Virasoro constraints and produces a nontrivial parabolic monodromy. Since (77)? = 0, the

exponential truncates €27 = 1 + 20 T%. Thus,
9, (@t a7) = UV +20(2t, a—)UTHV (174)

— 0,9, =200 )UTHV and 0_g,, = 2(0_u_)UT*V (175)
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= (Or90) 97 = 200UV VA= WTUT =200 )UT VT
and g (a—gu:)) =20_u )W 1 = 2075 U UT*V = 2(0_u_ )V 'T*V

Then, the left and right currents are,

Jg, (2F) = 29((8+v )T (TUT*U ") = K(dv4 ) R(U)**

. (177)
Ji (27) = 2K(0_u)Tx(T*V'TT V) = K(d_u_)L(V)T*
Then the energy-momentum tensor components are given by,
Topy = o Zm% ) I, (x Zm[@4WHM@MMW
(178)
= X( 0+v+ Y "k RU)™ S R(U)™ = K(O4v,)*k**
a,b
But x** = 2Tr(T*T%) = 0. Thus,
Ty, =0 (179)
Similarly, we get,
T _,=0 (180)

Thus, the AdS part of the stress tensor vanishes for the parabolic (nilpotent) ansatz: the world-
sheet tangent vector in target space is null. The Virasoro constraints require the conformal

weight of the M sector to be zero for this solution to exist.

We can also show that the induced metric in the AdS3 part has zero space-time displacement.

1
ds® = 3 Tr(g’ldg g’ldg). (181)
For our ansatz g ,, = UeXT*V
= dg,,, = 2(0,0)dz"Ue®T T*V = 2(0,0)dxg V' T*V (182)
= g dg., = 2(0a0)da* VTV (183)
Then,
1
2 _
ds* = §Tr( (i>dg(i (i)dg(i))
= 2(0u8)dz® (930)da” Te(VITHV VITHY) (184)

= 2(0,0)dz® (950)dz” Tr (V-1 (T*)*V) =0

This solution represents a string moving along the null direction in the target AdS; space-time.

Now, let us try to find the Monodromy matrix. For a closed string g(7,0 + 27) = g(7,0),
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= 0(1,0+27m) =0(1,0) + Avy + Au_ = 6(7,0) (185)
where

Avy, =vy(zt +27) —v (27)  and Au_=u_(27 —27)—u_(z7) (186)

To obtain point-like solutions, we require g;'(91g4) = (0_g_)g~' = 9d,v, = d_u_. (Here

g+ and g_ are the chiral factors). Then, the possible solutions for vy and u_ are such that,

Oyvy =0 u_ = B ()X is some constant) (187)
A A
— v, = §x+ and u_ = 5:1:_ (188)

The Monodromy matrix is then given by,

[e2v+ @t 2mTE _ o200 @)TE r o o0 q 0 p2u-(@m 20Ty, _ -1 2u(a)T+y, (189)
s MTTE DATE L Mt g g e TE =20 TE -1 AT T (190)
N 14+ Ar  £Aw
— M =" =14 207T* = (191)
FAr 1—A7w

Thus, we get Tr(M ) = 2, which corresponds to the Parabolic class of geodesics where the

string configuration is at the margin between short and long.

4 Spectral Flow and Strings with Winding Numbers

Consider a classical solution for the string configuration of the form g(z*,27) = g, (a*)g_(x7).

We can generate a new solution as follows,

lwrztos ~ lwpx oo

gr(ah) =e? g+(x")  and  g(z7)=g-(z7)e?

— g(l'+,$_) = g+(x+)g_(x_) = eéwRJ:JFO'Q §(17+,JZ_) %’LULLI,‘70'2

(192)

We can observe that the chosen left and right multiplication factors for generating new solutions
are elements of SL(2,R). It depends linearly on x*. They are chosen such that they preserve
equations of motion, preserve periodicity for integer wy, r. This specific choice of action on a

pre-existing solution is called Spectral Flow.

For integer wr, g, under o — o + 27, we see that,
Lwrrtos fwratos jwgpmos Lwrztos . : wr twrzTos
ez — ez e = e2 cos(wrm)l+ioy sin(wrm) | = (—1)“Re2 (193)

EIVLETOR y BWLET 02 LT gLt o2 (cos(wmr)]l—z’ag sin(wyr)) = (—1)“res®r o2 (194)
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For integer wy, g, the left/right factors are periodic up to the central element (—1)7 p. Hence,
spectral flow is a large loop-group transformation: it preserves the equations of motion, mod-
ifies the Monodromy of g by a central phase, and for the diagonal choice w;, = wr = w, it
produces winding strings while acting properly on the field space. This is an action of the loop
group 5[(/2,71%) K, X s@) k- For the universal cover, the diagonal choice wp = w, = w € Z

defines the spectral flow symmetry and ensures.

Now, let us see how the target space global coordinates change under spectral flow.

_ + 1 ;
g(l’+7ﬂ7 ) _ 62wRaC g2 ezu026p036m)0'2 ezwLaC o2 — 61u026p03€ZU0'2 (195)
where, ] ]
u=1u+ §wa+ and  v=10+ SWLe” (196)

Then the coordinates t = u 4+ v, p, ¢ = u — v change as,

-1 -1
t=1t+ 5(w3x+ + wLx_) =t+ §<(wR +wp)T + (wg — wL)a>
p=7p (197)
-1, I
¢:¢+§(w3x —wrx ):¢+§((w3—wL)T+(wR+wL)a>
For the diagonal spectral flow w; = wr = w,
t=i4+wr, p=p and ¢ =¢+wo (198)

If the initial solution described a point-like string, then ¢ = to(7) , p = po(7) , ¢ = ¢o(7). But
under spectral flow, a point-like geodesic acquires explicit o-dependence and becomes a circular
string winding w times around the center of AdS; (p = 0). The term w7 stretches the solution
in the time direction, while the term w ¢ produces angular winding. Under ¢ — o + 2, the
angular coordinate ¢ transforms as ¢ — ¢ + 27w, showing that the resulting configuration is
a circular string winding w times around the center p = 0 of AdS;. Thus, spectral flow maps

a geodesic (point-like solution) into a winding string configuration.

4.0.1 Transformation of currents

The right-moving currents are J&(x™) = KXTr(T*(0,g) g~'). Now, under spectral flow, the

solution changes as g(z+,27) = e2Wr* 02 Gz g7) eawLe o2,
7
0.0 = Lunos g + eivnre: (0, g) ebvis s (199)
-1 i wrzto ~\ _itwrpro —iwpzo -1 ——w zto
(84_9)9 = inUZ +62 R 2(a+g)62 L 2(6 WL 2 g e R 2)
= Lwpoy + it (9, g)g ) emdunet s (200)

— (949)g"" = —wpT® + e7vra’ T ( (0+9) §_1>ewR$+T3
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— J]% _ :K:TI,(Ta<a+g)gfl) _ j(TI‘( . wRTaTS + TaewavaTii (8+§]) g—l ewa+T3>

% s s (201)
— S = = w4 KT (e e T (9,g) 57 )
Then, we can read off how the individual components for different ‘a’. So,
3 X 33 wrxtTT33  —wratT3 ~\ ~—1
J3 = — 5 Wrk + fKTr(e RE Lo R (0+9) g ) (202)
Using % = —1 and J3(z¥) = X Tr (T°(0+9) '), we can say that under spectral flow,
3 (. 704y, K
Jp(x™) = Jp(z™) + - WR (203)
Then, for the JE we get,
X
Jf = = Gwps® 4 KT (e T (9,5) 57 ) (204)

Using %+ = ITr(T%T*) = JTr(T*(T" +iT?%)) = &% £ix* = 0 (as x* is diagonal), the

-2
standard result ewr® T°THewre™T? — oFiwns™ Pk and JE(zt) = K Te(T* (9,§) §7"), we get,

JE = eFiwra” T () (205)

For the left-moving currents J{(z~) = K Tr(T* g~'(d_g)), under spectral flow, the solution

changes as g(z7,27) = e3wrT o2 glzt, ) EEWLT 02
8,g — g(%’LULO'2> + e%me+02 (afg) e%wLm_crz (206)
— g 1(a_g> — %wLO_2 4 (6 SWLT™ 02 g 16—2sz 02>65me o2 (a_g)€2wLm o2
— %wLO.2 + e—%wmﬁaz (g—l(a_g))eéwmﬁag (207)

— g7(0-g) = ~wrT¥ e ™ (G 0-g) e T
— JE=KTH(T g7 (0-g)) = —K Tr(w, T T 4 T e (5719 g) )™
a X a3 —sz’T?’* a™* wL:v’T3* ~—1 ~
— JL:—ngI{ +3CTr<e T e (g (8_9))>

(208)

Then, the individual left current components can be found.

X B g - K
Jg _ —EwLﬁ33+KTr<ew” T3 T3 e—wre T3 (g—l(@_g))) —_— (]% = JE—{— EU)L (209)

j< _ * « _ *
JE = Gkt + K Te(em e T e (5710, g)) (210)

_ —3* * —3* _ -3 -3 ; - ; - *
Use /{3i =0 and e~wL® T Ti eWLT ™ _ e~ WL T TFewre T° _ eTwLe™ TF — oFiwpz Ti

— |Jf = T JE (211)
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4.0.2 Transformation of Sugawara Energy Momentum tensor

With the invariant metric k4, = diag(1,1, —1), the AdS; stress tensor is given by

T = zym%%— «%><ﬁﬂ%@ﬂ=%{5@%+%@%«@ﬁ(mm

Then, on substltutlng the spectral transformation of the right current components, we get,

L A A 3 Ko \? L A A TR 5 X

T = 5| 5Tk Ta+Tr JR)—(JRJFEwR) = oo\ 5 T+ T Ti) ~ () =Xwn T =iy
7 73 X 2

— |14y = T4y —wrJp — VR (213)

Similarly, for the 7" component,

2 R0 L A 312
T:i<§<JLJL +Jr JL)_(JL)> (214)

Then, on substituting the spectral transformation of the right current components, we get,

11, = K \2 1(1,- ~ =+ - - - K2
f_:%(gz+L )(%+fu)>=i<aﬁ&+@ﬂr+@%mmﬁ—qwﬁ

2

P

4.0.3 Spectral flow in the Fourier modes of J} ; and T4

The Fourier modes of the currents are defined by the equation,

JLR Z np.r € eminet JLR Z np.r € eminet (216)

ne”Z nez

For J} p we get,

Z J3 e = Z J3 emmr 4 %wL = Z (jSL - %wLénp) e T (217)

~ X
= JSL = JgL + EwL(Sn,O (218)

Similarly,

Z R fmx*' — Z 7lnx+ + %wR = Z (st + %U)R(Sn,0> efina:"' (219)

n

S
= |an = Jin T 3RO (220)
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Mode relation for J zc r can be found as follows.

,> _ ZJniLefina:_ e:pzwLx ZJi —inx~ Zji —i(ntwr )z (221)

Put n £ w;, = m. Then,

ZJ:I: —inx~ Z (m:':wL)L —imx‘ (222)

= | J; —Ji

(mFwr),,

(223)

Similarly,

Z ji —inat _ 6:Fme+ Z j;FRe—mer Z —i(ntwg)zt (224)

Put n £ wg = m. Then,

ZJni —inzt _ ij:':wR —imaxt (225)

— |5 =

m:FwR)R

(226)

Now let’s see how the Virasoro generators or the modes of Ty, change under spectral flow.

The Virasoro generators L) are defined as,

Tep(a®) =Y LiPeine (227)

ne”l

The relation for the spectral flow of Virasoro generators is very simple and can be clearly seen

to follow the relations below.

- W K
L = LD —wrdy, = Wk Ong (228)
- W K
and |L{7) = L) —wpJ3 — Zw% S0 (229)

Spectral flow can map a point-particle solution with no ¢ dependence to an extended string
configuration that winds w times around the center of AdSs;. Since the Sugawara tensor
transforms as shown before, the Virasoro constraints must be imposed using the spectral-flowed

energy-momentum tensor, leading to the physical-state conditions after spectral-flow.
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4.1 Short strings as the spectral flow of timelike geodesics

For time-like geodesics, we have the classical solution of the form, §(z*, z7) = Uel®+ @) +i-(")ozy/

where, 0, = §o* and @4y = §o~, with o = £ %. The energy-momentum tensor components

are, T4 (v4) = —K(0404)? = —~Xa? and T__(z7) = —K(9-u_)? = —%a?.
The spectral flowed energy-momentum tensor is given by T, = Ty, — ij}% — %w%{ and
T =T _ —wpJ}— %uw?,

2

K ¢ K = K
= T, = —g Y wrJy — Zw% and T__ = —Zoz2 —wpJp — Zw% (230)

If the spectral flow doesn’t change anything in the compact manifold M sector, then we can

consider T fr‘j‘r = TM — }h as before.

After spectral flow, we shall impose the Virasoro constraint equation for the spectrally flowed

energy-momentum tensor.

K -
Tiy+h=0 = ——(*+wy)—wplp+h=0
glc ) (231)
T _+h=0 = —Z(a2+wi)—wLJ2+h:0
- 1 K ~ 1 X
— = on (h - Z(QQ + w%)) and J} = o (h - Z(OéQ + w%)) (232)
Then the new spectral flowed currents J % ; are given by,
N 1 K K
Jp=Jp+ Zwp = —<h— —042) + —wp
J? —j3+ﬁw —i<h—ﬁa2> +Kw
S T 4 4"

Since we get J3 and J} to be independent of z*, they have only the zeroth mode, which is
equal to themselves. Under the diagonal choice of winding numbers wg = w; = w, we get the

total energy of the string, which is bounded above depending on « as,

1 e e
E=J} +J} =2J8 = E<2h - 5a2) + S (234)
2
Thus, < 24 %X (235)
w 2
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4.1.1 Explicit solution when U = V!

Without loss of generality, we can set,
U=1V"1=¢zr00 (236)
Then, the unflowed short string solution will be,
Glat, a7) = e2r0o3ioTo2 2P0 (237)

If a different choice of U = V! was chosen, then we could consider a general constant SL(2, R)
matrix, U = V! = ei“(’”e%po"?’e”“’?, then it can be shown that the spectrally flowed solution

would have just a constant shift of ¢ which is irrelevant. Hence, let us choose uy = vg = 0.

Then, after spectral flow,

Lwx o9

oo )e?

+ iwara-z ~

gla™,x7) = ex"" g(x

Lzt 1 a 4 _1 Lovz—
— esz 0'262,0003610[7'0'26 2p00’362w1‘ g2 (238)

For a diagonal spectral flow, we can find the flowed solution and compare it to get the flowed

global coordinates as follows. The exponentials of the required Pauli matrices are,

. cos(f)  sin(0) . e? 0
o2 = and €207 = : (239)

—sin(#) cos(0) 0 e =2

Then the unflowed solution evaluates to,

e?T 0 cos(at)  sin(ar) e 0
gzt a7) =
p P
0 ez —sin(ar) cos(ar) 0 ez
(240)
cos(ar) e sin(ar)
— glz",27) =
—e Psin(ar)  cos(aT)
Then the spectrally flowed solution is,
wzrt : wxt . wr™ . w
cos < 5 > sin ( 5 > cos(ar) e sin(ar) cos ( 5 ) sin (T
gla™ a7) =
— sin (“’f) cos (“";HF) —e Psin(ar)  cos(ar) —sin (%) cos (“’
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After multiplying these matrices, we get the entries of the flowed solution g(z™,z7) as,

g11 = cosh(pg) cos(w) cos(at) — sin(wT) sin(ar) — sinh(py) sin(a7) sin(wo),
g12 = cosh(pg) sin(wt) cos(ar) + cos(wT) sin(at) — sinh(py) sin(ar) cos(wo),

(241)
g21 = — cosh(pg) sin(wT) cos(ar) — cos(wT) sin(at) — sinh(pg) sin(ar) cos(wo),

gaa = cosh(pg) cos(wT) cos(ar) — sin(w) sin(a7) + sinh(py) sin(a7) sin(wo)

But we can compare this with the global coordinates parameterization, which is written as,

cosh(p) cos(t) + sinh(p) cos(¢)  cosh(p) sin(t) — sinh(p) sin(¢)

—cosh(p) sin(t) — sinh(p) sin(¢) cosh(p) cos(t) — sinh(p) cos(¢)

Then, by comparing both forms, we get,

w = cosh(pp) cos(wr) cos(ar) — sin(wT) sin(a7) = cosh(p) cos(t)
g12 = 92 _ cosh(pg) sin(wT) cos(at) + cos(wT) sin(ar) = cosh(p) sin(t)
; (242)
_w = sinh(pg) sin(ar) cos(wo) = sinh(p) sin(¢p)
w — —sinh(po) sin(ar) sin(wo) = sinh(p) cos(¢)

Then, taking the ratio of the first and the second relation, we get,

an(t) — cosh(pg) sin(wT) cos(at) + cos(wr) sin(ar)
tan(?) cosh(pg) cos(wT) cos(ar) — sin(wT) sin(ar) (243)

Dividing throughout by cosh(pg) cos(wT) cos(at) we get,

tan(t) = tan(wT) + tan(ar)/cosh(po) (244)
1 — tan(wT) tan(at)/ cosh(pg)
. gu—9g2 | (G121 gn
Also, finding - +1 ) we get,
sinh(p) € = isinh(pg) sin(ar)e™” (245)

The modulus of the above equation is sinh(p) = sinh(pg) |sin(a7)|. Since |sin(a7)| < 1, it
follows that 0 < sinh(p) < sinh(pg). Thus, the radial coordinate is bounded for all worldsheet
time. This makes it a short string solution. Moreover as 7 increases, the radial coordinates

oscillate p reaching the center of AdS3 periodically.
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Let us find the currents of this solution. Before spectral flow,

Jh = ~2K(0,0,) Te (U T0)T?) = ”CTO‘ To (T (ebmmne b))

1 _1 .
Use, 2707 g9e~ 2078 = cosh(pg)oy — i sinh(pg)oy. Thus,

- K
Jp = % Tr <T“(Cosh(p0)02 — isinh(po)01)>

= _—KaTr (T“(cosh(po)T3 — Sinh(PO)T2)>
= —iKa(cosh(po) Te(T°T°) — Sinh(PO)Tr(TaT2)>

~ X
— J& = —7&<cosh(p0) K™ — sinh(po)/f‘ﬂ)

Then,
- - K
Jr=0 and Jry = Ta sinh(po)

- x K
Jy = TQ cosh(po) and Ji = :I:iTa sinh(po)

Then, after spectral flow, we get the currents to be,

~ X X
Ja(xt) = J3(aT) + S WR = E(a cosh(pg) + wR)

~ . g(: '
JE(;EJF) = Jg(er)e:szRgﬁ — iZTa Sinh(po)@:':leer

Similarly, the left current before spectral flow is,

~ * * g<: *
— Jo = —2K(d_a_)Tr (T“ volrs V> - —%Tr (T“ e%pOUBUQe—%POU3)

Loos - —Looo: .
Use, €207 09672078 = cosh(pg)oe — isinh(pg)oy. Thus,

3 K .
J¢ = —% Tr (T“ (cosh(po)oa — isinh(Po)01)>

= —KaTr (T“* (cosh(po)T?" + sinh(po)TQ*)>
= —ﬂ(a(cosh(po) T (T T%) + sinh(po)Tr(T“*TQ*)>

~ X
— Ji = —%(cosh(po) K™ 4+ sinh(,og)/{‘ﬁ)

Then
, - - K
J; =0 and Ji = Ta sinh(po)
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. K = = X
JP = 7& cosh(po) and JE=JiFiJ} = ?iTQ sinh(po) (255)

Then, after spectral flow, we get the currents to be,

= K K
J(a7) = J(x7) + SUL= (@ cosh(po) + wL> (256)
+/ - TE£/,..—\ Fiwrxz ™ »fK:Oé : Fiwpx™
Ji(z7) = Ji (a7 )eTE = Fi sinh(pg)e™r (257)

But earlier, we got that under spectral flow, the third component of the current changes as

J3 = i (h — %oﬁ) + Xwp and J} = w—lL <h — %oﬁ) + Zwy,. Then, for diagonal flow, we get,

K 1 K X
— 5(04 cosh(po) + w) = E(h — Zof) +w (258)
2 — ﬁ 2 = S 2 2 ﬁ — w2
= a’ + 2wa cosh(po) % +w* =0 = ag = —wcosh(py) £ 1/ w? cosh”(po) + T
. 2 4h
= |ax = —wcosh(py) £ 1/ w?sinh*(pg) + x (259)

Using these values of a4, we can find the 3'¢ components of the right and left currents in the

diagonal flow as,

I = % (cosh(po)( — wcosh(pg) + \/w2 sinh?(pg) + % ) + w>

(260)
= Jplag) = e w sinh”(pg) =+ cosh(pg)4/ w? sinh®(po) + ra
Similarly, we get the left current as,
3 X 12 .12 4h
Ji(ag) = 5|~ w sinh®(pg) = cosh(pg) 1/ w? sinh”(pg) + 7 (261)
Then, the total energy of the string is given by F = J(?R + JSL,
12 4h 12
E(ay) =X| =+ cosh(pg)y/w?sinh?(pg) + W sinh”(po) (262)

Now, for the o, branch, the total space-time energy of the string is always positive. And for

the a_ branch, the total space-time energy is negative always, which is not physical.

2

X
When h = = , we get, a® + 2a cosh(po)w = 0,

= a(a+2wcosh(py)) =0 = a;y =0 and a_ = —2wcosh(py) (263)
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Thus, at this value of the internal conformal weight, the positive Energy branch becomes,
E(ay =0) = Xw (264)

where the energy is constant with respect to the size py of the string. The spectral flowed

solution is,

g(a™, a7) = €2V 02200731 TO2 3008 G UTT T2 — pywE o2 5w 02 (265)
:>u:wa+ and U:wa_ = t=ut+v=wr and ¢=u—v=wo (266)
Also by using the explicit form of the solution where sinh(p) ¢’® = isinh(py) sin(at)e™™?, and

substituting ¢ = wo, and a = 0, we get, p = po. Thus, for h = in2,
t=wr, ¢=wo, and p=pg (267)

This solution represents a string staying at a fixed radius pg, neither contracting nor expanding.
The existence of this type of solution at any radius py means that the string becomes marginally

unstable in AdS3. For other h values, the energy is a monotonously increasing function of py.

Kw 2k
= (268)

E(po=0)=2VhK and E(pg — o0) = 5 ”

Thus, we can see that this solution is like a bound state of the string in AdS3;. The solution

repeats expansion and contraction where the maximum size of the string is po.

4.1.2 Explicit solution when U # V~! or when [UV, T?] # 0

If [UV, T3] # 0, then U and V conjugate T° into different directions:
UV, T3 40 — UVT? £ T30V — VTV £ U T30,

Consequently, the geodesic is displaced from the center (it does not reach p = 0). Under
spectral flow, this yields a circular string at finite radius; the string cannot collapse to a point

because the base geodesic never reaches the center. Consider a time-like geodesic solution,
Gr) =Ue @@ =0Ty — 5719 = —aV T and (8,§)§ "' = —aUT?U" (269)
Then, by the current definitions,
Ta Ko 3r7—1 Ka —13* Ta rx
za:JRTa:—TUTU # - VT V:za:JLTa (270)

This leads to different Jg’R and JS’L modes, which implies the space-time angular momentum,
(= JS’R — Jg’L # 0. Physically, a nonzero ¢ corresponds to rotation of the string and produces

a centrifugal effect that prevents collapse of the string to p = 0.
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The spectral-flow action modifies each chiral Sugawara stress tensor component as,

. -~ X - N
TS =T —wJj, — ZwQ and  TAS =TS P ZwQ (271)
: : : : FAdS _ AdS Ka? .
For the time-like geodesic solutions, 77> = 777 = - Then, on subtracting the two,
TAS A — (T3 — T3 = —wl (272)

If we include the internal M CFT chiral weights (hg, k1) and impose the Virasoro constraints,

TAS LM =0 = TAS = —hy 273)
TAS +TM =0 = TP =-h;
Then, combining the two results, we get,
\hp—hy = wl (274)

Thus, for the case where [UV, T3] # 0, there will be different left and right currents, which
implies there is non-zero angular momentum that preserves the string from collapsing to the
center of AdS3;. The Virasoro constraints result in unequal right and left conformal weights
(hg,hr) in the compact M sector. And their difference is precisely the winding number times

the angular momentum.

4.2 Long strings as the spectral flow of space-like geodesics

For space-like geodesics, we have the classical solution of the form, g(z*,27) = Ue®+ (@) tu—(z7))osy/

where, 9, = 2zt and 4, = 22, with a = +,/=22. The energy-momentum tensor compo-
s U+ 2 + 2 ’ X

nents are, T () = K(0:94)? = La? and T__(27) = K(0-1u-)? = Xa?. T~he spectral flowed

energy-momentum tensor is given by T = T, —wgrJp—Swhand T__ =T _ —wpJ} —Fw?,

X - X X - K
= Ty, = ZQZ —wrJy — Zw?{ and T _ = ZQQ —wpJp — Zw% (275)

If the spectral flow doesn’t change anything in the compact manifold M sector, then we can

consider T = h (negative) as before. Then the Virasoro constraint gives,

Ty +h=0 = (a* —w?) —wpJg +h=0

(276)

(0 —w?) —wpJ; +h=0

4
X
T__+h:O — Z
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—  Ji= (h + f(a - wR)> and J} = o (h + f(a - wL)> (277)

WR

Then the new spectral flowed currents J ?%, ;, are given by,

K 1 X X

Jp=Jh+ Zwp=— <h+—a2> + =wg
2 WR 4 4

(278)

JP=J} +Kw = i<h+§042> —I—Kw
L=oLm gy 4 4"

Since we get J3 and J3} to be independent of z*, they have only the zeroth mode, which is
equal to themselves. Under the diagonal choice of winding numbers wgr = w; = w, we get the

total energy of the string, which is bounded below depending on « as,

1 % %
B=Jj +J =20 =~ (2h + 50%’) + S (279)
2h
Thus, B> 204 X0 (280)
w 2

4.2.1 Spectral flow of space-like solution with U =V =1

, where p = ar, t =0, ¢ = 0. Under spectral flow we

Here, we have g(1) = 73

get the flowed solution as, g(z*,27) = e2“Wﬁ”60‘7‘736’“}”7"2 And if the flow is diagonal

(wr, = wr = w) then, the new solutions are, p = a7, t = wr , ¢ = wo.

— pe’ =are™ and t=wr = |p=— (281)

Thus, at the infinite past t — —o0, we see that the string is circular and has infinite radius
located at the spatial boundary of AdS;. Then, the string collapses to a point at ¢t = 0, then

again expand toward the boundary as t — co. The currents before spectral flow are given by

_ K al _ _ 1

Je = 0‘2“ = J; and Tes = (%o’ (282)
After the spectral flow,
- K K
Je = Jo 4 7“} = Slan" +w) = J (283)
K KX
Jy=Jt=Fla+w) and Ji=Jh=Ji=Jh= Tw (284)
K s

= Ty, = 1 (Oé w ) (285)

But Virasoro constraint gives,

4h
=ty fw? — — 286
« w % (286)

Here the energy is constant £ = Kw for any value of «, even for a = 0, when h =
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4.2.2 Spectral flow of space-like solution when U = V! = e~ 2P001

Here, the solution before spectral flow is,
g( +’ x—) — e—%ﬂomeaﬂfse%pom (287)
Then, after a diagonal spectral flow,

_ iptas —1 1 P
g<x+’x ): €2w:c 0'26 2p00'160170'3€2p00'162w56 o2 (288)

To get the flowed global coordinate relations, we shall find the full matrix product and compare

with the global coordinate parameterization. The exponentials of required Pauli matrices are,

cosh(£)  —sinh(£) Jios _ cos(f)  sin(6) s T )

—sinh(2)  cosh(2) —sin(0) cos(6) 0 e o7

e3P0 _

Then we get the final matrix with the elements as follows,
g11 = cosh(at) cos(wt) + cosh(pp) sinh(aT) cos(weo) — sinh(pp) sinh(a7) sin(wT)
g12 = cosh(ar) sin(wt) — cosh(pp) sinh(a7) sin(we) + sinh(pg) sinh(ar) cos(wr)
—g21 = cosh(at) sin(wt) + cosh(pp) sinh(a7) sin(we) + sinh(pg) sinh(ar) cos(wr) 259
922 = cosh(at) cos(wt) — cosh(pg) sinh(ar) cos(wo) — sinh(pg) sinh(a7) sin(wT)

Now we can compare with the usual parameterization and get the spectrally flowed global

coordinates. Any solution should be of the form,

@ o) cosh(p) cos(t) + sinh(p) cos(¢)  cosh(p) sin(t) — sinh(p) sin(¢)
glat,x”) =

—cosh(p) sin(t) — sinh(p) sin(¢) cosh(p) cos(t) — sinh(p) cos(¢)

Then, on comparing both the matrices we get,

% = cosh(ar) cos(wT) — sinh(pg) sinh(a7)sin(wt) = cosh(p) cos(t)
g12 — 921 . . . .
—5 = cosh(at) sin(wt) + sinh(pg) sinh(a7) cos(w) = cosh(p) sin(t)
(290)
—w = cosh(pg) sinh(a7) sin(wo) = sinh(p) sin(¢)
g11 — g22 . .
= cosh(pg) sinh(a7) cos(wo) = sinh(p) cos(¢)

41



Taking the ratio of the first two relations, we get,

cosh(ar) sin(wT) + sinh(pg) sinh(a7) cos(wT)

tan(t) = 291
an(t) cosh(ar) cos(wT) — sinh(pg) sinh(ar) sin(wr) (291)
Dividing throughout by cosh(a7) cos(wT), we get,
tan(t) — tan(@T) + sinh(pg) tanh(aT) (292)
1 — sinh(pg) tanh(a7) tan(wr)
Then if we evaluate 2L 92 _ Z.(gu ;— 921>7 we get,
‘ sinh(p)e’® = ™7 cosh(py) sinh(ar) ‘ (293)

This represents a long string solution. Taking the absolute value of the above equation we get,
sinh(p) = cosh(po)| sinh(a7)|. So p is unbounded here, which can reach the boundary of AdS;

for large worldsheet time 7 — +o00. This is like a scattering state of the string.
Now, we can find the exact values of currents as follows.

~ K

Jg = KaTr <T“(UT1U_1)> = TQTI (T“(e_%p"”lage%p(’”l»

— % Tr (T“ (cosh(po)os + ioy sinh(po))>

= Ko (Cosh(po)Tr(T“Tl) - sinh(po)Tr(TaT3)> 20
— Jo= %(cosh(po)mal — sinh(pg)k*)
Thus, the right current components are,
Jh = % cosh(py) , J3=0 and J} = % sinh(pg) (295)
Similarly, for the left currents we get,
Ji = Ka Tr((VT“*V’l)T1> = %Tr (T“*(e’%po‘”age%pogl))
_ Ka Tr (Ta* (cosh(po)os + ioy sinh(po))>
2 (296)
=Ka <Cosh(p0)Tr(T“*T1*) - sinh(po)Tr(Ta*T?’*))
= Jo = %(cosh(po)mal — sinh(pg)k*)
Thus, the left current components are the same as the right ones, given by,
Jh = % cosh(py) , J?=0 and J} = % sinh(po) (297)
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After a diagonal spectral flow, the 3" component of left and right currents change as follows,

5K
L@:nga(amm@@+w) (298)

But in the diagonal flow, the Virasoro constraints give

X 1 X K
3 13 _ O™ : — 2 b
Jp=J; = 5 (asmh(pg)—i—w> w(h—{— 4a>+ 7Y (299)
4h
— o® — 2wasinh(pg) + %~ w? =0
- (300)
= a = wsinh(py) F \/w2 sinh?(pg) + w? — x
. , 4h
= |ax = wsinh(pg) F 1/ w? cosh”(py) — % (301)

2
We have chosen « such that for a critical value of h =

, we get oy = 0. For this value

Kw
of h, the 3'4 component of spectrally flowed current becomes J3 = J; = - which gives the
total energy F = Kw. This solution now coincides with that of the short string solution. For

any other value of h, the total energy becomes,

E=J)+J = iK(sinh(pO) (w sinh(pg) F \/11)2 cosh®(pg) — % ) + w> (302)
— |F(ag) =X (w cosh?(pg) F sinh(po)\/w2 cosh?(pg) — %) (303)

For arbitrary h values, the long string energy is a monotonously increasing function of pg.

E(po=0)=Xw and E(py — 00) = 0o (unbounded above) (304)

2
Thus, when h = Kw

could escape to infinity.

, we could see the transition of a short string into a long string, and it

Notice that since U = V! or since [UV, T?] = 0, we get that the 3rd component of left and right
currents is the same. This allows the string to reach the center p = 0 (collapse) at least once in
its lifetime. But this is not the case when [UV,T"| # 0. In this case, we will get J? # J3, thus
there is non-zero angular momentum ¢. And this is possible only when the compact manifold
has unequal left- and right-conformal weights (hg, hy), which implies hg — hy, = wl. It is
this centrifugal force, due to the non-zero angular momentum, that prevents the string from

collapsing to a point.
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5 Semiclassical Analysis of Strings in AdS3

In the study of classical string solutions in AdSj the integer parameter w is introduced and
is interpreted as a winding number associated with the angular coordinate ¢, through the
identification ¢ ~ ¢ 4 2. Classically, solutions frequently take the form ¢(7,0) = wo + - - -,
suggesting that w counts how many times the string wraps the ¢-circle. This interpretation is
natural by analogy with flat or cylindrical target spaces, where winding numbers are topological
invariants. However, this identification is naive in AdS3 and requires careful re-examination.
The global AdS; metric is ds? = — cosh?(p) dt? + dp? + sinh*(p) d¢?. And for any fixed p > 0,
the coordinate ¢ parametrizes a circle. However, as p — 0, sinh(p) — 0, and the ¢-circle
shrinks smoothly to a point. Therefore, the cycle ¢ — ¢ + 27 is contractible in AdS3;. As a
consequence, there is no topologically conserved winding number associated with the angular
direction. A string configuration that appears to wrap the ¢-circle can be continuously de-
formed, by moving toward p = 0, into a configuration with no winding at all. Thus, the integer

w cannot be interpreted as a topological invariant in general.

The situation changes when the string is located close to the AdS boundary. For large p,
sinh(p) ~ %ep , and the proper size of the ¢-circle becomes very large. A string that remains at
large p for all worldsheet time cannot smoothly contract the angular cycle without traveling

deep into the bulk. Such configurations are known as long strings. They satisty ‘ llim p(T) = o0,
7| =00
and remain close to the boundary for long times. For these strings, the integer w labeling an-

gular dependence is effectively conserved and well-defined. In this regime, it is meaningful to
speak of winding, even though it is not topological in a strict sense. Therefore, long strings

near the boundary admit a stable characterization by an integer w.

In contrast, short strings or point-like strings remain at finite radial position and often pass
through the center p = 0. In this region, the ¢-circle degenerates, and the notion of wrapping
becomes ill-defined. For such configurations, p(7) < py < 0o, and there is no obstruction to
continuously changing the angular dependence of the solution. Consequently, the integer w
does not label a conserved or even well-defined quantity for short strings. This explains why,

for collapsing or point-like strings, the winding number loses its physical meaning.

Upon quantization of the string, the absence of a topological winding number implies that
processes in which the effective winding changes are allowed, at least for short strings. Since
such strings can pass through p = 0, nothing forbids transitions of the form w — w+n , n € Z.
This does not contradict the consistency of the quantum theory, because w is not a topological
invariant of the target space. Despite this, string states can be organized by an integer w. The
correct interpretation is that w labels spectral flow sectors of the affine ;[(Z)k current algebra.
Spectral flow is an automorphism of the current algebra that shifts the zero modes and changes
the representation sector. The integer w thus characterizes how a given state is embedded into

the full Hilbert space, rather than counting a topological winding around ¢.
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5.1 The Nambu-Goto string action

From now we shall fix o/ = 2. The Nambu type action for the string in AdS3 is given by,

Sna = % / dt do [\/— det(gima) — B a,q,s] (305)

where ¢,q is the induced metric on the worldsheet, obtained by pulling back the full tar-

get—space metric Gy given by,

(gind)aﬁ = GMN aaXM aﬁXNa «, 5 € {Oa ]-} = (7-7 0-) (306)

The action has been gauge-fixed using the static gauge (also called static time gauge) condi-
tion, where ¢(7,0) = 7, so the worldsheet time coordinate equals the global AdS; global time.

This gauge choice fixes worldsheet diffeomorphisms that move the target—space time coordinate.

By is the component of the NS-NS two-form (the B-field) with one index along the time
direction ¢ and one along the angular direction ¢. The term By, 0,¢ is the pullback of the
Wess—Zumino (WZ) coupling that appears for strings in an NS-NS background. In the AdSs
NS-NS background of the SL(2,R) WZW model, the only physical B-field component allowed
by symmetry is B, since the field strength H = dB must be proportional to the AdS; volume

form. Fixing the static gauge t = 7 eliminates all other possible antisymmetric couplings.

Now, the coordinate ¢ is not well-defined near p = 0. The angular coordinate ¢ is degenerate
(the circle shrinks to a point). To avoid coordinate singularities, it is convenient to introduce

local Cartesian coordinates in the (p, ¢) plane,
X' =pcos(¢), X?=psin(¢) = &=X'4+iX? = pe? (307)

These are regular and are the natural variables for a small oscillation expansion around p = 0.

The target—space metric for the AdS; factor in the usual global parametrization reads

dsias, = Gu dt® + G,pdp* + Gy dd® = k( — cosh®(p) dt* + dp* + sinh?(p) d¢2>

Here k is the overall radius—squared (WZW level) factor that multiplies the AdS; metric. It ap-

pears in the induced metric components through every contraction with the AdSs part of Gy

The compact sector of the target space will be considered to be M = S x T%. The coor-
dinates of T* internal directions will be denoted Y with metric GE;TM). In the background
AdSs x 83 x T*, the worldsheet theory factorizes into independent sigma models for AdSs, S3,
and T, so only those states whose nontrivial classical dynamics lie entirely in AdSs are focused.
The T* factor has non-contractible 1-cycles, allowing genuine winding modes that provide a
classical contribution to the worldsheet energy, encoded in the conformal weight h. In con-
trast, S® has no topological winding and only supports massive excitations due to curvature,

so its coordinates are set to their ground state and treated as part of the spectator internal CF'T.
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The induced metric on the world sheet is given by the Pull-back of Gy, as follows,

(Gina)rr = Gt (0:)% + G (0:9)* + Gy (0:0)* + G (D, Y7) (0, Y7)
(gind)fa = Gtt(art) (acrt) + GPP (an) (aap) + quqi) <a7'¢) (aa¢) + GE]TLL)(aTYZ)(aUY]) (308)

(Gina)oo = Gut(Dat)? + Gy (359)? + Gopy (0,0)% + G (3,7 (9,Y7)

Using the static gauge t(1,0) =7 , (0ot =1, 01t = 0) and substituting the AdS; components
Gy = —kcosh®(p), G,, =k, G4y = ksinh®(p), we get,

(Gina)rr = —k cosh®(p) + k (9,p)? + ksinh®(p) (9,0)% + G (9,Y7)(8,Y7)
(Gina)ro = K (9:p) (8op) + K sinh®(p) (9,0) (9,0) + G (0,Y7)(9,Y7) (309)

(Gina)ow = k (9sp)? + ksinh®(p) (8,6)> + G (0,Y7)(9,Y7)

Let us analyze the small perturbations near p = 0, where we keep terms only up to quadratic
order in p (small oscillations). Thus, cosh®(p) =~ 14p?> , sinh?(p) ~ p®. And also we shall write
p and ¢ in terms of the cartesian fields X* , u = (1, 2). Since, X! = pcos(¢), X? = psin(¢),
we can write p? = 0, X* X" and (9ap)(9sp) + p*(0a®)(9s0) = 0, (00 X*) (05 X"). Thus,

(gina)rr = k[ — (14 8,0 XPX") 46,/ (0,X")(0:X")] + G (0,77 (0,7)
(gind>‘ra =k 5,111/(67'XM)(80'XV) + GEJT4) (aTYZ)(aaYJ) (310)

(Gind)ow = kG (3, X (0, X*) + GT0(0,77)(0,Y7)

For simplicity, only pure winding modes on T* are considered, where 9,Y? # 0 and 9,Y" = 0.
Physically, this picks a string that wraps cycles of T%. The energy of such a configuration is

stored in the spatial gradients 0,Y*. Thus, the conformal weight from the compact 7% part is,

1 [do ; -
h=1 55 5 Gy (0:Y) (0,Y7) (311)
The RHS of the above equation is nothing but the L(()T4) Virasoro mode from the compact 7%
o—model (assuming h;, = hg = h). The first factor of % comes from the fact that the energy
includes contributions from both left-moving and right-moving worldsheet modes. The second
factor of 1 comes from the Hamiltonian density HTH = 1[(0;Y)? + (8,Y)?] which for a pure
winding configuration reduces to %(801/)2. Thus, the internal conformal weight has an overall
factor of %‘. Also, for the purely winding configuration, we have Y*(7,0) = y* + w'c, such that
(0,Y)? = G§f4)wiwj = constant. Thus, G§f4) w'w’ ~ 4h. Then, finally, the conformal weights

from the S® sector do not contribute as discussed before.
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(gind)TT = k[ - (1 + 5AWX”XV> + 5uu(aﬂ'X“)(aﬂ'XU)]
= | (Gind)ro = k0, (0-X")(0,X") (312)
(Gind)oo = k0, (0, X")(0,X") + 4h

Then, we shall substitute these components of g;,q and the conformal weight A in the definition
of NG—action, and keep terms only up to quadratic order in p (or X*).
- det(gind) = (gind)'rr(gind)aa - (gind)g—g
~0

= 12— (4 8, XPXY) 4 5,0 X7)(0.X)) (5,00, X) (2, X7) + )

= —4hk — 4hk,, X" XY + 4hkd,, (0. X")(0: X") — k*8,, (0, X") (0, X")
k
— — det(gina) = 4hk<1 48 XX — §,,(0,X")(9,X7) + E%,(&,X“)(&,X”))
(313)
Thus upto 2" order in X* we get,

/= det(gima) = \/4hk<1 n %5WX“X” - %%(axu)(@x“) + %@V(a,xu)(aa)(")) (314)

Now, we should consider the effect of the By, field. The bosonic SL(2, R) WZW model describes
strings on AdS3; supported by NS-NS three-form flux H. In the sigma-model language, this
flux is fixed by the WZW term and is proportional to the AdS; volume form:

H=dB = kUAng (315)

where k is the WZW level. Using the AdS; metric ds3 4, = k(—cosh®(p)dt*>+dp?+sinh’(p)d¢?),
the invariant volume form is,

vaas; = cosh(p)sinh(p) dt A dp A do (316)

Now, we need to choose a gauge for the 2-form B-field such that it gives us H = dB and is

consistent with AdSj3 isometries and worldsheet gauge transforms. So, we can choose,
B =Byp)dtNdp = H=(0,Bi)dpNdtNdo (317)

= 0,Biy = kcosh(p)sinh(p) = B = ksinh®(p) + constant (318)

Now, the classical solution can be chosen such that the integration constant is zero. And up
to quadratic order, we get,
By = ksinh?®(p) ~ kp? (319)

This is the expression used in the semiclassical expansion of the NG—Action.
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Since only By, component of the anti-symmetric B-field is non-zero, the B—part of the action
contains just the below term,
1

Sp = [ drdoe” P Bis(0at)(0s0) (320)
7
where e"! =1 = —¢1% and €% = ¢!! = 0. In static gauge, t(7,0) =7 , (Ot =1, 01t = 0).
k 2
= Sp = ~5- dt do p*(0,¢) (321)
T

Since, X' = pcos(¢), X? = psin(¢), and using £ = 1 = —e&y;, we can write the identity
X109, X% — X?0, X' =€, X10,X" = p*(0,0) = 6,, X' X" (0,9).

k
— |Sp=—5- [ dtdoe, X" (0,X") (322)

Then the final action can be written as,

VA4hk 1 I \/?
= —_— _ 1% v__ yzi 1 v n v . o u v
Sne = —5- / dr do <1+ 5 O (XX (0, X7)(0-X)+ - (0 X) (0,X7) ) =\ | 1 € X (0, X ))
The above action can be simplified in terms of complex field ® = X' +iX? and &* = X' —i X2

Then, we can use the identities, |®|* = 6, X X", [0,P|* = 8,,(0aX")(0aX") and also notice
1

that €, X9, X" = Im(®*(9,®)) = §(<b*(80(1)) — ®(9,9*)). Then, the above action becomes
i

Vank 1.y Ll o koo [k 1, .
SNG = F/dTCZU 1— 5\37@ +§<|(I)’ +E|ag(1)| > - EZ(CI) (aoq)> _(I)(80® ))

\/4h 1k

dr do (1 - -\a o + —(142|<1>|2 + 10,02 + iA(D*(9,) — @(agcp*)))

24h
(323)
Also, we can use the identity, |0,® — iA®|* = |9,®|* + A2|®|* + iA (9*0,® — 0, P*) where

A= \/%. Then, finally, we get,

VAahk
Sna = 2_/d7d0<1 — —ya P +
T

24h\a P — qu>|2> (324)

The simplified action describes a massless charged scalar field ® on R x S! (cylinder) coupled
to a constant background gauge field A. The action contains no term proportional to |®|?
without derivatives. Therefore, the effective mass vanishes, and the transverse fluctuations
of the string behave as a massless scalar field. The spatial derivative appears through the
covariant derivative D, = 0, — 1A, which is like the minimal coupling of a complex scalar of
unit charge to a gauge field. The ‘charge’ originates from the NS-NS B—field of AdSs;.

48



5.2 Canonical Quantization of the simplified NG—Action

The Lagrangian density is given by,

kA

_ = 2 . 2
L=-3 (1 S10-0f + 2,42'8 O — iAD| ) (325)

To find the equation of motions of the complex field ® and ®*, we shall vary the simplified NG

action with respect to ®* and ®, respectively. The conjugate 4-momentum densities are,

~ oL kA s oL k .
H(IJ* = W e (8 CD) y Hq)* = W = m(&,@ ZACI)) (326)
oL kA oL k
I} = o* g = =— " + jAD*
* = 50.0) 2 ) M= 555y T T (% A
oL R oL -
also, ErY —iATIE. and % = ATl (327)
Now the Euler-Lagrange equations of motion are —— 55 — 0, 11§ — 0,113. =0,
=  —iAll. — kA(a%b) (82 —iA0,®) =0
e T A ! B
A
— 0,0 —ia2) 1 ’“—( P) — (32 —iAD,B) = 0
— azcb - A2a§q> +2iA0,® +A2<I> =0
1 .
— 672_(1) — ﬁ(&, — ZA)2(I) =0

Upon rescaling the time coordinate to 7 = A7, the equation in terms of 7 and ¢ becomes,

2P — (0, — iA)2d =0 (329)

Redefine the complex field as,
(7,0) = 7 P(7,0) = 0,D(7,0) = 1 0,0(F,0) + iAe™7Y(7, 0)
= (0, —iA)®(7,0) = 47 0,7)(7, 0)
— (0, —iA)2D(7,0) = (0, — iA)e* 7 0,4(7, 0)
= 0,[e" 0,(7, 0)] — 1A Op0p(7, 0)
= (A 0,0(7, 0) 4+ €47 02)(7, 0) — 1A O,4(F, o)
= (0, —iA)*®(F,0) = "7 P2¢(7,0)
and  020(7,0) = 702 (7, 0)

Thus, in terms of the redefined complex field, the differential equation of motion becomes,

(02 = 92)w(f,0) =0 (330)

49



This is a 1D wave equation where the spatial coordinate is o ~ o 4 27 (periodic) , o € [0, 27)
and 7 € (—o0,00). If we define two coordinates, 2+ =7+ 0 and &~ = 7 — 0. In terms of these

new variables, the above wave equation can be written as,
0p+ (03-9) = 03~ (03+9)) = 0 (331)

Thus 0;+1 depends only on 2% and independent of #~. Similarly, d;-v depends only on 7~

and independent of Z*. Thus, the most general solution (without assuming periodicity) is,
W(7,0) = f(T+0)+9(7 —0) = Y@",37) = f@") +g(@") (332)
Now, we get the full solution of ® = ¢*7¢ as,
(7,0) =V (f(7+0)+g(F —0)) (333)
Now we impose the periodic boundary condition of ®(7,0 + 27) = ®(7,0). Thus,

eI (f(F o +27) + g(F — 0 — 27)) = 7 (f(F + 0) + g(7 — 0))

A | (334)
— 62mAf<i'+ + 27’(’) + e?zwAg(:%— — 27T) = f(:i"i') + g(i'_)
Thus individually the functions f(x™) and g(z~) should follow,
fE"+2m) =™ f(Et) and g(@ —2m) = e Pg(d7) (335)

Thus, the functions f(2") and g(Z~) are periodic up to a phase factor (quasi-periodicity). For

this kind of periodicity, these functions can be expanded in terms of Fourier modes as,

T
A an i(n—A)x a— —i(n—A)T~
f(x+)zzme( AT and g(z ):Zn—Ae (n—4) (336)

nez neL

Then the modes a/ and b, can be extracted as follows,

i T
f(‘%Jr)efi(mfA)o:Z ap, ei(an)i'*‘efi(mfA)U:Z an piln=A)7 ji(n—m)o

nez ' T A nez ' A
L (m-A) @ in-a) A i(m-A) 0
_ d ) —i(m—A)o _ n in—A%émn: m i(m—A)T
= 5 i of(@)e ;n—Ae p—
27 dU ) gt
— |al = (n— A)/O o f(at)e in-A2 (338)
27 dO' ) .
In the same way, we get b, as, |b, = (n — A)/O o g(&7)eln=Az (339)




Thus, the full solution of ® can be written as,

, teiln—A)it 4 p p—i(n—A)i~
@(T,U):em"z<a”e i Ze )
n R

nez
—i(n—A)% _|_bT i(n—A)z~ ) <340)

O*(1,0) = e_iAUZ (a ¢ —

nez
where 2" =740 , 2~ =7—0 with 7= % Then, the momentum density is given by,
kA kA (07
Iy = —(0,.9* 0: "
o= 00 =2 (5) @
kst 5 (% = AN G A 4
=—e
4T n—A
neZ
— HT(TU):ieiAUZ<CL ez(nA bT i(n— A)x)
e 4mi < "
L (342)
I, _ _ " iAo ( T z(n A& —b —i(n—A)Z~ >
— [I§.(7,0) P % e

Now we can find a useful relation to write the Fourier modes in terms of the fields. Consider

the mode expansion of ®(7,0). It can be written as,

. aT i(n—A)t +b e —i(n—A)z~ eina
o iAo < > _ ( 1(n A)F i(n—A)T )
(r,0)=¢e Z — Zn—A al e +b,e”
neZ neZ
2m
do . 1
—_— P , —ino _ ( T z(n A)F b —i(n—A)7 >
| et = Fhe
T do , 4y o
— —(n—A)P(r,0)e”" T o= AT L emin=AT
0 27
(343)
T do . S Ave A0
= | o= (0= A)P(r,0)e" = a, e T 4 pf AT
0 2m
Now, consider the mode expansion of the momentum density fields.
I~ (7_ O') _ ie—iAo Z (a e—i(n—A)i’Jr . bT ei(n—A)ic’)
* 4mi " "
nez
411 . R , . :
e T g) = 3 (st o)
nez
. 2 (344)
412 d_(T HT( )eina =a,e —z(n A)T b]‘ i(n—A)7
kJo 2m
. 2m
_Am d_a 5. (7,0)e ™ = a AT _py et A)T
kJo 2m
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Hence, we can find the explicit formula for the Fourier modes as,

(345)

Now, to achieve quantization, we shall promote the fields to operators and impose the equal-
time commutation relations between the fields ® and ®* and their canonical conjugate mo-

mentum density fields 117, and IIj. respectively.

[®(7,0), 11 (7,0")] =id6(c — o) and [®*(7,0), UG (T,0")] =id(c — o) (346)

And all other combinations of commutation relations are zero. Following the above canonical

commutation relations, we can find the commutation relations between the modes.

2m 2w
:/ dO'/ dO' z(n Azt zAcr —z(m A)z+ —1Acr

Ap, Ay,

X

(n— A (7,0) + T Ty(r.0) . (m— A)B(r,0") — = T (r 1

27 21 / :
do do i(n—m)7 _i(no—mo’ * 4mi T
= [ e )<W—m¢“®f"z%*”ﬂ

47

+P?HWT®,(m—A@UJﬂ>

2 2
:/ dO’/ dO’ zn m)7 z(na mo’ ( —Atm— A) 4]:-@( 2)5(0_ . O'/) (347)
Tdo 1 . . 47
— Y~ iln—m)T i(n—m)o —A A
/0 Am 4rC ‘ (n m = A k
11

4
:__'Ln m)7 —A A
247Te Spm (N +m — )k

Thus, the above commutation is non-zero only when m = n. But then, the factors !~ — 1
and (n — A+m — A) = 2(n — A). Thus,
@, al

] = 2bunn — A) (318)
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Now, had we redefined the Lagrangian by an overall factor and neglected the overall constant

factor k, then we would similarly get all the commutation relations as,

ol

=(n— A)dum and (b, b8 ] = (n — A)bpm (349)

ny ¥m

lan, a

All other commutation relations between the Fourier modes will be zero. Here, the coefficient

(n — A) plays the role of the norm of the one—particle state. Acting on a would-be vacuum |0),
(0] anal, [0) = (n — A)(0[0) (350)

To ensure a positive-definite Hilbert space, operators whose commutator coefficient is positive
must be treated as annihilation operators, while those with a negative coefficient must be

treated as creation operators. Hence:
e Forn > A, we have n — A > 0, so a,, and b,, annihilate the vacuum.
e For n < A, we have n — A < 0, so af, and b/ annihilate the vacuum.

Therefore, the vacuum is defined by,

anl0) = 0,10) =0 (n>A),  al|0)=0bl|0)=0 (n< A). (351)

This shifted notion of creation and annihilation operators directly gives rise to spectral flow,
where the integer w = | A| shifts the Fermi/Bose sea level. Hence, the vacuum is not the

standard highest-weight state of the unflowed current algebra.

5.3 Currents in terms of Fourier Modes

Consider the exact classical right—-moving current of the SL(2, R) WZW model (with o/ = 2).

Ji =k [(&.p) + (0, v) sinh(2p) | ¥, where u = t%b : v = % (352)

Near the center of AdS3, p < 1 = sinh(2p) = 2p + O(p?). Also, 2(0,v) = (0;:t) — (94.9).
Thus,

Jig = k[(04p) £ip ((0:1) — (0:0))] T D4O(p°) ~ k [(01p)e™ £ ipe™™ ((041) — (0:9))] ™

= Jp =k [(040)eT + p(04e¥) £ip(0:t)eT?] €7 =k [04(peT?) £ ip(0st)eT?] e

In terms of ® = pe’® and ®* = pe~ we get,

J =k [(049%) +i®*(0,t)] e and Jr = k[(04®) — i®(0,t)] " (353)
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Now, the left currents are given by,
JE = k[(0_p) £ i(0_u) smh(zp)} (720 (354)

Near the center of AdSs, sinh(2p) = 2p + O(p%). Also, 2(0_u) = (9_t) + (9_¢). Thus,

T =k[(0-p) £ip((0-t) + (0-9)] T =40(p") = k [(0-p)e*™® £ ipe™® ((0-t) + (0-9))] €™

= Jp =k [(0_pe™?) £ipe? (0_t)] eF"

In terms of ® = pe’® and ®* = pe~ we get,

JF=k[(0_®) +i® (0_t)] e ™ and J; = k[(0_®*) —i®* (O_t)] " (355)

Now we shall try to derive the mode expansion of ng ;- Firstly, we know that * = 74+ ¢ and

2% = 7 £ 0 where 7 = A7. So these two coordinates are related to each other by,

A+1 AF1
zE = <—) at+ (i) i (356)
2 2
Define A1 A1
_Aa+t _ A= 2 _ g2 _
a = 2 9 6 - 2 9 « 6 - A
} 1 1
By chain rule: 0, = " (O0z+ — B 03-), 0_ = 1 (=B 0+ + adz-) .

1
Also, in static coordinates, 0.t = 0_t = 3 Now, consider the mode expansion of ® and ®*.

. T ,i(n—A)2T b —i(n—A)2~
@(T,J)262A02<an6 + Op € )

n—A

neL
—i(n—A)2+ t Li(n—A)z—
, ay, € +0ble
P* _ —iAc ( n n )

(ro)=e -

nel
Define (i A)e+ b ineA)e
a e—z n—A)x + b ez n—A)xr— )
s@ta) =y (™ n ) — o=y
(x ’ ) neZ n—A4 ’

Now, we can calculate,

4 A, » 1A
8@+6 Ao _ —76 ’LAO" (92376 iAo :—}-?e ZAO"

0+ S = —i Z ane—i(n—A)ﬁﬁ’ 0,8 = +i Z bILei(n—A)i‘*‘
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A
— a+(1)*_ on( S_'_AZ neznA AZbT znA ) (357)

The right current component is J3; = k [(94®*) +i®*(0,t)] e = k (94D + &) e~**. Then,

on substituting the mode expansions, we get,

JE — ik e ftemiA < 5 A Zan —i(n—A)x A ZbT i(n—A)Z ) (358)

L et o
Now, we use, e e 7147 = ¢=ATT  — ¢ =e

e—iAchr—&-i(n—A):fc* — ei(n—A)‘f'e—ino —e

fitefiAaefi(an)fc"" and e~ ite—iAopi(n—A)L™

in?~ =2t Then, the final expression for the current is,

(A4+1)n—2A inat (A—T1)n b ing— _—2it
( A — A) > ane + <—2A(n — A)> ble™ e (359)

Had we defined the chiral currents as

Jr(@t, ) = —zk:z

JH(2T) = k[(0p+ %) +i®* (D1 t)] e (360)

Then, to find its modes, all that we have to do is replace A = 1 in the above derivation (note
that we are not fixing the gauge field A, we are just defining new currents in this way). Thus,

we would get the mode expansion to be,

= —ik» a,e”™" = | JI ~—ika, (361)

neL

Similarly, we can define J; = k[(03+®) — i®(d4t)] e™™ which is nothing but the hermitian
conjugate of J;. Then,

=ik ale™ =ik al e —  |J ~ikad, (362)

nRr

ne”Z neL

Now, let us calculate the left current modes. Using the previous results, we have,

) A . . . A . L
Dp+ @ = 74 (—Z—S —1 Zane_’(”_“‘)ﬁ) and 0, ®* = e 47 (—I—%S +1 zﬂ: b eiln—A)@ )

* 1 —iAoc iA ; —i(n—A)zt iA T ei(n—A)2~
— 0_® :Ze [_B(_TS_ZZ&HG +a | +— S+Zzb
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= 0_®* =je M7 | =

Zan —i(n—A)2 ZbT”‘A ] (363)

Consider the following left moving current component given by J; = k [(0_®*) — i®*(9_t)] et™,

where 0_t = % On substituting,

- —iAo (n—A)& T i(n—A)z . —iAo
g n€ g ble — 4= S

e ( a ) 1 9 (& ]

1. 0t —iAC —i(n—A)% t i(n—A)%

=ike"e [ 5 A E ane g ble ]

J; = ke"

Now, we use, eite 47 = ¢idd™ s  gilgmidAog—iln—A)at _ iAd gidi" o—indt _ o2itg—ind™ 4pq
eite= A7 ei(n=A)2" — oini”  Then, the final expression for the current is,
A+ Dn—24\ ., ... [ (A—Dn R
J ’ =ik bT ing . 1A —i(n—A)&
;[( 2A(n — 4) ) ne +<2A(n—A) in € (364)

Similarly, J;~ is given by the conjugation of J; . Thus,

(A4+1)n—2A A (A—1)n i Amm i Avat
Ly = — ng t —tAZ T +i(n—A)&
JE@at,z ik K Tt — ) ) bpe + <—2A(n - A)> ale } (365)

Had we defined the chiral left currents as,
J. = k[(0s-®*) —i®*(0_t)] e and JS = (J;) (366)

Then, to get its modes, all that we have to do is replace A = 1 in the above derivation (note
that we are not fixing the gauge field A, we are just defining new currents in this way). Thus,

we would get the mode expansions to be,

7)) = —ik Z bpe”nE - J:LFL = —tkby
o nez o (367)
_ i‘_) — ik Z biLemac — ik Z be_ne—me — Jn_L =k bT_n
ne’Z nezZ
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5.4 Spectral flow to restore highest weight state

The oscillator algebra implies that sgn(n— A) determines whether a,,, b, acts as an annihilation
or creation operator. So, the vacuum |0) is defined by a,|0) = b,]0) = 0 (n > A) and
al|0) = b0 =0 (n < A). Translating this into current modes gives

Ji0) = J7|0) =0 (when n> A)
(368)
and J—, [0)=J", ]0) =0 (when n < A)

This is not the standard highest-weight condition of an affine algebra, since the annihilation
threshold is shifted from the usual n > 0. The standard highest-weight condition is J," |0) =
0,vn>1landJ,, |0)=0,Vn>0. Torestore the highest weight state form for the ve;cuum,
let us introduce a new set of current modes jﬁf by an integer shift as follows,

J:I::j:t

n nFw

or Jf = Jniiw

where w=[A4] = w<A<w+1 ,weZ (369)
With this choice, the vacuum conditions become,

Jr0)y=J5,00=0 (whenn+w>Aor n>A—w>0 or n>1)
~ (370)
J |0y =J,_,10) =0 (when —n+w <A or n>—(A—w)>—-1 or n>0)

Thus, the vacuum is the highest-weight state for these new currents, which are nothing but the
resultant of spectral flow. This also shows that the original vacuum is not the highest-weight
state in the unflowed basis, but becomes a regular highest-weight state after spectral flow. If
we write the parameter A = w+¢, w € Z, 0 < e < 1. Then, the integer w labels the
spectral-flow sector, while € determines the fractional moding of the oscillators. Different values

of w correspond to inequivalent representations of the affine 5A[(2, R) algebra.

Semi-classically, the parameter A is related to the internal conformal weight h of the string
4h

state by A = = As h varies continuously, so does A. When A becomes an integer, one of
the oscillator frequencies (the mode with n = A) vanishes. For A € Z, the quadratic potential
for the mode n = A becomes flat. Classically, this mode costs no energy to excite. Quantum
mechanically, this leads to a continuum of states which are J-function normalizable, rather than
a discrete normalizable ground state. If h is increased further, normalizable states reappear,
but they belong to the next spectral-flow sector labeled by w + 1. The appearance of the
continuum corresponds to the emergence of long-string states in AdSs. The integer w is the
amount of spectral flow needed to bring the state into a standard highest-weight representation.
It is not identical to geometric winding, but it reorganizes the Fock space in a way that makes

the Hilbert space ghost-free and consistent with the no-ghost theorem.
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6 Kac-Moody affine Lie algebra and Virasoro algebra

6.1 Deriving the J/—OPE

In this section, we consider the WZW model on an arbitrary group G where we work on the
complex worldsheet with coordinates z = 7 +io0 , 2 = 7 —io. Group element is written as
g(z,Z) € G. In complex coordinates, the currents come in two flavors, holomorphic and anti-
holomorphic. They correspond to the symmetry of the WZW action under the transformation
9(z,2) = Q2) 9(2,2) Q2) " Q(2), Q(2) € G. The currents are given by,

J(2)==5(09)g" = ka J*(2)T* and J(z) = g g 09) = ka J'(A)T"  (371)

where T are the generators of the lie algebra g, kg is the invariant bilinear form defined by
ab

Tr(T°T") = % And the structure constants are defined by [T%, T?] = i fe® . T*.

Consider an infinitesimal left transformation parameterized by a Lie-algebra valued holomor-
phic test function w(z) = w(2)T* Thus d,9(z,2) = w(z)g(z,2). Now, the variation of
the WZW action under this local transformation (after integration by parts and by standard

manipulations (Di Francisco, Sect. 15.1) can be written as a contour functional,

1

O0wS
21

] dz Y w(2)J(2) (372)

For any product of fields X = H ®;(2;, Z;), the standard path-integral Ward identity gives,

5,(X) = ((5,8) X) = —% dz 3 w'(2) (J°(2) X) (373)

From the variation of the current under an infinitesimal left transformation, one finds,

0] = —g(a(%g) 97+ (09)(0ug™"))

— —g(a(wg) 9 +(99) (=g (wg)g ™))

= —gwwg)gl - g(aw) + g(ag)glw (374)

=w(2)J(z) — J(z)w(z) — gﬁw(z)

— 0,J(2) = [w(z), J(2)] — gﬁw(z)
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In terms of components,
[W(2), J(2)] = Kap Keq W T [T?, T = Kap Fieq i f°% W JTC = i fupe " J°TC (375)
. a 7brpc k
= 0,J(2) =i fapew* J'TC — E(ﬁw)

s 6 (oo JOT) = i fupe ST — gﬁm (0w T

. (376)
= Kac 5wJa - Z.fabc wan - 5/{&0(8@(1) (use fabc = fcab)

a - ra b 1c k a
= |0, J = if% W —5(&; )

This relation is the infinitesimal version of the current’s gauge transformation. In the ward
identity, take X to be a single current insertion J’(2’) (the single-current case suffices to

determine the JJ OPE). Insert the above transformation into the Ward identity. Concretely,

and shrink the contour to a small circle around

choose w with a simple pole at 2: w?(z) ~ -
z—z
!/

2. Equating the two sides yields the singular terms of (J%(2)J%(2")). Matching coefficients,

one obtains the OPE relation,

IO T RN N,
O e

(377)

This single OPE encodes the quantum affine Kac-Moody algebra. Similarly, for the anti-

holomorphic sector, we get,

g Hab Z-fabc jc Zl)

(z —7')? z—7z

JUz) J°(Z) ~ (378)

The % in the double pole is chosen so that the Kac-Moody affine Lie algebra matches with the
authors of the SL(2,R) WZW Model.

6.2 Sugawara construction of the Energy-Momentum Tensor

Classically, we found that the energy-momentum tensor for the WZW model, by the variation
K

of the action with respect to the metric, is given by 7, , = ?ab J%J]b{. But due to the conformal

normal ordering, this might not be true quantum mechanically. We should account for the

quantum correction. We shall work in the complex coordinates. Let us assume

T(2) = v kap : J(2)J°(2) : (379)

We shall fix v such that the OPE T'(z) J%(2') makes the current J%(z) a tensor operator (pri-

mary field) of conformal weight 1.
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So, let us first find the OPE (J%(z) T'(2')), which is easier to compute. Now, we shall represent
the normal ordered product by a contour integral. By the standard contour representation of

normal ordering,

;Jb(z')JC(z’):—iyé 9 gbia)ge() (380)
c,

2m Jo o — 2

where x is some complex number and C./ is a contour centered at z’. So,

Kpe JU(2) 2 JU(Z) TN = L&é ﬂ/ Kpe [(J4(2) 0 () J(2) + TP () (J*(2)J(2"))]

2m Jo, x — 2
1 da bR if,J(x)
_ . Jo(2
2mi Cz/a:—z’l% [((z—x)2 * z—x ()

+nﬂ@>(@?i;2+-”tﬁi?”>]

! de I:(g{ﬂ%zv ) zfaaicﬂ%x>J%zv>>

(z —x)? z—x

(381)

+(;ﬁw<+wmu%w%w>]

z—2')? z—2

:L dr gja(zl) N ifacd glidc N ifdchb(Z/)
2mi Jo, v — 2| \ (2 —2)? z—x \ (x—2)? x— 2

+<§J%@ ) w%d< Ll +iﬂ%J%ﬂ>>]
(z —2')? z—2 \ (x—2)? x— 2z

Now, f%., k% = 0 = f%, k" as the structure constant is completely anti-symmetric and

invariant form is symmetric. Thus, we get,

/‘fcha(Z) IJb(Z,)JC(Z/)I_ L dx [(gJ“(z’) 4 ifacd (Z'fdchb<Z/)))

- 2mi o, r—2 1\ (2 —2) z—x x— 2
(A i (i)
(z —2')2 z—2 x— 2z

We use —f¢,; f% = %4 [ = hVo¢ and f%,, f*?. = LV, where hV = —2 for s[(2,R) Lie

c)

(382)

algebra. Also, other normal-ordered terms vanish as the structure constants are anti-symmetric,

whereas the normal-ordered products are symmetric (commutative). So, we have used,

Feoale TN T ) + [l S/ ()T ) = 0 (383)
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Thus,

Fe J%(2) 1 J0(2) () = : s [

2m Jo, x — 2
z

ke By Je(2)

(z — x)? B (x — 2)(x — 2")

I ORI S C Z/)]

(384)

(z —2')? (z —2)(x —

_kJ) 1 y5 dx[ Y Je(2) Y Je(2) ]
C.

(z—2)2 ' 2mi (z—2)z—2)2 (z—2)(x—2)>

The second term vanishes as the coefficient of (x — 2’)~2 is independent of z. But, in the third

term, after the contour integral, we should replace (x — 2)™' — —(2/ — 2) 2 = —(2 — 2/) 2
RJa(z) hYJe() Ja(=)
— K J(2) SIS = =(k+hn")—
Koe J4(2) 2 J°(2)J(2") Rt ET (k + )(z — ) (385)

Due to the associativity of OPEs, ka, ( (: J%(2)J%(2) :) J¢(2)) is got exactly same but inter-
changing 2z’ +» z. Thus,

a (& a Ja 4
o (G2 ) () = (T =k ) =
(386)
JUZ") + (2 = 2")oJ ()
=~k +hY
’7( + ) (Z _ Z/)Q
: : 1 L
Thus, to have the current as a primary of weight 1, we shall fix y = v This gives,
T(2) = 7oy w2 T(2)0(2) (387)
z) = : :
A
And, the conserved currents follow the OPE,
J(Z") 0J*(2)
T(2)J (7)) = 388
TSN = s + o) (383)

This is the Sugawara construction of the WZW energy-momentum tensor.

6.3 Deriving the TT—OPE

Express the second T in the TT—OPE as a normal-ordered product of J's. Using the contour

representation of normal ordering, we write,

TETE) = iz §. 7o ma TEF@NE) + P@TEMEN)] 359)
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Substituting the T'J—OPE, we get,

(T(2)T(2)) ~ m;/m% }é ) xi, Kab [ ( <ja_(?)2 + aji(?) J°(2)

Jb() &]b(z/)) ]

+ @) ((z—z’)2 T

(390)
N 1 L% dx . (J(z)J° (")) N O (J(2)J(2))
(k+hv)2mi Jo, o — 2 o (z — x)? z—x
N (J(x)J°(2")) N 0. (J(x) J°(2"))
(z — 2')? z—2
After substituting the JJ—OPE we get,
AT 11 dx E ket ife, Je(2)  JY(x)J0(2)
(T()T () (k+ hY) 2mi ygz, z— 2 ab[(x—z’)2(z—:v)2 + (x —2")(z —x)? + (z —x)?
k kb ifeb Je(2') (0, J4x))J0() :
(x —2)(x —2')3 (x —2)(x — 2')? z—x
gﬁ“b ifet Je(2) c JY(z) S0 ()
+ (x — 2/)%(z — 2')? (x —2)(z—2")? + (z —2)?
k‘liab Z'fabc JC(Z/)
+ (z—2)(x—2")3 + (z —2")(x — 2')?
if®, 0.,JY2")  JY(x) (0.J%(2)) :
+(z—z’)(m—z’)+ z—2
(391)
use kgpk® = dim(g), and K fP, =0
NS e 5 dim(g) k dim(g) & dim(g)
(T)TED) (k+ hY) 2mi yg d [(m—z’)3(z—x)2 (x —2)(x — 2')4 + (x—z)?’(z 2')?

k dim(g) Kap : JU2)J(Z) 0 Kap: JU () JO()
G-a- " (@-)z-af  (e- )z
Fap (O] (@) () ¢ | an 2 S () (9 *())

Z—x z— 72

+

(392)
Then, on doing the z integral, the terms that are more than one order singular as x — 2/, and

have no other x dependence, will vanish.
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, 1 (3 — 2)k dim(g) s JY(2)Jb(Z)
= TR~ 0w | T2y 2 oy
" : (aZ/Jaz(Z_/);Jb(Z/) : n : Ja(z,);?z;]b(zl)) 2]
(393)
(k d1m(g)> 1 4o Kab - J“(z/)Jb(z/> :
(k+hY) ) 2(z—2)4 (k+hY) (2—2)2
Kap O (: JUZ)JO(2) 2)
+ (k+hY) z— 2z ]
o c/2 27T(2")  0.T(%) where . k dim(g)
— |(TETE) (z — 2% * (z —2')? * z—2 b (k+hV) (394)
For s[(2,R), dim(sl(2,R)) = 3, and hY = —2, thus we get,
Csl(2,R) = k3—_k2 (395)

Hence, Sugawara construction gave an appropriate stress tensor with conformal weight hr = 2.

6.4 Deriving the Kac-Moody current algebra

Since the current J(z) is holomorphic with conformal weight h; = 1, it can be written as a

Laurent expansion as,

Ja
J“(z)zz - where Jo = —Z " JY(z (396)

zntl Cy 20

neL

where Cj is any contour encircling the origin. Since the current is holomorphic, the modes are
contour independent (except that it has to encircle the origin). Now, we shall try to derive the
commutation relation between the current modes. Since the modes are contour independent, we
can use the usual contour deformation technique. Consider three concentric contours encircling

the origin c((]l), c((]Q), c((]g) with decreasing radius. Then,

le dZ2 b ¢ dZQ % ng b
(J(z1)J°( 22 (J Je
I Sl ygm 2mi 95@ 2mi ! vz (@) S () ) 2mi J.® 2mi (22)7%(2))

= yg( @%(% = A (J(21) S (22)) — yg( = 2 <Jb(22)=]a(23)>) (397)

o) 2mi (b 2mi o) 2mi

— 51{( dz 23 Res (ZT(J‘I(ZQJI)(ZQ)))

2) 27TZ 2122
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" k ﬁab Z'fabc JC(Z )
Use, (J (zl)Jb(z2)> ~ (212_ 23)? + - 222

Thus, the relevant substitution is,

and expand 2" = 2" + (21 — 29) m 25"t 4 - -

k ,.ab crab  TC
zmﬂ@mwé»%<£+@rﬂﬂmﬁ”+“”Qﬁf@v*ﬁJfZﬁ>

. . (398)
~ o (et 5 n i, ()
a dz n m— k a m : La C
= [Jm,J,’;] :55(2)2—75% <mz2 1§/£ b+22 ife, J (z2)>
=)

k dz o dzs (m+4n) e
=L St it S ) (e

2 271 (2 271
0 0

k
— [Ja Jb] = §m/iab5m+n’0 +ifabc J¢

m’“n n+m

This is the affine Kac-Moody current algebra denoted by gy (for the & level).

——

6.5 5[(2,R)kL X 5[(2,R)k3 Current algebra

For the SL(2,R) WZW model, we have two sets of chiral currents J&(z") and J¢(x~) which

can be expanded in terms of their current modes as,
Th(at) =Y _Jie ™" and  Jp(aT) =) Jre (400)
ne”L nez

These current modes also follow the above commutation relations. For the left currents, we

have the generators T = 03, T? = 109, T® = —109, and T* = T" F¢T?. Then, the elements

of the invariant bilinear form are given by,
kY = 2 Tr(T°T") = diag(1, 1, —1)
KOE = 2To(TTF) = 2 Te(TY(T" FiT?)) = k™ F in*
OF =2Te(THTF) = 2Te (T FiT?)(T" FiT%) =2Tr((T")* = (T*)?) = k" —£* =0

T = 2Te(TFTT) = 2Te (T FiT?) (T £iT%)) =2 Te((T")* + (1%)%) = k" + k7 =2

For J,: wk®=diag(1,1,-1), k" =1, k*F =Fi, &¥* =0, s =0, xF =2| (401)

To find structure constants, use,
(T, 7% = —1%, T3, T = T?%, [T%, 1% = +T"
(T3, 7% = [T%,T") Fi[1°,T% = T* £iT" = +i(T" F4iT°) = £i T*

[T, TF) = [T" FiT? ,T" +£4T% = £2[T", T?) = F2iT"
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For J,, : f% =i, fBi=—i, ffla=—i, fAFi=41, fHF3=52 (402)

Thus, the 5@) r, affine lie algebra is given by,

k
[ng Jn] [‘]317 st] - 2m5m+n,0
k
I3 T3 = —=mbpmin
[ m n] 2m +n,0 (403)
[T 2] = =i+ [Toos T} = i+ s Jul = Tiim
B =, and [T = kmbn - 20,

We get the same commutation relations between the modes even for J¢ (left current modes).

6.6 Deriving the Virasoro Algebra
The Sugawara stress tensor and the TT—OPE are given by,

1

T(2) = o o " (2)7(2)
<T(Z)T(Z/)> ~ (2 C_/QZ/)4 + (i 1:(232 + a;/ T(j) where €= lzkd—li-mlfs))

Since T'(z) is holomorphic, we can define it in terms of the Laurent modes called the Virasoro

Modes L,, defined by,

T() =Y =% whete L, = yﬁ 42 nvip(s) (404)

Zn+2
nel

where C' is any contour enclosing the origin. Consider,

(Lo, L] — L,L.,

¢ le % dZQ m+1 +1 T(Zl) T(ZQ) _ ¢ @ % 234‘12?‘5‘1 T(22>T(ZS)

dz2 i d21 i dzs
b5z f, o AT T TG — S T T )T
0 0 0

where C’él) encloses C’(()Q), and C’(()Q) encloses C’é?’). Fix 2, in the inner integral. To do this, let

(405)

us first fix z5 and do the other integrals. There are two poles in the first inner integral. One is
at origin z = 0 and at other at z; = 29 due to the T'(21)7(z2) OPE. But in the second inner

integral, only z3 = 0 pole contributes as z is outside the C’é3) contour.
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2 271 z21—22

= (L, L) = 55 @ 2yt (Lm + Res [T (21)T(22)] — Lm)
C . (406)
—55 —2 2+ Res (27T (20)T (22) ]

C(()Q) 271 2122

Expand 27" in terms of 2, and insert the T(z;)T(z,) OPE, and to find the residue, collect

the terms proportional only to (2; — 2z)~'. Thus,

oLl = b 522 5 [(H0LT () + 2m+ 1) 5 Te) + o (= 1)F55)|

(2) 2mi 12
] (407)
— _Z m+n+2 oT 9 1 m+n+1T -1 m—l—n—l)
ygozm(z (O7(2)) + 2(m + 1) T (=) - m{m? — 1) 2
k+2)L
Use, T'(z Z pes and 0T (z) = Z% Thus,
keZ kez
dz 1 1
[Lony L) = = (k +2) Ly, D i mmnrn T 2m D) )DL ) %W
keZ keZ 0
C 2 dz m+n—1
1 il
Tgmm >§’§CO omi”
(408)
c
= — Z(k‘ —+ 2) Lk 6k,m+n + 2(m + 1) Z Lkék,m—kn + Em(mQ _ 1) 5m,—n
keZ kez
= —(m+n+2) Lygn +2(m+ 1)Ly, +m(m? — 1) 1626m —n
Lo L] = (2= 1) L+ ~mlom® = 1), (409)

This set of commutation relations forms the Virasoro Algebra.

6.7 Virasoro modes in terms of current modes
I
Zn+1 ’

The current has the Laurent expansion J%(z) = Z The Sugawara stress tensor is

nez
1
T(2) = —— Ka : J%(2)J%(2) : . Substitute the current expansion. Therefore,
(k+hY)
1 ab JOJE L
T(z) = ) g; n I;m+;”+2" But, by definition, 7'(z) = % zk_*]f? Matching powers gives

. a b .
kE=m+n. Thus, L= k—l—hv ;kmab Jpd, . = |L, k—i—hV Zﬁab o Il
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JeJb m <0

Here, the Normal ordering of the modes means : J%J2 :=¢ ™" (410)
JbJa m >0
This ensures that annihilation operators are to the right.
1 oo
a b . __ a 7b a b
— Ly= T hV Z Kap 0 JO, J0 = T (m JOJb + 2m21/€ab J_me> (411)

And, for n # 0, we have,

L, = (k+hv ( T +Z< G L J“mJ3+m>> (412)

For sm) affine algebra, h¥Y = =2, ky - = %, ki + = 0= k34 and kg3 = —1. Thus,
Ly = ! l(ﬁJ’ + Iy ) = (I + i(ﬁ Jo+J I =208 TP (413)
(k‘—Z) 2 0“0 0“0 0 — —-mYm —-mYm —-mYm

And for n # 0, we cannot collapse the m > 0 and m < 0 parts. So,

1
Lo =
T (k- 2)

+Z(

1 _ _
(5( JEJy o I J )= TR
(414)

n—m“m n—mYm —mYn+m —mYn+m n—m“m —mYn+m

(TETom 4 T T T 4 T i) = T2 T8 — I3 T3 ))

[\.')|>—‘

6.8 Commutation relations between Virasoro and Current modes

The Virasoro and current modes are given by,

d
Lm:yg —Z,zm“T(z) yg 22 om J(=
Cy 270 cp 270

Consider three concentric contours encircling the origin c(()l), c((f), c(()?’) with decreasing radius.

le dZQ +1 % dZQ ¢ ng
al m P a o n a T
[Lm’ J”] yg)l) 271 55(2) 21 < (ZI)J (22>> EQ) o Ju® 21 <J (22) (Z3)>

o dZQ n le m+1 a ¢ ng m—+1 a
- yg(()z) %22 (?g)l) 271 “1 <T(ZI)J (22)> cé?’) 211 <3 <J (ZQ)T(Z?)))

= b, oot Bes (7T Ga)
K (415)
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Use, (T'(21)J%(22)) ~ (;':(222))2 aZJ—a(;)

Thus the relevant substitution is,

and expand 27" = 27T 4 (2 — ) (m41) 2P+ - -

2 — 22)? 2 — 2o

AT (20)J%(22)) — (28 + (21— 22) (m+ 1) 20" + -+ +) ( J%(22) X aZzJa(22)>
( (416)

~ ;) ((m + 1) 25 J%(z) + 25 822J“(Z2)>

(21 — 22

dz
— L )= B 52 (1) 2 T (an) 2 0, 07())
o

d d
=(m+ 1)§l§ ﬁzisz’”J“(z) —1—56 —z.zm+"+1 0J%(2)
co

o 270
(m+1 ijyg O7i Zh—m—n+1 Z‘Ik (k+1 yg o Zh—m—n+1
kez keZ
= ( )Jﬁb—&-n (m+n+ 1)‘]7?1—&—71
= | [Lm, Iy = —ndy .,

Thus, the 0™ current mode commutes with all the Virasoro modes. And LyJ? = J*Lo — nJ2.

So, the current modes J*

@, n > 0reduce the eigen value of Ly by n and J?, , n > 0 increase the

—_n )

eigen value of Ly by n. Then, the complete spectrum generating (Kac-Moody and Virasoro)

algebra is given by,

[Jr(;lw JZ] - 2 S m ’Kéab 6m+n,0 + ifab 7Cz+m
(Lo, 2] = =0T, (418)

[LmJLA::(ny—n)Lm+n+i%nwwf——D5mrn

6.9 Spectral Flow as an automorphism of Current+Virasoro Algebra

The spectral flow is defined as a transformation of the modes as follows,

- k
t@:ﬁ—gw%o

~ k
Ln = Ln —+ ’UJJEL — ZwQ 57170

It can be shown that this transformation of the modes also has the exact same commutation

relations as before the spectral flow, hence an automorphism.
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[J2 T3] = {an — S Sm.0, Jo — =w 5,%0} =2, J3 = —Emém_m,o — [J3, ] = —§m5m+n,o

m’“n 2 m’¥n

my¥Yn ntw

- k . - .
5, ] = {Ji; — Swino Js;w] ) = T = T, = [T = 2T,
i T = s Tl = R m o+ 0)B 00— 275,

mi’¥n w?r T n—w

~ k ~ o~ ~
= km5m+n,0 + kw5m+n,0 —2 (Jsl_,'_n + §w5m+n70) - [J;’;, ‘]n_] = km5m+n7o — 2J7?;+m

. k k
[Lm, JS] = {Lm -+ U)JE;L — Zw2 5m,0 ,Jg — 511)6”70 :|

m?“n n

— (L, P2 +w [J3, 3] = —nJ2,,, +w (—§m5m+n,o) — L, J3] = —nJ3, .,

=—n(J, - Ewé = —nJ3
(ot

n+m 2 m-+n
[Lin, J2] = (Lo + w3, Tia] = [Lins ] + 0I5, T
= _(n :t w)‘]rzrli—i-n:tw :l: w‘]njv:,—i—n:tw = _(n :l: w)j;?tz—i-n j: wjrzrtz-I—n = [Em? jr:zt] = _njnjv:,—i—n

For the Virasoro algebra,

-~ k k
[Lin, Ln] = L + wJ,‘:’l — —w25m,0, L, + wJS — Zw26”’0]

4 (420)
- [Lm7 Ln} + w[Lmv JS,] + w[‘]rg;w Ln] + MZ[JSW JS]
Use the known commutation relations,
. c . k
= [Lm, Ln] = (m —n)Lyin + Em(m2 — D)dmino +wlim —n)J2 . — §w2m(5m+n70 (421)
Use
Lern = f/ern - wJ7§))n+n + Zw25m+n,0
FoF 7 3 k o
= [Lm, Ly) = (m —n)Lpyn —w(m —n)J,, ., + (m— n)zw Sm+n,0
k
+ 1—62m(m2 — D)dmsno +wlim —n)J2 ., — §w2m§m+n,0 (422)
7 koo % 2 koo
=(m—n)Lyin+2m 7Y Om+4n0 + Em(m — 1)0mino — SW MOmtn,0
—>  [Ln, Ln) = (m — n) Lypin + %m(m2 — 1)0mn.0- ‘¢’ is unchanged (423)

Thus, spectral flow is an automorphism of the affine s[(2,R), current+Virasoro algebra.
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7 Representation Theory of strings in SL(2, R) WZW Model

The Hilbert space of the WZW model is the space of all quantum states of the conformal field
theory. In this theory the natural operators are the currents J{(z~) and J§&(x1) whose modes
are J¢ and J® which generate the affine 5@) K, ¥ 5[(/2,\R) k,, current algebra. Physical states
are constructed by acting with these current modes on primary states. Therefore, the Hilbert

space is organized in terms of representations of the affine current algebra.

A key feature of the SL(2,R) WZW model is that the Hilbert space is not a single represen-
tation of the affine algebra. Instead, it decomposes into distinct sectors labeled by an integer
w, called the spectral low number. Schematically, for a particular chiral sector (say right),
Hean = @wez H®) . Bach H™ represents a sector obtained by applying spectral flow w times.
Moreover, spectral flow is an automorphism of the affine SL(2, R) algebra as shown previously.
So, starting from any representation of the affine algebra, applying spectral flow produces a
new representation. The proposal for the full Hilbert space of the WZW model is that it is
obtained by taking certain basic representations of the current algebra and including all of their
spectral flow images. Thus, every sector of the Hilbert space corresponds to a different amount
of spectral flow. In the string theory interpretation on AdSs, the integer w corresponds to the
amount of spectral flow applied to a representation. Physically, w is interpreted as the wind-

ing number of strings in AdS3, and different values of w describe different classes of string states.

Now, the Casimir operator Cy is constructed only using the zero modes, Co = kg, J§ J§ and it
commutes with all the zero current modes [Cy, J§] = 0. Also, the zero current modes commute
all the Virasoro modes, [L,, J§] = 0. This also implies that Cy commutes with all the Virasoro
modes [L,,, C5] = 0. Hence, the conformal transformations on the world-sheet generated by L,
modes preserve the global SL(2, R) representation label. So, we can choose one of the Virasoro
modes and one of the zero-th current mode along with C5 to form a complete set of commuting

operators. By convention, it is chosen to be CSCO = {Ly, J&, Cy}. Moreover,

C, 2 & .
LD = + Rab Jszn
EPRETPS

Lo measures the conformal weight (energy) of a state, whereas C5 labels a representation.

For now, let us consider a representation in which the eigenvalue of Lg is bounded below. These
are called Positive energy representations or equivalently unflowed representations. Then there
should exist states which give the minimum most eigen value of Ly. These states are called
Primary states. Now, the commutator [Lg,J,] = —n J® suggests that, in positive energy
representation, the action of J? ,n > 0 on the primary states should result in zero. Hence, we

define any state [¢) to be ‘Primary’, if and only if J?|¢)) = 0, n > 0. Also, with respect to
2

these primary states, Ly ~ m So, knowing Cy will fix the Ly eigenvalue immediately.
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7.1 Representation of the Zero Modes

The zero modes of the SL(2,R) affine currents follow the global s[(2,R) algebra given by,
[J3,J5F] = £JF and [J)7, J;] = —2J3. The sl(2,R) quadratic Casimir operator is given by,
Cy = KapJ§Jg = —(J3)? + 3 (J& Jy + Jy Ji). Since [Cs, J§] = 0, we shall choose to diagonalize
the operators Cy and J3 simultaneously. We define the simultaneous eigen-states of Cy and Jj

as |7, m), which obey the following eigenvalue equations:

02’j7m> = _j(j - 1)‘]7 m>

o . (424)
Jold, m) = mlj,m)

Here, j labels the representation and m labels the SL(2,R) charge inside the representation.

Now, consider the action of ladder operators J; on these states.

Jo (I, m)) = (JETE + [Jg, JED g, m) = (JiEJg £ J5)|4, m)

(425)
= Jo(Jyli,m) = (m £ 1)(J5|j,m))

Thus, J;° changes the m value by one unit = J3|j,m) o [j,m £ 1).
Let Jy |j,m) = Anlj,m+1) = (j,m|Jy; = A% (j,m+ 1|. Thus,

GomlJy T3 m) = [Anl?Gym + 1j,m + 1) = A" = (G,mlJy S li,m)  (420)
Similarly, J; |7,m) = Bnli,m —1) = (j,m|J; = B (j,m — 1|. Thus,

(GomlJy Joli,m) = [Bul*(j,m = 1jm —=1) = |Bul*= (jm|J Jy j.m)  (427)
Now, take the expectation value of this relation [J;, J; ] = —2J° with respect to |j, m). Thus,

G,ml|[ Iy, Iy lg,m) = —2(j, m|J?|j,m)

— |Bp|? — |An> = —2m

Now, take the expectation value of the Casimir Co = —(J§)?+ 1 (Jo& Jy + Jy J ), with respect
to |j,m). This gives,

. . . . 1,,. . . _ .
(7,m|Cslj,m) = —(j,m|(J3)?|j, m) + 3 (g, m|Jg Jg |, m) + (5, m|Jg Jg 14, m))
(429)

o 1
- _]<] - 1) =-—m’ + 5 (|Bm‘2 + |Am’2)

Thus, we can use the above two results to find |A,,|? and |B,,|?.
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First, substitute |B,,|> = [A|?> —2m in —j(j — 1) = —m? + 5 (| Bu|?* + [An]?),

= —j(j—-1)=-m*+= (]A > —2m+ |An]?) = —m® + |A,[P —m
= (AP =m(m +1) = j(j — 1) =m® — >+ m+j = (m+5)(m—j)+ (m+j) (430
= |Ap[* = (m — j + 1)(m +j)

Similarly, to find | B,,|?, substitute |A,,|* = | By [*+2m in —j(j —1) = —m?+3 (|Bn|* + |An|?),

= —j(j—-1)=-m*+= (!B ? 4 | Bl 4 2m) = —m* 4 |Bp|* + m

= |Buf? =m(m—1) = j( = 1) =m? —m =+ j = (m+ j)(m— j) — (m—j) 431
= |Bu|* = (m +j — 1)(m — j)
We can choose the coefficients A,, and B,,, to be real, and thus we get,
JFj,m) = m—j+1)(m+7)|jm+1),
o l3m) =V (m —j+1)(m+j) |5 ) (452)

Jylg.m) = /(m+j = 1)(m — j) lj,m — 1).
These relations generate the full s[(2, R) representation. Starting from one state |j, m), repeated

action of the ladder operators generates
'7|j7m_ 1>7 ’j7m>7 |j7m+ 1)7

Thus, the states form a ladder of SL(2,R) charge m within a representation labelled by j.

Colj,m) = —j(j — 1)]j,m)

Jolg,m) = mlj,m)

Jilim) =/ (m—j+1)(m+j) |j,m+1)
Jo ljsm) =/ (m+j—1)(m—j) |jm—1)

Note that we also have to take account of the L, eigenvalues. For each L, eigenvalue, we

(433)

can have all possible states of the form |j,m). So, let us fix the convention that these states,

denoted by |j,m), are the lowest weight states. i.e.,

Lolj,m) = AU lj,m) = J2|j,m) = JE|j,m) =0,¥Yn >0

min

But, with respect to these lowest weight states,

Ca -G =1
— AU -
min k—9

(434)
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Thus, we have found the representation of the zero current modes in terms of the kets |j, m),
which are also called Affine Primaries, and have the lowest weight or energy (Lo eigenvalue)

and hence they are the ground states of the world-sheet theory.

All non-primary states in the representation are obtained by acting with the negative modes of

the currents J3, and J*

t U

n > 0 on the primary states. Thus, they are called the descendant
states, which have the general form (J%}, J% _---)|primary).

The affine primaries themselves transform under the global sl(2,R) algebra generated by the
zero modes J3, Ji. Therefore, they form a representation of SL(2,R), and the full affine
representation (Affine Module) is built by acting with the negative current modes on these
ground states. These representations form the basic building blocks of the Hilbert space of the
SL(2,R) WZW model before including spectral flow sectors.

In string theory, the physical Hilbert space must consist of only those states with positive norm
(|Y) > 0. The states with negative norm correspond to ghosts that are not allowed in the
physical spectrum. Therefore, the zero-mode representation of s[(2, R) must be unitary. In a
unitary representation, the generators satisfy appropriate Hermiticity conditions, and the inner
product on the Hilbert space is positive definite. Physical states of the string must satisfy the
Virasoro constraints Lgowl)\physicab =0, Vn >0. The zero modes commute with all the
Virasoro generators [J§, L,] = 0. Therefore, if a state is physical, acting with J§ produces
another physical state. Hence, the physical spectrum must organize into complete representa-

tions of the SL(2,R) algebra generated by the zero modes.

If the Cartan generator J§ corresponding to time translation is compact, then the spectrum of
the Cartan generator is bounded (m has both lower and upper limit), similar to compact groups
like SU(2). However, in the AdS; background, the time direction is non-compact. Therefore,
the relevant representations are those of SL(2, R) with non-compact time, where the spectrum

of the Cartan generator Jj can be unbounded.

7.1.1 Five types of Unitary Representations of zero current modes

Unitarity requires all squared norms appearing above to be non-negative for every ‘m’ that

occurs in the representation. Thus, for each ‘m’ in the spectrum, we must have
g7 m)? = [An? 20 = (m—j+1)(m+j)=0
(435)
1o 7 m)I> = B> >0 = (m+j—1)(m—j)>0

From these inequalities, one can determine the allowed values for m for a given j value.
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(A) Lowest-weight principal discrete representation Dj

Suppose there exists a lowest weight m;, such that J; |j, mmyin) = 0. Then from the expression

of | B, |?, we get,

|Bmmm = ||J0_|]a 7nlrnin>||2 = (mmin _j)(mmin +J - 1) =0
(436)
:>mmin:j Or Mmin = ]-_j
Now, the states higher in the ladder are given by |7, mumin+1) , [J, Mmin+2) , -+ |4, Mmin+7) , - - -
Consider the norm of some state |j, My, + 7) for 7 > 0. Then,
7, Mumin + )1 = 195715 i + 7 = DIIP = [Apayyra]®
= (Mmin +7—1 =7+ 1) (Mumin +7—1—7) (437)
= [[|J, Mmin + r)HQ = (Muin + 7 — J)(Mugin +7 —j — 1)
Similarly, we can find
”‘]’ Mmin + T>‘|2 = ||J0_|J> Mpin + 7 + 1>||2 = |Bmmm+r+1|2
= (Mmin +7+1+7—1)(Mmpm +7+1—7) (438)

= Il 7omin + 7)1 = (i + 7+ ) (M + 7 = § + 1)

For min =5+ (||, 5+ )I” = [Ajea =7 (r=1) 20 Y7 20

7.5+ )* = [Bjsrsa|* = (2 +7) (r+1) 20 Vr = 0 provided j >0

Formmmzl—j:|Hj,j+r>||2:\Ar_j\Qz(r—i—l—Zj)rZO Vr when 25 <1
17,5 +m))° = |Bajir? = (r+1)(2=2j+7) >0 Vr >0 provided j <1

Thus, by convention, we can choose my;, = 7 with j > 0. Hence, the standard lowest-weight
choice My, = j gives the zero mode spectrum by repeatedly applying J* on |j,j) to get the
ladder of states |j,7), 7,7 + 1), 7,7 +2), -+, whose m = j, 7+ 1, j+ 2, ---. This is the
principal lowest-weight discrete series, denoted D;T. Unitarity further requires j > 0. For the
compact time SL(2,R) group (not the universal cover), j has to be a half-integer, but for the

universal cover AdSs3, 7 may be any positive real number 7 > 0.

— Df ={ljim)im=jj+1,j+2} (439)

Note that the presence of a lower bound for ‘m’ doesn’t necessarily imply an upper bound, as

the presence of a lower bound was itself a choice.
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(B) Highest-weight principal discrete representation D;

Analogously, if there exists a highest weight mya, with J*|j, Mpay) = 0, then,
||J+|j, mmaX>”2 = |Ama><|2 = (Mmax — J + 1) (Mmax +J) =0 (440)

Similarly, as before, we can choose m,.x = —j where the spectrum is {\j, —j—r) ¥Yr> O}.
For the universal cover AdS3, unitarity requires ‘j’ to be any positive real number 57 > 0. This

spectrum is the charge conjugate of D;T and is denoted by D; .
=>Dj—:{yj,m>:m:—j,—j—l,—j—z,---} (441)

(C) Principal continuous representation Cf'

Here, there is no lower or upper bound on the spectrum. Thus, neither A,, nor B,, vanishes on
the entire spectrum; the ladder extends infinitely in both directions. A general such spectrum

is of the form,

C;?‘:{|j,oz,m>:m:oz—|—n, nGZ,O§a<1} (442)

Different choices of « correspond to different parities or sectors. For unitarity we must require
| A |> > 0 and |B,,|*> > 0 for all these m. Using,

AP =mm+1)—j(G—-1)>0 = mm+1)>j({—1) )
Bp?=m(m—1)—j(i—-1)>0 = m(m—1)>;j(G—1)

These conditions are simply satisfied if —j(j — 1) > 0. Thus, if j = Re(j) + is € C, then, we
need —j* = j —1 = —Re(j) +is = =1+ Re(j) + is, This fixes Re(j) = 3. Thus, we need

j=1+is, s€ER,
e D= (i) (s 1) = (i) is) = 4?0
Thus, | Am|* Zm(m+1)+i+s2 >0 and | By, > = m(m — 1)—1—%-1—82 > 0 for all ‘m’ values.

These are principal continuous representations, written as C%, j = £ +is and m = a + n. For
) ] ) 2

these, |A,,|* and |B,,|* are strictly positive for all m, so the representation is unitary.

For j =1/2 and o = 1/2, the spectrum becomes,

cj“:f/j:{\j:1/2,a:1/2,m>:m:1/2, 1/2+1, 1/2i2,-~}

— ijf/j:{\j:l/z m) :m:1/2,3/2,5/2,---}U{yj:1/2, m):m=—1/2, —3/2, —5/2,-.-}

Thus, C*=/2 — Dt

» Cisi /o =172 ) Di_, /o is a reducible representation.
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(D) Complementary Representations £

The unitarity requires (m —j + 1)(m + j) > 0 and (m + j — 1)(m — j) > 0. Thus, the allowed
range for m to be unbounded and also to satisfy both inequalities is m < —j or m > j. So,

the requirement is |m| > j. And the forbidden region is —j < m < j.

For continuous-type representations the eigenvalues of J? take the form m = a +n, n € Z,

where the fractional part satisfies 0 < o < 1. The inequalities must hold for every integer n.

Hence, we require,

(a+n—j+1)(a+n+j)>0 and (a+n+j—1)(a+n—3)>0V neZ
(444)
— a+n<—j and a+n>j = |a+n|>j and a+né¢(—j,j)

So, the lattice of @ + n must avoid the forbidden interval. But note that if 0 < j < 1/2,
then the length of forbidden region 2j lies in 0 < 25 < 1. Thus, the conditions are satisfied
trivially as the forbidden region is too small for the points in ‘m’ lattice to fall in (—j,7). So,
this merges with the usual continuous representations. Moreover, if 7 > 1 then the length of
forbidden region 2j > 2 is very high that the ‘m’ lattice points inevitably belong to (—j,j).

But, to have a complementary representation, we shall choose % < 7 < 1. Then, we require
m| = la+n| > j Vn e Zor min(jm|) > j. The lattice point closest to zero occurs when
n = 0,—1. Thus, the points that can enter the forbidden region are o and o — 1. Thus, we

require « to satisfy o ¢ (—j,j) and a—1¢ (—j,j) = a>j and a—1< —j.
. . r
— a>j or a<l—j where §<j<1

These two equations can be combined to,

1 1
a——’Zj—§ where §<j<1 (445)

Thus, the complementary series of unitary representations of SL(2,R) is given by,

Sjo‘:{|j,a,m) m=a+n, né€EZ,

1 1 1
O“i‘zj‘§ where §<j<1} (446)

(E) Identity (trivial) representation.

The trivial representation is given by j = 0 with Casimir eigenvalue C; = 0, and it is unitary
only for m = 0. Thus,
I=]j=0,m=0) (447)
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7.1.2 Quantum Mechanics of a particle in AdS;

The representations discussed earlier were obtained purely from the algebraic properties of the
s[(2,R) algebra just by using the commutation relations and unitarity conditions. However,
this classification is purely mathematical. In a given physical system, only a subset of these
representations may actually appear. We shall study a simplifying limit of this theory to know
which of these representations appear in the physical Hilbert space. The WZW model depends
on the level k£ of the 5@) . algebra. To obtain intuition about the spectrum, one first con-
siders the large k limit. In this limit, the curvature of the target space becomes small and

quantum corrections are suppressed. The theory simplifies considerably.

In AdS; string theory, there exist classical solutions corresponding to strings moving along
geodesics. Short strings correspond to strings that oscillate close to these geodesics. When
we expand the WZW model around such solutions and take the limit £ — oo, the dynamics
reduces to that of a particle moving on AdSs;. Thus, the complicated string theory problem

simplifies to the quantum mechanics of a particle on AdSs.

For a particle moving on a manifold M, the Hilbert space consists of square-integrable func-
tions H = L2(M). Therefore, in the present case, H = £2(AdS3). Since AdS; is non-compact,
the ordinary square integrability condition must be interpreted in a generalized sense (similar

to plane-wave normalization) where we allow delta-function normalization of states.

The AdS; spacetime has the isometry group of SL(2,R) x SL(2,R). Thus, the Hilbert space
must carry representations of this symmetry group. In the WZW model, these correspond
to the left-moving and right-moving current algebras. According to the Peter-Weyl theorem,
functions on a compact group manifold can be decomposed into irreducible unitary representa-
tions of the group. But for the Hilbert space £*(AdSs3), harmonic analysis decomposition using
infinite-dimensional irreducible unitary representations of SL(2, R) x SL(2,R), specifically the
principal series, discrete series, and complementary series, can be performed. This decompo-
sition is analogous to Fourier decomposition. So, square integrable functions on AdS3 can be

expanded in terms of matrix elements of SL(2,R) x SL(2, R) representations.

A convenient basis of functions on AdS; is given by,

F n(g) = (j,mlglj,m) (448)

where g € AdS; is viewed as an element of the group SL(2,R). The indices m and m transform
by the rules dictated by g where |j,m) and |j,m) are eigen states of J3 and JJ in a represen-
tation of SL(2,R) x SL(2,R). These functions are the matrix elements of the representation.
This is similar to the Wigner D-functions of SU(2), where D, . = (j,m|g|j,m) , g € SU(2).
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The states satisfy J3|j,m) = m|j,m), and similarly for the right-moving sector, J3|j,m) =
m|j,m). Thus the indices m and m label the eigenvalues of the Cartan generators of the
SL(2,R) x SL(2,R) where the Hilbert space decomposes as

H=PRY 2R, (449)

R

RU) denotes a representation of SL(2,R). Thus the functions Fﬂm—n(g) belong to the tensor
product representation RY) x RY. Each function F,Jnm(g) represents a quantum state of a
particle in AdS3. These states organize themselves into representations of the isometry group.

So, the structure of the Hilbert space is determined by the representation theory of this group.

7.1.3 Wave functions in the discrete representation Df

In global coordinates the metric of AdSs is ds?> = — cosh?(p) dt* + dp? + sinh?(p) dp?>. The

Laplace-Beltrami operator associated with this metric is

1 1 1
V? = ————0,(sinh(20)8,) - ——5—0} + —5—0 450
sinh(2p) p(sinh(20) 9y) cosh?(p) *  sinh?(p) ? (450)
For functions on AdSs, the above operator is related to the quadratic Casimir of SL(2,R) as
V,V# = —C,. For a representation labeled by j, the Casimir eigenvalue is Co = —j(j — 1).

Thus, the eigen wave function fU)(t, p, ¢) should satisfy the equation,

V29t p,¢) = (5 — 1) f9(t, p, ¢) (451)

The time t and the ¢ coordinates are decoupled into separate free harmonic equations that
admit plane-wave-like solutions. So, we separate variables as fU)(t, p, ¢) = e @e™? R (p).

Substituting this into the wave equation yields the radial equation,

w? m?

cosh?(p) ~ sinh? (p)

1
sinh(2p)

9,(sinh(2p) 9,RY) + ( ) RY =j(j —1)RY  (452)

The solution of this equation has some hyperbolic functions multiplied by hypergeometric

polynomials. But we want the large p approximation. For large p, sinh(p) ~ cosh(p) ~ %e”.

1 1
Thus ~ ~ ¢ 2?7, These terms vanish exponentially at large p.
cosh®(p)  sinh®(p) P Y e

— (92]%0) +29,RY = j(j — 1)RY (at large p) (453)
Assume a solution of the form R (p) = e**. Substituting this into the equation gives,
(X2 42X — (5 —1))eb? =0 (454)
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Thus, the solutions for \; are \; = —j, A; = j — 1. Therefore, the radial behavior is,
RY(p) ~ €777 (converges to 0 at large p) or RY(p) ~ =17 (diverges at large p) (455)

In the WZW model, the wavefunctions are matrix elements F#lm(g) = (j,m|g|j,m). Since
both the left and right sectors contribute equally to the radial dependence, the full asymptotic

behavior for the non-diverging radial solution is,
RY)(p) ~ 2P (at large p) (456)

p .
Now, for normalizable solutions, we require / |IRY (p)|? duu to converge at large p, where dpu
0

is the radial measure in the volume element. For AdSs, volume element is 3 sinh(2p) dp dt d¢.

Thus, du = sinh(2p) dp. Thus, at large p we require, e~¥*e?? — 0. Thus, we need

/e_4jp62pdp = /e‘Q(Qj_l)pdp < 00 (457)
Hence, the normalization condition restricts j > % Thus, fU(t, p, ) € L2(AdSs) only if j > %

The quadratic Casimir operator eigenvalue is Co = —j(j — 1). For 0 < j < 1, the two
values 7 and 1 — j, give the same Casimir eigenvalue. Thus, there are two representations
with the same Casimir. However, only the representation with 7 > % is square-integrable in
£?(AdS3). One could modify the inner product so that representations with 0 < j < 3 become

normalizable. This would correspond to defining a modified inner product

(f. g) = / £*(X)g(X) W;(X) dX (458)

where the weight function W;(X) depends on j. Such constructions correspond to nonstan-
dard quantization of the theory. But the authors of the paper consider only the standard £2
normalizable states on AdSz. Similarly, complementary series representations also require a
j-dependent modification of the norm to become normalizable. Therefore, they would appear

only in nonstandard quantization that is not included in the spectrum.

Note that there is a possibility of descendant states with smaller J3 eigenvalues, even if the

primary state satisfies j > +. For example, consider J_i|j,5). Since, [J3,J ;] = —J_;, this

2
state has Jy’s eigenvalue m = 7 — 1. For 1 < j < %,

dants can have smaller values of m even though the representation label j satisfies j > % But

we get, m = j —1 < 1. Thus, descen-
this will not cause any problem with the normalization condition, as it depends only on the j

value. Since J= commutes with Cy, the representation label j remains the same with the same

Casimir. Hence, the corresponding wave function is still normalizable if j > %
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For discrete representations Dji, since we require j > %, we get, Cy = —j(j — 1) < i. Now, the

Klein-Gordon equation is given by, (—V2+ u?)[1)) = 0 (u ~ space-time mass ). But Cy = —V?2.
1

Thus, Cy = —j(j — 1) = —p* = m? =j(j — 1). Now, since j > 1, we get, p* > — 1 Thus,

the discrete representations satisfy the Breitenlohner—Freedman stability bound.

7.1.4 Wave functions in the continuous series representations C;'

For the principal continuous representation C§' the parameter j takes the form j = %—i—is , s EeR.

Thus, at large p, the Casimir’ eigenvalue equation becomes,

1
— aiR(s) +29,R® = — (Z + 82) R® (at large p) (459)

where the full wave function is f)(¢, p, ¢) = e~ **e™9R()(p). Assume a solution of the form

R®)(p) = e*+r. Substituting this into the equation gives,
2 L9\
As+2>\5+1+s e =0 (460)

Thus, the solutions for Ay are A\, = —% + is. But, including the contributions from both the

left and right sectors, we get the full asymptotic behavior for the radial solution as,
R®(p) ~ e Petisr (461)

These are oscillatory plane-wave type solutions in the radial direction. The invariant measure

on AdSs behaves for large p as du ~ e*dp. Thus,
|R¥) (p)Pdp ~ =€ dp ~ dp (462)

Hence, the integral diverges. But this resembles the plane-wave conditions. Thus, we can use

the delta-function normalization condition for such wave functions, where,
| B RO G~ b5 =) = (flf (s = ) (463)
0

Thus, discrete series wavefunctions behave as f(p) ~ e~%”, which correspond to normalizable
bound states, whereas the continuous series wavefunctions behave as f(p) ~ e Pe®** which
correspond to scattering states with plane-wave normalization. So, they belong to £2(AdS;)
in the generalized sense, similar to plane waves in flat space. For these representations, the
Casimir becomes Cy = i + 52 > i. This corresponds to m? < —%. Thus, it violates the

Breitenlohner—-Freedman bound for ordinary particle theories.
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In bosonic string theory, such states correspond to Tachyon modes. The only physical state
of this type in bosonic string theory is the tachyon. In a perturbatively stable string theory,
such particle states would normally be excluded from the physical spectrum. Despite violat-
ing the Breitenlohner—Freedman bound for ordinary particles, the continuous representations
appear naturally in the decomposition of £?(AdS3) and correspond to scattering states or
long-string sectors of the theory. The space of square-integrable functions on AdS3 decomposes
into irreducible representations of SL(2,R) x SL(2,R). The basis consists of discrete series

representations and also principal continuous series representations. Schematically,

L*(AdSy) = @ D @ Df @ / ds Cfgyis @ Clgpie (464)

j>1/2

Therefore, C§' is expected to appear in the Hilbert space of the WZW model (these will deter-

mine which states correspond to physical string states).

7.2 Representations of the current algebra and no-ghost theorem

Suppose we start with a unitary representation H of the global group SL(2,R). This represen-
tation can be used to construct a representation of the full affine current algebra of the WZW
model. The idea is to treat the states in H as affine primary states of the affine algebra,

|Primary) € H. These primary states are annihilated by all positive modes of the currents:
J3%|Primary) =0, n>1 where |Primary) ~ |j, m)

These serve as the ground-state representations of the affine modules. The complete affine
representation is then obtained by acting with the negative current modes Jif |Primary). We

consider only the representations where H = C. and Dj-t, j > % as they are the ones

=1/2+1is
with standard normalization conditions in £2(AdS3). The full affine current algebra represen-
tations constructed from these are denoted by éf‘ and @f which are the modules obtained by
acting with all negative current modes Jif on the corresponding zero-mode representations.

Thus, the full representation space is,
H = Span{J%, J*2 ---|Primary)}, V |Primary) € H (465)

We can show that the quadratic Casimir Cy = fsangJg commutes with all the affine current

modes. The affine current algebra satisfies [J¢, J°] = f%. J¢ where f. are structure constants.

n

[Co, JE) = Kap (JGLIS, T + [JG. JANT) = kapJ§ f20eTE + Kap f e d ST
N’
a<>b
= Kap [P (TETE + JETG) = K fae (T3 TE + JETG) = K fare{ TS, TS}
— [CQ, Js] =0

(466)
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This was true because fu. is anti-symmetric and {J§, J¢} is symmetric in ‘e’ and ‘c’. Thus,
the descendant states of primary state |j, m) have the same Casimir eigenvalue and conserve
the j—representation label. The entire affine module built on a primary state forms a repre-
sentation of the global SL(2,R) algebra with fixed Casimir eigenvalue —j(j —1). In particular,

the action of current modes J¢, does not change the representation label j.

In general, representations of the affine algebra 5[72,?%) , contain states with negative norm.
Such states are problematic for string theory because physical states must have positive norm
for the theory to be consistent. For strings propagating on AdSs, these unwanted negative
norm states are removed by imposing the Virasoro constraints on the Hilbert space of a single

string state. They are given by,
(Ln, + L, — dnp) [physical) =0, n > 0.

Here L,, are the Virasoro generators coming from the Sugawara construction of the SL(2,R)
WZW model. £, are the Virasoro generators associated with the internal CFT on the manifold
M. Then, the 0,0 appears due to the normal ordering constant in the string mass-shell
condition. The Virasoro constraints project the Hilbert space onto a smaller subspace of
states that are consistent with string gauge symmetry. These equations enforce worldsheet
reparameterization invariance and remove unphysical degrees of freedom. It has been proven
that when these Virasoro constraints are imposed, the resulting physical Hilbert space contains

no negative norm states (no ghosts), provided k > 2, ¢y = 26 and the representations belong

. . k
to C?:1/2+is or D]j-E <O <j< 5) This is the no-ghost theorem for strings in AdSs.

7.2.1 Proof of No-Ghost theorem for unflowed representations

—

This theorem for the sl(2,R), current algebra can be proved when the WZW level k > 2 and
for ciota = 26. First, we can show that the states constructed by acting with the negative
modes of the SL(2,R) Virasoro generators and the J* current on the state ‘|f)’ which satisfy
Lusolf) = Lusolf) = 0 = J2_o|f) are linearly independent and their span gives the string’s

unflowed Hilbert space. And, find the required restrictions for this to be true.

To show the states of type L_p, L_p, - L_p, J°, J°, ---J° |f) arelinearly independent ,

—miT —m2 —mm
where ny >ng > - >ng ,my > me > - > My

and L|f) = Lalf) =0=J|f) , ¥n>1 (467)

~

To Prove Span(L_n L, -L_p, J?,, J? T |f)=H

—mi - —m2 —mmpm

|f) satisfies L,~o|f) = Lu>olf) = J2-0|f) = 0 and belong to the tensor product of an
affine s((2,R), representation, ﬁj[ or (f]o‘, and a physical state of the internal M CFT.
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Now, the current modes J> form an affine u(1), oscillator algebra since their commutation
relation is given by [J3, J3] = —£ m 6,400. If we rescale these currents as J3 = —i\/g Q, then
we get [, ] = M dpgn . This is nothing but the affine extension of the harmonic oscillator
algebra, also called the u(1), current algebra. The states generated by J2,, correspond to the

oscillator states of a free u(1), current algebra. Different sequences of J3, modes therefore

produce linearly independent states. The rest is a CF'T with a central charge
Crest = 26 — 1 = 25.

because the current J; behaves as a free boson field —i\/g 0¢(z) with a central charge of 1.
The Sugawara stress tensor can be split into J? current term and J* current term. So, we
shall define L,, as the n'™ mode of the total (AdSs + M) energy-momentum tensor without

the n'" free-boson field .J?’s energy-momentum tensor.

L,=1L,+ L, —n™ mode of (% L33 :) =L,+ L, — L%J?’) (468)

N

~
U(1) E-M Tensor

Thus, LV*) = % S iy = % (: TSI+ ) (T8, T+ JEmJ,§+m)> (469)
MEZL m=1
The state | f) satisfies L,~o|f) = Losolf) = Jo-olf) = 0. Thus, for n > 0,

I = 5 (R 3 Ot £t ) 1 =0 o

m=1

— Lsolf) = (Lnso + Luso — LEDIF) = 0. Thus, [L,[f) =0 ¥ n > 0)

Equality of spans : Since L, = L, — £, + LY and [£,, L] = [£, LS] = 0,
Span(f’—m T fj—nK Jim1 T ‘]ﬁlif»
J3 I3
= Span((L_m + L(—nl)) e (L—TLK + L(—TLI)() ‘]iml T (]Em]\/[|f>>

3
Now, since L,({] ) contains only J? oscillators, any state generated by L_,,, J3, can be rewritten

as a linear combination of states generated by L_,, J? m- Hence,

Span(L_p, <+ Loy J2,0 - T2 1)) =Span(L_y, -+ Lo, J2, - T3 |f))  (471)

—mi —mi

Now, we have, Ly=1L,+ L, — L,({JS). Then,

Ly T3} = [Lny T3+ [Ln, Jo] = (LD, J3] = (Lo, Jo] = —m 3, — (LY, J3)
-m Jn+m

To find [LY"), J3], expand L") = —% > g2, J3 and use [AB,C] = A[B,C] + [A, C]B.
p

83



[

Thus,

1

3

L Tl = =5 2 (T L Tl + [ Tl T)) (473)
p

Using the current algebra [J3, J3] = —Ep by imo we get the first term as

k k
Jg*p[‘]s’ Tn) = 9P Op+m.0 Jq?{fp =-mJ>

2 n+m-
and the second term becomes [J3_, J3]J3 = —5(n — p) 6p—pimpo Jo = Em J3, . Thus,
1
L )= = xkm Yy, = I )= —m (474)
Then,

ny Ym

— |[Ln, J2] =0

Now, we can also show that the modes Lf{lg) form a Virasoro algebra with central charge of 1

and the modes I:n form a Virasoro algebra with central charge cg2r) — 1. We compute:
1
J3 I .73 3. . 73 3.
[LU9) LU = pz /S SN LR L (476)
Py

Now, we use the commutator identity [AB,CD] = A[B,C]|D + AC|B,D] + [A,C|DB +
C[A, D|B, and apply it to the normal-ordered operators. First consider the single contrac-

tions, use the J? current algebra, [J3, J3] = —%m 6,1, 0 and evaluate each term.

m’“n

n—p m—q[ p? q]

1
single contractions = = Z (Js_p[ J]f? JS@ _q] J; LB B
P (477)
T B MR TS+ T T, TS

n—p’~q

. . k k
Jo LT TS = —5P Oprm—q0 Jo_pJo. Set q=p+m = Term 1 = —5P IS

k k
Ty e T T2 = —5P Spiqo Jo_ J2 . Set g = —p = Term 2 = —5P J3 T3

P’ “q n—pYm—q- n—p“m+p

k k
3 3 373 _ 373 _ _ 3 3
g I Lo Ty = —§(n—p) On—ptmg JgJy. Set g=n+m—p = Term 3 = —§(n—p) Inim—pJy
k k
3 3 3173 _ 3 13 _ _ 3 3
gl n s 1T = —§(n—p) On—pta0 Jom_gty- Set q=p—n = Term 4 = —§(n—p) Ionin—pJy
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Now, we combine all terms, they are all proportional to J3,, . J2. After relabeling indices and

summing, we get,

1
[L;JS’)’ L%S)] =3 (—k) Z [(n - m)} J? o J? + central term (double contractions) (478)

T

Thus:

1
(LY LU = (n — m) <_E Z 0 S b :) + central term = (n — m)Lﬁ{fﬁn + central term
Now we find the central term coming from double contractions. The central term comes from

contracting twice : JJ 1 JJ :— (JJ)(JJ) where each contraction gives (J3J3) = —Epbpigo.

Performing both contractions yields:

1 K\’ 1,
72 ; 5 P(n - p)5n+m,0 = E(n - n)5n+m,o

1
We used Z p(n —p) = g(n3 —n) with zeta function regularization. So, the final result is,
p
: 1
(LS, L) = (n = m) LY, + S5n(0” = Do (479)

Thus, the Sugawara stress tensor modes Lg‘]s) of just the U(1) current also form a virasoro

algebra with central charge cy) = 1.

Now, we check the Virasoro algebra of the generators Ly=1Ly,+L,— L%ﬁ). So we compute,

~

(L, L) = [Ln + Lo — LYY | Ly + Ly — LYY

m

Lo ] o £ [ L) [ L)~ L]

For the first three terms, we use the respective Virasoro algebra commutation relations.

Ly, L] = (n —m) Ly + CSISR) (n* — 1) 1m0

(L4, LG = (0 = m) L, + 2o (0 = )i (481)

Loy L) = (0= M) Lo + o (1 = 1) 1m0
Now, we shall compute the commutator
L B = =3 S (B T LT3 4 T L T1) = 2 57 (00 = ) T T2 0 )

p p

In the second term, set p — p —n. So, pJ3,_,Jo., = (p—n)J3, . ,J>.
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3) 1 1
= [ naL(J EZ m — p )) Jr?;—&-m p‘];:)3 = (n_m) <_EZ Jg—l-m pJg > (482)
p p
Thus,
Lo, L = =m) L), = L La] = (n—m)L,  (483)
Then, combining all results, we get,
A c
Ly En) = (0 =) Lo + =52 (07 =)o+ (0 =) L + 5 (1 = 1)
1 3)
(0= m) L0+ 55 (0% = 1) — 2n = m) L,
3 Csi(2,R) T CM — 1
= (=)L + Lo = L) + P2 (0 = 1)
Thus,
s A tom—1
Ly L] = (0 — 1) Ly + B M T 203 )5, (484)

12
Thus, we see that the Virasoro algebra splits into U(1) with ¢ = 1, the coset SL(2, R)/U(1)

With Ceoset = Csi(2,r) — 1 and the compact internal M CFT with central charge cys. Hence,
SL(2, R) x M = (SL(2, B)/U(1)) x U(1) x M (485)

For such a CFT factorized into U(1), the coset SL(2, R)/U(1) and the the internal M
CFT, the ‘L’ Virasoro descendants of the |f) state contain no null vectors provided
the SL(2, R)/U(1) x M conformal weight of |f), i.e., hyest = heoset +1 is strictly positive.

Only then the states of the form {i,nl oLy, S22 )} be a complete basis of H.
Now, ﬁo Lo+ Ly— . Thus, hArest = hecoset + I, Where heoger is the eigenvalue of Ly — L(()J )
and h is the internal CFT s conformal weight (eigenvalue of Ly). Observe that

LGN = 52 (g + 2 ST ) 1) = T 1p) whete BIf) = mlf) = hp = 1o
070 £k p where JJ|f) =m ==

k>0

— 1 N + 7- - gt 3 73 _ &
and Lolf) = = (cz DTl T ) =2 7By 1) = (2 + )1
: &
where N € {0,1,2,---} is the SL(2,R) grade of |f). Thus, heoset = <k 5 + N> — hys.
, 2

= 4
- hrest L_2 L ( 86)
If hieet > 0, then Span(ﬁ_mf/_m . --f/_nK J’ mlJimQ _mM|f>) = 7. But note that the

internal M CF'T is unitary. Hence, h > 0. So, our only concern is to have hguset > 0 positive.
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For the principal continuous representations, Cy = }1 + 52 > 0. So, if k > 2, then Apege > 0 is

satisfied. For Discrete lowest weight representations, D;T, we use Cy = —j(j—1), and rearrange,

—j(—1) m* 2j(5 —J) 2N (kN 2j, (j —m)’

AV Rl 9 S TR S LS S V) _(__) 2 N+ L= (487
r—2 VT VS Ry TR\ ) F (g m e N) e (48T

To have heoset > 0, we need each term in the above equation to be positive. Thus, we need,
.k .
k>2,0<]<§ and m+ N > j (488)
The last inequality follows from the allowed values of ‘m’ in the lowest-weight representation.

Then, for the highest-weight representations D}, we have the states of the form, |7, m) where

m=—j,—7—1,—j —2,.... Now, the conformal weight of the coset sector is
—jG—1) m?
hcose = 7 5 N )
¢ 9 + N + 2

To establish positivity, we determine the minimum of A Over all states in the representation.

Since N > 0, m? is minimized at m = —j, we obtain the bound
jG-1 , j°
hcose > — FAE
S T2 Tk

We now analyze the right-hand side:
U O O B e ARG ey (U (NN B
k-2 & J\k k-2)7’ k(k —2) I\ kk—2)

coset 2 M
k(k —2)

Thus,
h

Therefore, for highest-weight

So, to have heyeet > 0, we require £k > 2, 5 > 0, and j < g

representations with 0 < j < g and k > 2, we get, heoset > 0. This ensures the absence of null

states in the coset sector.

Thus, for Discrete representations we need k£ > 2 and % <j< % and for Continuous represen-

tations we just need k > 2. Only then, hcoget > 0 = hpest > 0.

And then, we will get,

Span(L_p, Loy Lopye J2, T2 - T2 1)) =H
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Now, we can show that imposing the Virasoro constraints on a state in the Hilbert
space #{, when written in the {L_m Ly Ly J2 0 T2, JEmM|f>} basis, is equiv-
alent, modulo null states, to those states which are spanned by a basis of the same
form but with no L_,, ---L_,, operators. So that the Virasoro constraints can be

imposed on those states written entirely in terms of just the J® descendants of |f).

From the previous step, we know that the Hilbert space can be spanned by states of the form
{L g Loy Loy I I3 2 )} > ne > - > and my >me > -+ > myy,

where Lysolf) = Losolf) = J3.|f) = 0. These states form a complete basis of #. Consider a

state |¢) in the Hilbert space A. Using the basis above, we can decompose it as:

) = [¥o) +X) (489)

where [t¢y) contains no L_,, operators, and |x) contains at least one L_,. Explicitly,

o) € span({Jiml S f>}) (490)

States containing at least one L_,, are called spurious states. Since for any physical state |¢),
(9L = (Lalé)' =0, ¥V n>0 (491)

The spurious states decouple from physical states. When such states also satisfy the mass-
shell condition, they are null and are modded out in the physical Hilbert space. Thus, we
can write, [10) = [1g) + |x) ~ [to). If |¢) is physical then it satisfies the Virasoro constraints
Lpsolt) + Lpsolt)) =0 and (Lo + Lo — 1)|¢) = 0.

—

= Ly>o0|®0) + Lusolx) =0 = Z Lyso(S2y - L2 1)) + Lusolx) =0

miy,ma--mpyy

(492)

Now consider the first term. Using the commutation relation [L,, J3,] = mJ>_,  we see that

n—m?

acting with L, (n > 0) produces only J® modes and does not generate any L_,,. Thus L,|w)
contains no L_,, operators. Hence, Ly |t) € Span({J2,, ---J, |f)}).

In the second term, when L, acts on the spurious state, it produces a linear com-
bination of states with all the terms with at least one L_, operator acting on it,
provided the total central charge is ¢ = 26, and the L, + £, eigenvalue of the spuri-

ous states is 1. Then, if |y) is spurious state, then L,-(|x) is a spurious state.

Thus, equation L,~o|to) + Ln>o|x) = 0 contains the sum two types of states. One with no L_,

of the form [1y) and the other containing at least one L_,, which is spurious.
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Since the basis {L_n, L_p, -+ L_p, J3,, J® - J3 1)} is linearly independent, these two

—m1Y—my

sectors cannot cancel each other. Therefore, they must vanish separately:

= Ly|tho) =0 and L,|x) =0 Vn>0 (493)

If the original state is physical, it satisfies (Lo+Lo—1)[¢)) =0 = (Lo+Lo—1)(|to)+]x)) =0
Now, since the two parts are linearly independent, (Lo+Lo—1)[1)y) = 0 and (Lo+Lo—1)|x) = 0.
Thus, |19) and |x) are physical states. So, |y) has to be a null state (a spurious physical state).
Since the null states are removed from the Hilbert space to get the observable physical states,

we can choose the observable physical states |¢)) such that it has no L_,, operators.

— |v) € Span ({2, -+ .., 1N}) (494)

Thus, we may choose the physical states to lie in the subclass of states described above.
Up to this point, the analysis has established a convenient basis of the Hilbert space in
terms of states of the form {L_ ---L_,, J?, ---J%_  |f)}. These states form a linearly
independent, normalizable, and complete basis provided that k& > 2, and that |f) satisfies

Lo~olf) = £n>0]f> = J32_o|f) = 0 which belong to the tensor product the internal M CFT
and an affine 5[(2 R), representation, D Wrth <7< g or C}f“. Furthermore, any state
1) € H can be decomposed as |¢)) = |1 ) +1x), Where |thg) contains no L_,, excitations, and
|x) consists of states with at least one L_,, excitation and is therefore spurious. Imposing the
Virasoro constraints on [¢) is equivalent to imposing them separately on [10) and |x), provided
that the total central charge satisfies ciora = 26. If |1)) satisfies the Virasoro constraints, then
|x) must also satisfy them. Since |x) is spurious and satisfies the physical state conditions,
it is a null state. Such spurious (null) states are modded out in the physical Hilbert space.
Consequently, imposing the Virasoro constraints on |¢) is equivalent to imposing them on the

reduced part containing only J? excitations.

However, the positivity of the norm is not yet fully guaranteed at this stage, since states involv-
ing J3  oscillators can still contain negative-norm components. The final step of the proof is
to show that the Virasoro constraints further restrict the physical states to obey J2_,|¢) = 0,

thereby eliminating these remaining negative-norm contributions.

Now we shall impose the Virasoro constraints on the Hilbert space (modulo null states) whose
states are of the form |¢) € Span({J2,, ---J%, [f)}). Physical states satisfy Lyso|t)) = 0
and L,~0[t)) = 0. Recall the decomposition of the Virasoro generators L, + L, = L%ﬁ) + in
where L(Jg) is the Sugawara stress tensor of the U(1) current J?, also we previously saw that

[L,,.J3] = 0. Since the state |¢) contains only .J oscillators, the constraint

ny Ym

Losolt) =0 = Lysolt)) +L0[) — Losolth) =0 = L)) =0 (495)
0 0
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This was true because,

3 7 —
Losolt) = Luso Y cmy Loy Lot ) = 3 Ctmy Py Loy Lusolf) =0 (496)
{ma} {mi} 0
The current J3 forms a U(1) current algebra [J3, J3] = —£m §,,4,. The corresponding Sug-

awara, stress tensor is,

s 1 -
LY = - (Jgjf; +Y TR T J?’me;+m> (497)

Now, we shall prove that, if there exists a state |¢)) with J? excitations in it, then, the condition
that L(>0\1/1) = 0 will imply that J2_]¢)) = 0 provided there are no null states in the U(1)

Virasoro descendants. A general state can be written as

{mi}

where m; > 0 and the state |f) satisfies J2_,|f) = 0. Assume that |¢)) satisfies the Virasoro
constraints in the U(1) sector, i.e., n>0|z/;> = 0. Also, we previously proved that Virasoro
generators built from J? satisfy [Lf1 ), J3,| = €J3 ,. Now, separate the highest mode. Assume

1)) contains at least one J? oscillator. Let M be the largest mode number appearing.
= [¢) = ciary J2)|¢) + |lower mode excitations) (499)

where ¢qpr...y is the coefficient of the J2, term and |¢) contains no J?,; excitation in it. Now,
act with L(Mjs). Then,

DI le) = T2 L5 10) + (LS, T2 ]10) (500)

Use, [L(MIS), I ) = M J§ and J3|¢) = my|¢), which is the J3-charge of | f). Since, [J3, 7] = 0,

me = my = my. Then, we obtain

3 3
LS P yle) = 20 L5 16) + Mmg| o) (501)

= Lg\f)\w = c(ar..y Mmy|¢) + cgar...y - (terms containing J* ;) + (lower mode excitations)
(502)
In the absence of null states, all descendant states are linearly independent. Therefore, the

condition Lg\f)\w = 0 implies that each independent component must vanish separately. So,

C{M...} Mmf =0 (503)

90



Now, if my # 0, then this implies that the coefficient of .J3,, which is ...y must vanish. This
contradicts the assumption that such a term was present. Now, repeating the same argument for
the next-highest mode, we eliminate all J2  excitations. Hence, we can conclude that [¢)) = | f)
cannot have any J° excitations in it (]¢)) = |f)), and thus it can satisfy J2_ 1)) = 0. So, in a
module without null states and for m; # 0, we obtain Lf{féh@ =0 = J:, =0

If null states were present, different descendant states could become linearly dependent, and
the above argument would fail because one could not isolate the coefficient of J? . This is

why the condition of absence of null states is essential.

Also, to make the discussion complete, we should note that a general state can also be a linear
combination of J? descendants of different primary states | f,,) with different m values. But

even then, we can decompose the argument into different J3-eigen-spaces.

Also, since [L;JS),Jg’] = 0, the operators Lg‘]s) do not mix different m-sectors. Hence, if

Li‘f&W) = 0, then necessarily Lf;f3|wm> = 0 for each m # 0 where the arguments apply
3

independently. L£L‘J>3|¢m> =0 = |¢,) contains no J?  excitations. Thus, |¢,) = |fm),

where |f,,,) is a state with J3—charge of m (whose m # 0). Then, the full state reduces to

) = |fm) + [m=o) (504)

m##0

where only the m = 0 sector may still contain J2  excitations. The above arguments fail for
m = 0 because the crucial term proportional to J& vanishes. This sector must be analyzed
separately using the mass-shell condition, as done below.

For a Virasoro module generated by L(_Js) operators, L;‘f’g\w) =0 = J2 o) =0 only if
the module has no null states. Thus, we must analyze whether null states appear in the U(1)
Virasoro descendants. The state |f) satisfies J3|f) = m|f). The U(1) conformal weight of |f)
is given by h s = —mTQ. For generic values of m # 0, this does not correspond to any degenerate
value of hys, and hence the U(1) Virasoro module contains no null states. For a free boson
CFT, null states occur only when m = 0. Thus, if m # 0, there are no null states and the

o). 3
condition L,&Lg\w =0 = J2..|¢)=0.

So, we must analyze whether physical states with m = 0 exist, and check if they cause any

problem to the above conclusion. The mass shell condition is (Lo + Lo — 1)|¢0) = 0.

i -1 _ =1
L_9 +N and £0—h:> L —2

Thus any physical state should satisfy the above equation where N is the grade of the state in
the SL(2,R) sector and h > 0 is the conformal weight of the internal CFT.

As, Ly = — +N+h—1=0. (505)
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When 0 < j < 1: The discrete representations D;E have m = +75, £(j+1), £(j+2),---. And
the affine extension gives states of all possible values of m = j+n ,n € Z. So, for 0 < j < 1,
m can never be zero. Therefore, null states cannot occur. For continuous representations,

m=a+n, n€Zand0<a<1 (doesn’t depend on j: we will deal with this later)

When j = 1: The mass shell condition becomes N + h — 1 = 0. There is a possibility

+

of physical states having m = 0 in the discrete representations D —, when we act on the

j
lowest (or highest) state by the affine current modes JF because it can change the m value
towards zero. This can be shown using the commutation relations [J3, J%)] = +£J%, —
Jo(JE.14,m)) = (m £ 1)(J=,[j,m)). Thus, even in the zero mode representation, for j = 1, if

m =41, £2, +3 .- we can act the [j = 1,m = £1) with JT, such that,
JS(JE i =1m==1)) = (1 F1)(JF,[j =1,m==£1)) =0(JF,|j =1,m = £1)) (506)

Thus, the state JZ,|j = 1,m = 1) in the discrete lowest weight representation and the state

J*.|j =1,m = —1) in the discrete highest weight representation have m = 0.

However, these states must also satisfy the physical state (mass-shell) condition. For j = 1 the
mass shell condition becomes N + h — 1 = 0. Since h > 0, the minimal solution is N = 1 and
h = 0. Therefore, the physical state must contain one current oscillator. Thus, they have to

be the states given by,

A

Jli=1m=1) Eﬁjzl and Jhli=1m=-1)€e D;_,

(507)

These are the only physical states that have m = 0, with N = 1 (one oscillator excitation) and

h = 0. The norm of these states is
(j=1m==%x1|JEJF|j =1,m = +£1)

=(j=1m=21|(JT, JF |+ J5J7)j = 1,m = £1)

(508)
= =1m==x1|(F2J5+k)|j=1m==%1) =F2(£1) + k

— (=1lm==x1JfJi=1,m==+1)=k—2

Thus, for k > 2, these states have positive norm, m = 0, and satisfy the Virasoro constraints.

In a unitary CFT, the only state with A~ = 0 is the vacuum of the internal sector, so the full

physical state is

W) =Ji =1)® |0 €D, ®M  and  |JP_) =J5]j =1) @ |0)i € Dy @ M

J
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Furthermore, the eigenvalue of J3 determines the spacetime energy in AdS3, and for this state,
one finds m = 0. Since the spacetime conformal dimension is A = m + m, this implies A = 0,
which corresponds to the identity operator of the boundary CFT. Thus, these states represent

a normalizable zero mode in the bulk and are associated with the spacetime identity operator.

When j > 1: We now explain why a physical state with m = 0 is not possible for 7 > 1. The

_JG-=1
k—2

D, the primary state is [j,m = j). The action of J=, lowers m by one unit, so descendant

physical states have to satisfy +N+h—1=0. Consider a lowest-weight representation
states have m = j — (number of lowering operators). To reach m = 0, we must apply at least j
lowering operators, which implies NV > j. Since m changes in integer steps, this is only possible

if j is an integer. For 7 > 1, this means j > 2. Using h > 0, we obtain that a physical state

satisfies,
i —1) i —1)
——=~ 24+ N-1=-h<0 = - -4+ N-1<0 509
K2 = K2 = (509)
However, using N > j gives
jG—1) iG-1 .
=L 4 N—-1> -2 -1 510
k2 IR (510

We now simplify the right-hand side of the above inequality.

jG -1 J ) G—-DkE-2-7)

—Wﬂ—l:(J—l)(l‘k_a

= p— (511)

Thus we obtain i1 V(e — 2 —
A=Yy s Uz DE=Z2-7)

k—2 k—2

(512)

In this case, we have j > 2, and also there are conditions on j as j < g = 2j < k, this gives
j<k—) = 2<j<k—j7 = 2<k—j5 = k—2—7>0. Hence, we get,

G-k —-2-7) Jjg—1)
—r 2 1 N-1
- >0 — - + >0
(i1
:—]—g_2)+N+h—1>h>O (513)
—= —%+N+h—l>0

This contradicts the mass-shell condition for a physical state. Hence, for j > 1, a physical

state with m = 0 cannot exist.
The argument for the discrete highest-weight representation D) proceeds analogously to the

lowest-weight case. The primary state satisfies J3|j, m) = m|j,m) with m = —j, —j — 1,...,

and the action of J%, is determined by [J3, J,] = £J%,. So, J*, raises m by one unit.
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Starting from m = —j, to reach m = 0, one must apply at least j raising operators, implying
N > j. Since m changes in integer step, this requires j € Z with 7 > 2 for 5 > 1. The physical
state must satisfy the mass-shell condition

i —1)

A N+ h—1=
T N+ 0,

with h > 0, which implies —j(kj%;) + N — 1 < 0. However, using N > j gives

LU= Ly U= G Dk=2—y)

k—2 k—2 k—2

For the allowed range 2 < 57 < g, the right-hand side is strictly positive, leading to a contra-

diction. Therefore, no physical state with m = 0 exists for 7 > 1 in ZA)]_

The m = 0 Physical State in the Continuous Representation: This representation is
Cs,J= %+is, s € R, with states labeled as [j,a;m), where m=a+n,ne€Z,0<a<1
are the eigenvalues of J3. To have a state with m = 0, we require a+n = 0; this is possible only
if @« = 0. Thus only the representation C;‘ZO contains an m = 0 state given by |j,« = 0, m = 0).
For it to be a physical state, it should satisfy the mass-shell condition —j(kj%;) +N+h—1=0.

For the continuous representation, it becomes,

1/4 + s* 1/4 + s*

4+ N+h-1= — N+h=1——— 14

s TN+ 0 + — (514)
) 1/4 + s* ‘
SmceNZOandhEOandﬂ>O,wemusthaveN+h<1 = N < 1. Since

the allowed values of N are {0,1,2,3---}. The only possibility is N = 0 (the state has no

oscillator excitations) if it should satisfy the physical state condition. Thus, we get,

1/4 4+ s 1/4 4+ s o, 9
+——=1-h>0 = 0<h<]l] == 0<+—<1 = ——<s*<k—-—- (515
k—2 ~ == =TF—2 = psesk-7 61
Thus, the only physical state with m = 0 in the continuous representation is
= s a=0,m=0) e 2 2 516
j—§+28,04— ,m= >€ j=t+is0 S SR (516)

The states in this representation are delta-function normalizable. Although this state lies in

the m = 0 sector, it does not introduce negative-norm states and is harmless.
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Conclusion of No-Ghost theorem

Using the Virasoro constraints (L, + L, — 0,0)|¥) =0, ¥ n > 0 and the fact that ciora = 26,

any physical state can be chosen, modulo null states, to have no L_,, excitations:

) = T2 T2, 1)

Then, using the decomposition L, +L,, = L%ﬁ) +ﬁn, the Virasoro constraint implies Lf{f())]w =

0. For the states with J3—charge m # 0, the U(1) Virasoro module generated by L(,J:) has no
null states. Therefore, Lf{f())h/)) =0 = J2 ,lv)=0

But JZ,|j,m = 1) € D}, J4[j,m = —1) € D;_y, and |j,a = 0,m = 0) € c;.f?ﬂs < k-2
are the only states which are physical and have m = 0. They all have positive norms and do
not introduce ghosts. Thus, modulo null states, all physical states satisfy J3_,|¢)) = 0 and
hence belong to the coset SL(2,R)/U(1). For this to be true, we require k > 2 and cyota = 26,
and the physical states |1)) have to be taken from the descendants of discrete series D;F with
% <j < % or from the continuous series C]‘?‘: Lyis: s € R. The remaining states are built on
zero-mode representations Dji and Cf', which satisfy the usual mass-shell conditions.

Therefore, all physical states satisfying the Virasoro constraints can be expressed, modulo null

states, as states in the coset SL(2,R)/U(1), and all such states have a positive norm.

The physical Hilbert space contains no negative-norm (ghost) states.

This establishes the no-ghost theorem for the SL(2,R) WZW model in the unflowed sector.
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7.2.2 Weight diagram in the unflowed representation

=

O O
O O O
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k-2
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Figure 1: Weight diagram in unflowed lowest-weight representation 15;“

This represents the structure of the lowest-weight representation ZA)]+ built on a lowest-weight
primary state. Each point in the diagram corresponds to a state labeled by the eigenvalues

of J = m (horizontal axis) and L (vertical axis). Thus, every state is characterized by (Jg, Lo).

The bottom-left-most point corresponds to the primary state |j,m = j) which is the lowest-

weight state that satisfies J3|j,m = j) = j|j,m = j) and Lolj,m = j) = =L |5.m = j).
This is the lowest-weight state of the discrete representation Dj. The green dashed line in the

. o . _ G
diagram indicate m = j,j + 1,--- with Ly = —Z/=-.

Zero-Mode Descendants: Acting with the zero-mode operator J; increases m value of a

—J0 =1 4

ﬂ(t](ﬂj,m))

since |Lg, J§] = 0). Thus, we obtain states |j,m) , m = 5,7 + 1,5 + 2,--- all lying on the
0

state without changing Lo. Jg'[j,m) = A,,|j, m+1) where Lo (Jg |j,m)) =
same horizontal line built towards the right (horizontal line).

Affine Descendants: The affine (current) modes J¢, with n > 0 generate higher-level states.
Since [Lg, J*,] = nJ*,, for the states J%, |7, m) we have,

a |- _j (] B 1) a |q

Lo(J2,|5,m)) = (ﬂ + n) (J2,15,m)) (517)
Hence, J¢, takes Ly — Lo + n and increases the oscillator level. This corresponds to moving
upward in the diagram. Since we are dealing with the lowest weight representation, all positive
current modes acting on the zero-mode representation states give zero. Hence, Ly value cannot
—jG -1

decrease below L™ = =
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Boundedness of L, (Positive Energy Representation): This representation is a positive
energy representation, meaning that Lo is bounded from below. The lowest value is L®,
corresponding to the primary states |j, m) without any oscillator excitations in it where Lg'" =
—j(k]%;) All excited states have Lo = —j(,g%;) + N, N=0,1,2,---, so that Ly > L. Thus,
the spectrum is bounded from below and increases discretely with the level N. A general state

with oscillator level N is denoted by |j, m, N) where

—jU -1

L0|j7maN>:< kE—9

+N>|.]7m7N> ’ N:Oa172737"' (518)

Moving upward in the diagram corresponds to increasing the oscillator level N. At each level

N, one obtains states of the form

Jilnfjg%lg e |.]7 m> 5 an =N (519)
Because of the commutator brackets, [J3,J3, ] = 0 and [J3,J%,] = £J,, we see that the

different current modes act as follows:

Jtoom—m+1, J,:m—=-m-1, J :m—m (520)
Thus, at fixed Ly (at a given row), the states spread horizontally over a range of m values,

forming different columns seen in the diagram.

Asymmetry of the Representation: At level N = 0, only the zero modes act, so the
representation is lowest-weight with m > j. At higher levels, however, the action of J—, allows
m to decrease, and the states extend in both directions along the m-axis. However, a decrease
in m below j is only possible in the presence of oscillator excitations. Consequently, one cannot

arbitrarily lower the value of m without a corresponding increase in the Ly eigenvalue.

O|0 O O

—1G-1)

k-2

Figure 2: Weight diagram in unflowed highest weight representation 15;



7.3 Spectral flow and the long strings

The spectral flow is defined as a transformation of the current and Virasoro modes as follows:

- k
J = — 2o
JE=J5., weZ (521)

- k
L,=1L,+ st - Zw2 On.0

We have already seen that the commutation relations among the modes J>* and L, are
preserved under spectral flow. Hence, it defines an automorphism of the spectrum-generating
algebra. Spectral flow maps one representation to another. Since SL(2,R) is non-compact
and the kinetic term of this WZW model is not positive definite, spectral flow may map to
representations in which Lg is not bounded below. The spectrally flowed affine representations
built on the zero-mode representations DjF and C are denoted by @j“” and (%.O"w, respectively,

where j denotes the spin before spectral flow.

Explicitly proving the unboundedness of L, and boundedness of L,

Before spectral flow, the commutation relation between the modes is given by,

(2, J5 | =+J% [0, J2,] =0 and [Lo,J%,) =nJ®

n

— Jt om—sm+l, J,m—m—1, J° :m—m and Ly— Ly+n
So, each current raises the level Ly — Lo 4+ n. Thus, vertical motion along Loy axis in the
diagram corresponds to increasing level N, and motion along jg axis corresponds to changing

m via ladder operators.

Due to Spectral Flow on Ladder Structure, the algebra itself is unchanged, so the operators

still satisfy [J3, J*] = £J%,. Thus, the ladder structure in m remains, J*

n -

m — m =+ 1.

However, the energy now transforms as Ly = Ly — wm — %wg. Using the commutators,

3, JE) = [J3, J5 ) = £J%, and  [J5,J3)=[J5. 2] =0

(522)
[L()? ‘]itn] - [L07 Jitn:l:w] - (TL + w)‘]itn:l:w - (TL + w)Jitn and [L07 Jin] - n‘]in
When we act with current modes J>F on the (m, Ly) states, we see that,
Action of jfn: m—m=E1l, Ly—Lo+nFw
(523)

Action of jin :m—m, Ly— Ly+n
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Thus, unlike the unflowed case, the current modes do not uniformly raise Ly. The modes j:n
and jﬁn always increases Lg, but the mode jfn increases Ly only if n > w, decreases it for
n < w and for n = w it leaves Ly unchanged. Thus, the spectrum develops a tilted structure,

where moving along the ladder in m also shifts L. Starting from a state (1, Lo) or (m, Lg)
e Applying J=,: (i, L) — (m — 1, Lo+ w) and (m, Ly) — (m — 1, Ly + 2w)

e Applying J*,: (i, L) — (M + 1, Ly +w) and (m, Ly) — (m + 1, Lo)

e Applying J?,: (1, Ly) — (1, Lo +w) and (m, Lo) — (m, Lo +w)
Thus, upward motion along Ly is generated by all jﬁn, diagonal motion arises due to mixing
between m and Lo by the J—, mode, and horizontal motion is generated by J*,, mode which

increases m — m + 1 but doesn’t change L.

To explicitly see the unboundedness of Lg, consider,

e Applying J;: (1, L) — (i — 1, Lo) and (m, Ly) — (m — 1, Ly + w)
e Applying Ji: (1, Ly) = (i + 1, Lo) and (m, Ly) — (m + 1, Ly — w)

Thus, we see that by repeated action of Jf = Jt, we can reach arbitrarily large m or m value

but keep Ly fixed, whereas Ly can become arbitrarily negative. Using

7 ~ 2
Lo=Ly—mw— —w?,

4

We see that Ly can become arbitrarily negative as m increases to a large value. Thus, the
spectrum is unbounded below in L. But we can also show that the spectrum is bounded

below in terms of Ly doing a similar analysis.

Now, consider the action of J*> on the (1, L) states.

o, 5] = 10, J5] = £J%,  and  [J§, 2] = [J5, J2,] =0

(524)
(Lo, J5,) = [Lo, J 5 2) = (nEw)JE oy = (nEw)JZ, and  [Lo, J2, | =nJ?,
When we act with a current mode on the (m, I~/0) states, we see that,
Action of J : i —m+1, Ly— Lo+ntw
} 3 (525)
Action of J? : m —m, Lyg— Lo+n

Thus, J7, and J3, always increases Lo, but J_,, increases Ly if n > w, it decreases L for

n < w, and for n = w, it leaves Ly unchanged. Starting from a state (i, Lo) or (m, Lo):
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e Applying J—,
e Applying J*:

e Applying J3 : (m, Ly) — (m, Lo +w) and (m, Ly) —

(ﬁ’L, Izo) —

3

To explicitly see the boundedness of io, consider,

e Applying J;:
e Applying J:

We know that the m or m value is bounded below; we cannot reach a state with an arbitrarily

negative m or m value. Thus, even if we repeatedly act by the J; = j; , we will eventually hit

(m, Ly) — (m

(1, Ly) —

—1,Ly—

m—1,Ly) and (m, Ly) —

(i + 1, Lo 4 2w) and (m, Ly) —

w) and (m, Ly) — (m

(i + 1, Lo +w) and (m, Ly) —

(m_lv L0+U})
(m—l—l, L0+1U)

(m7 LO + U})

- 17 LO)

(m + 1, Lo)

a lower bound state, and further action will always lead to zero.

Physical States: Imposing the Virasoro constraint Lo+ Lo =1 = Lo =1 — h selects a

subset of states. On this slice, J§ remains bounded below. We see that this selects a slice of

Since, Lo = —

~ k
ng:L0+Zw2—L0

JG—1)
k—2

+ N, we get J§ = —

-
k—2

1
+N+h+

~ k
:L0+Zw2—1+h

sz — 1.

7.3.1 Spectrally Flowed Representation (w = 1) of ﬁj*

Lo

O

O O Of

O/0|0 O O
@—@E}{}—G-@—@
o@oooooo
N0 O/0 O O 0Ol0 00

OO0 OOOO0Ol0O0O0

‘\4
Il

~.
+

Figure 3: Spectrally flowed 75;-““’:1 representation.
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The diagram represents the spectral flow (w = 1) of the lowest-weight discrete representation
lA?j*. The key feature is that spectral flow mixes the worldsheet energy Lo with the charge J3,

resulting in a tilted structure in the (J3, Lg) plane.

This particular spectrally flowed representation is obtained by a relabeling of states under the

transformation JZ = J& — 5 and Lo = Lo+ J3 — 1 Equivalently, we can invert these

relations as

-~k ~ =k
JS’:J§’+§ and LO:LO—Jg’—Z (527)
Thus a state labeled by (1, Lg) before spectral flow is mapped to m = m + %, Lo = Lo—m— %.
In the unflowed representation, states lie on horizontal lines of fixed Ly, with Ly > —%

Thus, the spectrum was initially bounded below. But, after spectral flow, the new Ly depends

on both Ly and 7. Fixing Lo, we obtain Ly = —h -+ constant. Using m = J3 — %, this becomes,
Lo = —J2 + constant (528)

Therefore, lines of constant Ly appear as (blue) diagonal lines with slope —1 in the (J3, Lo)

plane. This explains the tilted structure of the diagram. Although Lo is bounded below, the

k
4

Lo — —o0. Thus, the spectrally flowed representation is no longer a positive-energy represen-

new Lg is not. Indeed, Ly = EO —m — % and since m can become arbitrarily large, we find

tation with respect to L.

However, the J3§ spectrum remains bounded below. Originally, m > . So, after spectral flow,
Jo=m+Li> j+ k. This is represented by the vertical (red) dashed line in the diagram.

Physical states satisfy the Virasoro constraint Ly+h = 1. Substituting this in Ly = L —m — %,
we obtain m = Ly — % — 1+ h. Thus, only specific states in the diagram survive the physical
state condition. Since J3 = m + g = Lo+ % — 1+ h, this constraint implies that the physical
spectrum has a lower bound on J§ (as there was a lower bound on L), even though L, itself
is unbounded below. So, imposing the physical condition Ly + A = 1 selects a slice of states
with bounded spacetime energy. Thus, although spectral flow destroys the positivity of Lg, the

physical spectrum remains well-behaved due to the Virasoro constraint.

7.3.2 Spectral flow with w = —1 on 15; resulting in 25;““’:_1 = ﬁ;_k ;
—k_

It can be proved that for w = —1, the spectral flow of 15; (a positive-energy representation)
where Lo is bounded below will result in 15; w=—l - 75;: x - which is also a positive-energy
representation with Ly bounded below. Consider the unflowed highest weight representation
where the unflowed generators satisfy J3|7,7m) = ml|j,m), m > j. and J;|7,7) = 0 and the

ladder operator jg’: m—m+1. Thus, m=7,7+1,7+2, -
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Using the spectral flow transformation with w = —1, we get,

Ji= T+ g Ono » Ji=JEy , Ln=L,—J3— % G0 (529)
:>J§’:]§’—§, Jy=J5, Jy=J,, L0:i0+J3—§ (530)
Thus, we obtain the relation between eigenvalues:
m=m — K
~ 2 i (531)
Lo=Lo+m— 1
Consider the state |7, m = 7). Then,
Ji7,7) = Jf17,7) =0 as |j,7) is affine primary (532)

Thus, after spectral flow, the state |§,T~n = 5) becomes a highest-weight state with respect to

flowed operators. Now consider the action of J; on this state and how the J§ value changes.
I3, 7)) =J717,7) #0 , Jilj,7) is a descendant state
— ~ —1 ~ — ~ ~ s F— ~ ~ — (= k ~ ~
TG 3) = 55 )+ 6 8132 30 = U3 J2li, D+ 05 (= 5)1 )

= (—j1+ G_g)jl) ’375> = <5—§_1)(J0|5-’3>> (533)

— B(Jli. ) = (3—§‘1>(Jo!3,3>) = (=i =1(Jslj, j)) where jzg_‘;

Thus, we see that the spectrum of m = m — £ is given by m = —j, —j — 1, —j — 2,-- -, where

2
] = g — j. Now, we should check how the eigenvalue of L, changes under the spectral flow.

~ . ~ = T k ~ . ~ _~‘~‘_1 ~ k ~ . ~
L0|Jam:J>:(L0+J3_Z) |]7m=]>:(%+1—1> 7, m=7) (534)

Now, substitute j = % — 7 in this eigen value. We see that,

542 ()65 + (- He-)

_]- .92 . . k2 k . . k?2 kf
k_z(J gkt g tik=2j = +3 (535)
-0 -1) _ —j(-1 -_k
— R — vvherej—2 J
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Thus, we get for the state

—jG=1,.

Since the commutation relation between the flowed operators is also preserved, we see that
(Lo, J%,] = nJ®,. Thus, the spectrum of Ly is also bounded.

The resulting spectrum after the flow is a positive energy representation with a lower bound for

Lg. This representation is equlvalent to a highest weight affine representation D - whose

2
7= 5 — 7. Since, 1 3 < j < 5 E (lower bound for normalizibility of states and upper bound is to
satisfy no-ghost theorem), we get, % < %—j < g or %—g <—3<0or0<j< % < g Thus,
even in this flowed representation, we see that the unitarity bound required for the no—ghost

theorem is satisfied. The states here are normalizable prov1ded k_5 > Lorj <kl

2
o
IS

o

—

O

O O
O

@oooo
@oooo
d>oooo

O
O
O
O
?O_Q______L(): —/G-1

Figure 4: Spectral flow with w = —1 on ZA); resulting in f);,“w* 25] ks
2
In the unflowed variables m = j, j 41, j+2,---. So, the spectrum is bounded from below in
J3 = 1 as shown in the red line. The spectral flow acts as J3 = J3 — & | Lo= Lo+ J3 —

we see that Ly depends on Jg’. Therefore, the lines of constant Ly become diagonal in (J3, Lg)
coordinates, satisfying the relation Ly—Jj = constant, such lines will be parallel to the blue line.

The original lowest-weight state satisfies 7 = j. After spectral flow m = j — % = — (g — })

e ElN

This corresponds to the red dashed line. Minimal L, eigenvalue using Ly = —3u=d) (kj_; ) 4 7] —

and substituting j = % — 7 one obtains Ly = —? (J 1 . This is shown by the green dashed line.
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7.3.3 Spectral flow with w =1 on f)]_ resulting in 255,_’“’:“ =Dt ,

]:g—j
It can be proved that for w = +1, the spectral flow of 155_ (a positive-energy representation)

where Ly is bounded below will result in D~ w=tl

= f);ik - which is also a positive-energy
representation with Ly bounded below. Con81der the unflowed lowest weight representation
where the unflowed generators satisfy Jg|],m> = m|j,m), m < —j and JO |7, —7) = 0 and the
ladder operator jo_ - m—m—1 Thus, m=—j, —j—1, —j—2,

Using the spectral flow transformation with w = +1, we get,

k . .
~6no >, JE=JE,, Lo=L,+J>— =60 (536)

gy =Jl -
n n 2

-k - - - k
:J§=J§+§, Jf=JY, Jy=J7, Ly=L,—J}— 1 (537)
Thus, we obtain the relation between eigenvalues as m = m+ 3 E and Lo = Ly—1m— E Consider
the state |7, m = —j). Then, Jy|j,—7) = J;|7,—j) =0 as|j,—j) is affine primary. Thus,
after spectral flow, the state |j, —j) becomes a lowest-weight state with respect to the flowed

operators. Now consider the action of J; on this state and how the J3 value changes.

JHg, =) =JN5, -7 #0 , JFlj,—)) is a descendant state

538)
~ ~ ~ k ~ ~ . ~ ~ (

T (Ili =0) = (—J+§+1>(Jo+lj, =) = G+ D17, =) where j =2 ]
Thus, we see that the spectrum of m = m + g is given by m = j,j + 1,5 + 2,---, where

] = g — j. Now, we should check how the eigenvalue of L, changes under the spectral flow.

~ o ~ 4 4 k ~ . ~ _~.~._1 ~ k ~ L ~
Lo\Jamz—ﬁ:<L0—Jg—1)|%m:—]>:<%+J—Z>U7m:]> (539)

Now, substitute j = g — j in this eigen value. As done previously, we see that,

—jU-1 _—jG-1) -k
= h = — _ 540
b9 P where j =2 —j (540)
~ ko k ko . .
Thus, we get for the state jzi—],m:m—az—g—i—] = |j,m = j),
. L —J-1 :
Lolj,m = j) = %IJ, =J) (541)

Since the commutation relation between the flowed operators is also preserved, we see that
(Lo, J*

—-n

| =nJ®,. Thus, the spectrum of Ly is also bounded.

104



The resulting spectrum after the flow is a positive energy representation with a lower bound
for Ly. This representation is equivalent to a lowest weight affine representation 75; & -~ whose

~ ~ 72_
Jj = % — Jj. Since, % <j< % (lower bound for normalizibility of states and upper bound is to
satisfy no-ghost theorem), we get, % < %—j < g or %—% <—7j<0or0<j< % < g Thus,
even in this flowed representation, we see that the unitarity bound required for the no-ghost

theorem is satisfied. The states here are normalizable provided g —j> % or j < %

7.3.4 Spectral flow with w = —2 on f)}f

We can see that for w = —2, the spectral flow of f)jf (a positive-energy representation) where Lo
is bounded below will result in ﬁ;’w:_z which is not a positive-energy representation and here
Lo unbounded below. Consider the unflowed highest weight representation where the unflowed
generators satisfy j5’|j, m) = ml|j,m), m > j. and jo_]j, 7) = 0 and the ladder operator
j0+ :m —m+1. Thus, m=j,j+1, 42, - Using the spectral flow transformation with

w = —2, we get,

T= T kb . JE=JE,, Ly=L,—2J}—ké. (542)

— B=J-k, Li=Ly+2J;—k
Ji=J5, Jh=Jt, Jh=Jf (543)
Jy=J ., Jr=J,, Jy=J;
Thus, we obtain the relation between eigenvalues m = m — k and Ly = Lo + 2m — k. Since
Lo = % + N, where N € Z* is the grade. We get,

_ G-

L
0 k—2

+N+2m—k (544)

To make Lo — —oo, one would need N + 2m — —oo. So, we can attempt to achieve this by
using the lowering operators. Consider the action of (J7,)? on the state |7, ) (lowest weight

state in unflowed basis), we get,

= ~._1 B

L0:%+N+2m—k‘ where N=p and m =7 —p
s o (545)

-G -1 ~ —0U -1 -
= [y=—"—"—-= 20 —p)—k=—"—+2—p—k
0 5 T2 -p) g T2 P
Since p ={0,1,2,3,--- 00}, we can achieve Ly — —o0.

The same argument wont work for w = —1 on ﬁj Because here Ly = % +N+m— %.

Now, N = p and also i = j — p will cancel each other’s p dependence. So, here we get

Ly = %—I—pj{;—p—%: %—l—j—%which is bounded below.
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Only ﬁj,i’w:ﬂ results in positive energy representation

- N
The spectral flow transformation acts as Ly = Lo — w J; — ZwQ. And on an eigen state with

eigenvalue m as, Ly = Lo — wm — ZwQ'

e Lowest-weight representation YAD;F, m=7, j+1, j+2, ...

e Highest-weight representation 155_, m=-j, —j—1, —7—2,
Boundedness of L, under spectral flow
For ZA);
= ~ k . ~ ~ F mi ~ k
e When w=—1, Ly = Ly +m — 1 Since m > j, Ly > Lg"™ + j — § (bounded below).
~ - k. -
e When w=+1, Lo =Ly —m — 1 Since m — +o00, Ly — —oo (unbounded below).

For D
J

~ k ~ ~ ~ . ~
OWhenw:+1,L0:L0—fn—Z. Since m < —j = —mzj,Long““—i—j—%
(bounded below).

o

e When w=—1, Lg = Lo+ 1m — 1 Since m — —oo, Ly — —oo (unbounded below).

Thus,

2 =1 .. . =+1 A—
D;L 2= Positive energy representation +—— D;

Under spectral flow:

~ w=— ~ . k ~
D;*—lﬂ?j‘, j=5 -7
T)_ w=+1 ,ZA)_i_ .:E_’i

j ? 70 j 2 ]

These are positive-energy representations since L remains bounded.

Constraint from harmonic analysis

From SL(2,R) harmonic analysis we need j > 1, for the wave functions to be normalizable.

Usingjzg—jwe get
. k=1

i >
J 2

N[ =
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Lower bound on j

We must also ensure that the flowed representation corresponds to a valid s[(2, R), representa-
tion; we require j > % Thus, under inverse spectral flow j = g — j. The consistency condition
from harmonic analysis requires j < % Thus, if spectral flow is a symmetry, then this forces
the truncation and the allowed value of j to be,

1 -~ k-1 1 k—1

—<j<—— and - <j<—— 546

2 =7 2 =7 (546)
Thus, the spectral flow of 15; with w > 1 or w < —2 gives a new representation in which L
after spectral flow is not bounded below. Similarly, the spectral flow of 75]_ with w > 2 or

w < —1 gives a new representation in which L after spectral flow is not bounded below.

7.3.5 Spectral flow with any w # 0 on (?J‘,“:lﬂs will be unbounded below in L

For continuous representations, éjo‘: we see that any spectral flow with any w # 0 will result

liis
2
in a representation in which Lg is not bounded below. In, CJ‘{ 1
2
m = a+n with n € Z, so m is unbounded both above and below. Under spectral flow, the

energy is Lo = Lo — wi — %wQ, with Ly = —j(kj%;) + N and N > 0. Now, for any fixed state

one can keep N finite while sending m — +o00 or m — —oc; if w > 0, taking m — +o00 gives

the zero-mode spectrum is

Lo ~ —wm — —oo, while if w < 0, taking m — —oo gives Ly ~ —wm — —oo. Since the
linear term in m can always be made arbitrarily negative and cannot be compensated by the

non-negative N, it follows that for any w # 0, Ly is unbounded below.

7.3.6 No-Ghost Theorem after Spectral Flow

The s[(2,R) algebra has an indefinite metric k% = diag(+,+, —). Thus, the J? direction is
time-like, and oscillators built from it can generate negative norm states. In unflowed represen-
tations, one can organize the Hilbert space so that physical states have positive norm. However,
spectral flow mixes creation and annihilation operators, destroying the simple highest /lowest-
weight structure. As a result, Spectrally flowed representations contain negative norm states.
To remove the unphysical states, we shall use Virasoro constraints with respect to the spectrally
flowed L,, modes. Physical string states must satisfy L,~o|phys) = 0 and (Lo+Lo—1)|phys) = 0
where Ly = Lo—w.J3 — Ew?. This is a generalization of the no-ghost theorem to spectral-flowed
sectors. The result holds for CA;D‘:“%Hg and f?j“” only if j < E k>2.

We extend the proof of the no-ghost theorem from unflowed representations to spectrally flowed

representations f)jtw and CA]O”” by mapping the flowed problem to the unflowed one and reusing

the previous arguments, with the only modification appearing in the mass-shell condition.
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Basis of States for the Hilbert space: Under spectral flow, the Virasoro modes transform
as L, = Ly, +wJ? — Ew?d,,0. For n # 0, this implies L_, = L_,—wJ?, . Thus, the set of states
Lo+ Ly g%, -+ J%., |f)can be one-to-one mapped with L_,, «+- L_, J3, -+~ % |f).

As this map is invertible, the basis structure of the Hilbert space is unchanged. Therefore, Step

1 of the unflowed proof carries over directly.

Decoupling of Spurious States: The argument for decoupling of spurious states depends
only on the Virasoro algebra and the value of the central charge ¢ = 26, which is unchanged

under spectral flow. Hence, Step 2 remains valid without modification.

Mass-Shell Condition: The nontrivial part is to show that physical states obey J2_(|1) = 0.

For this, we use the modified mass-shell condition. From spectral flow, Lo = Lo — wii — §w2,

where m = jg. The physical state condition is Ly + Lo = 1. Thus, Zo —wm — %wQ + Ly =1.

Using the Sugawara expression, Ly = % + N, Lo=hand m=m — gw we obtain
_"‘. ~ . 1 5 k‘ 2
% +N+h—wm+ % =1 (Flowed Mass-Shell Condition) (547)

In Continuous representations, for j = % +1s, and m = 0 we have

1 2 2
=4+ s - kw
4 N4+h+—=1 548
TN+ (548)

Since all terms are non-negative, this can only be satisfied if N = 0. Thus, no oscillator exci-

tations are present, and no negative norm states appear.

In Discrete representations, without loss of generality, we can assume the lowest-weight repre-

sentation with w > 0 as their complex conjugates cover all the remaining discrete representa-

tions. Now, for 0 < j < %, one has % > —%. Setting m = 0, we get,
—j(G-1) - kw? koo k oy < k, o,
—— 4+ N+h+—>—+N+h+-w"=N+h+ - -1
Tt N> =T Nt bt +h+ S (w? = 1)
—j(i—1) ?

~ k ~ 3k
fw>2 = w?—1>3,s0 +N+h+%>N+h+z > 1 and the Virasoro
constraint equation cannot be satisfied. Hence, no physical state with m = 0 is possible. If
w =1, and for m = 0, then m = —g. In a lowest-weight representation, 7 > j, so reaching

this value requires N > j + g Substituting into the Virasoro constraint equation, we get,

—jG-1 | ko —jG-1)  ~ k k_k -
Y A N> Syt 1
Ty N> =i > o>

Thus, the Virasoro constraint equation cannot be satisfied. In all cases, the condition m = 0
is either impossible or leads to trivial states with no oscillators. Therefore, no negative-norm

states appear, and all physical states can be mapped to states satisfying J>_ o) = 0.
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7.4 Physical spectra of strings in AdS; space-time
7.4.1 Spectra of Discrete and Continuous states

First, let us consider the unflowed basis, whose general eigenstate is \5, m; N, h), where h is the
conformal weight of the state in the internal compact CFT (M). Then, the eigen value with
respect to Lo + Lo (unflowed total conformal weight in AdS; + M) is given by,

3 1 3
l@+£0:—Jg_2)+N+h (549)

The physical state condition is (Lo + Lo — 1)[¢)) = 0. Thus, we need,

e 1 R
-jg 2)+N+h—1:0 (550)
. -1\ 1
Rewrite the above equation by substituting j(; — 1) = (j — 5) -1
~ 1\2
_1 1 B
U= N ho1 (551)

k—2  A(k—2)

1 <~ k-1
Now, in the case of discrete representations, if we demand 5 <7< —5 then,

-1 k—2 - 1\?  (k—2)?
:>O§(j——)§—2 _— 0§(j—§> S( 4)

o (552)
G-2°_ (k-2
k—2 — 4

= 0<

Thus, we get the range that the quantity N + h has to satisfy for it to be a physical state,

1 . k—2 h—9 k2 —5
< A N+4h—1<Tt | 2T N ST 553
O qg—g TV Th-1=s ) R Ty (553)
But, if we allow j to go till g, then,
-1\ k-1 -1\ (k—1)?
<(j-=)<> = <(i-Z=) <
= 0= (j 2) s =0 (j 2> =Ty
i (554)
(V-3 _ (k—1)
— 0< 2/ <
=Tk—2 a2
1 . (k —1)? k-9 k+4
e 0<—— 4 N4h—1< VT T oy B
T R T s Mh—y =N rh=—y (555)

This result shows that the Virasoro constraint restricts physical states to a finite window of

N + h, ensuring unitarity and enforcing the bound 0 < j < g or %
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Now, spectral flow acts as, Jf = jniij ,

are Jo2o|7,m) = 0. Thus J5  |7,m) =0, J,_,l5,7m) =0, J2|j,m)=0, ¥n>1and for

the zero mode J3 = J3 + Ew. Thus,

=k
J =T~ SV On,0. The unflowed primary conditions

~ ~ k ~
ngj,ﬁz):m]j,ﬁz):(m+§w)|j,m> = m=m+ (556)

DO | T

Now, the physical states [¢)) have to satisfy the Virasoro constraints with respect to the flowed

Virasoro modes L, = Lo — wimn — Ew?. Thus, (Lo + Lo — 1)|[¢) = 0 and L,o[¢) = 0. For a

state |7,7m, N, h), we get, the constraint equation

1 )
—%%32+N+h—wM—§ﬁ—1:O (557)
. ko1 jG-1) -
= —= —|(———F+N -1
= m 4w—|—w< - +N+h (558)
Then, we get ngm:m+§w as,
ko1 GG=1) | ¢
S—= = —|——=—=+N —1
J; 4w+w( - +N+h (559)

This is the quantum version of the classical formula of the J§ value which we found for the

spectral flow of the particle like solution moving in AdS3; with time (or space) like geodesic,

-1 &
— - N+1.
o +

with the replacement $§a2 —
In the case of discrete representations 15;[’“’, we need to solve for j using m = j+¢q, ¢ € Z.
But note that all possible integer ¢ values are not allowed because the value of m is bounded.
For the lowest weight representation, we can reach the lowest weight state by applying J—, on
a given state, N times. And this decreases the m value to m — N. Further decrement of m is
not possible. Thus, the minimum allowed value of ¢ is —N. Thus for the discrete lowest weight

representation, g > —N — ¢q= —N, —N+ 1, —N+ 2,

For the highest weight representation, we can reach the highest weight state by applying J*,
on a given state, N times. And this increases the m value to 7 + N. Further increment of
7 is not possible. Thus, the maximum allowed value of ¢ is N. Thus for the discrete highest
weight representation, ¢ < N = ¢g=N,N—1,N—-2,---

Substitute m = j 4 ¢ in the equation of 7, we get,

s ko 1561
JTqg=——w+ ( 2

N+h—1
T " + N + )
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:><5—%>2+w(k—2)<3—%)— (}lﬂL(N—wq+h—1—§w2—%w)(k—2)> =0

oy wk-2) 1], L (1« koo
:>(j—§>_—T:I:§ w?(k—2)2+4 Z—l—(N—wq—i—h—l—Zw —§w)(l€—2)

Defining N,, = N — wq, and the choice of keeping j positive, results in,

J =

_%(k_g)jL\/i-y(k;—Z)(Nw+h—1—%w(w+1)) (560)

Then, on using J§ = m + gw =j+q+ gw, and as it is related to the space-time energy of

string as %, we get,
E+7 1 1 1
TjL:Jg:q—i—w—i-i—i—\/Z—l—i-(k—Q)<Nw+h—1—§w(w+1)) (561)

Since the value of ¢ is discrete, we get the space-time energy also to be discrete. This condition
arises because we are working with the bounded representations (discrete representations),

which implies that the string is bounded in the AdSs; space-time. In this case, the condition

1 ~ — ~
3 <j< on the j quantum number becomes,
1 1 w 1 1 kE—1
<k~ - _ 1= <X -
555 2(/<: 2)+\/4+(k 2) (Nw+h 1 2w(w+1))_ 5
(562)
E oo, w k , (w+1)
= | — —<—+N,+h—-1<- 1)* —
Ty Sy Tt szw+D) 2
o . . +0 - k
This is similar to the condition of the boundedness of the energy. Since, =7+q+ Dk
1 k E+?¢ k-1 k
- —w < < - 563
2+q+2w_ 5 <5 +q+2w (563)

Now, in continuous representations where j = % + is, we see that, —j(j — 1) = }1 + 52, so the

expression for J& becomes,

k 1 /148
Jo=-w+— |42 N+h-1 564
0= + ” < P + N + ) (564)
. . . E le + 52 -
Comparing with the classical result, we see that 1% =" P N + 1. For large k and s,
the quantum formula becomes, §a2 = % But « controls the radial movement of the string.

Thus, we can think that s ~ % corresponds to the radial momentum of the string in AdSs.
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7.4.2 Transition between short-strings and long-strings

This can be shown by matching the Discrete and Continuous Representations at the Bounds.

Now, the discrete representations require % <j< % So, at the lower bound j = %, this

value of j in discrete representations matches with that of s = 0 continuous representations.
This also leads to the matching of the space-time energy of both representations. For discrete

representations with spectral flow, we have,

1 1 1
J§=q+w+§+\/z+(1€—2> (Nw+h—1—§w(w+1))

At the lower bound, we get,

. 1 k
3 : +w ) _ — v
J3 (m D3:%> =S +a+guw (565)
Where we have used .
- 4+ Ny,+h—1=-w? v
D) + + 4w + 5 (566)

Take s = 0 continuous representation with j = % and m =a+q ,Vq € Z, for some 0 < v < 1.
We get,

k 1 1 -
S— “w+———+N+h-1
Jo 4w+w(4(k—2)+ + )
k 1 1
= -w4+—(——+Ny,+h—1
4w+w(4(k_2)+ .t )+q (567)
—E _|_l E 2_1_% +
T\ Ty )T
Thus, we get
Ji (in é~“:%’w)=1+q+ﬁw — a=s (568)
0 =3 2 2 2

Thus, Discrete and Continuous states have identical J3. At the lower bound of J = % Actually,
we can check that a state in discrete representation with parameters (h,w,q, N ) which satu-
rates the lower bound in the inequality with m +Ny+h—1= %wQ +7%, will have the same J3
value with that of the continuous representation for a state with parameters (h,w,s =0, N)

whose « parameter to label the representation will be fixed appropriately.

I .
At the upper bound j = in discrete representation, we have,
. kE—1 k
Jo (in DY) = ——+q+sw (569)
="z 2 2
where we have used
k (w+1)
————— + Ny +h—1=~ 1) - 570
Mh—2) T gty 2 (570)
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Now, take s = 0 continuous representation with j = % and m = a + ¢, we get,
Jg_kw+1 k(w+1)2 (w+1) N
o w4 2 1

k k k k 1 1

. 2 S 571
4w+(4w+2+4w 2 2w)+q (571)

5 kE—1 k k—2
3 : +w _ v
= J; (in Ci=%)_ TR LR

So, the J¢ values don’t match when the upper bound is saturated. Thus, we are comparing
the wrong sectors. So, we shall check if there is equivalence between another spectrally flowed
discrete representation and a flowed continuous representation. It can be shown that if we
15,, then this state has jg’ to be equal to
that of a state in continuous representation with parameters (h,w+1,s =0, N + q) whose «

think of the state originally in @jw as a state in ﬁ;ff
=k_
parameter to label the representation will be fixed appropriately. This can be shown as follows:

Use the identity:

NHw  ~—,w+l Moo=
Dj = Dj , =5 (572)
. ~  k -1 1
For the upper bound, substitute j = 5”3 — 3 Thus, we can see that,
~ k-1 ~ 1 .
]:T < j:§1nasectorW1thw—>w—|—1

As seen before, this corresponds to the boundary of the continuous representation with s = 0
with spectral flow of w — w + 1. The expression for energy using jg’ in this representation, as

seen before, will be,

= A 1 k
J o (in DY) =S g+ o (w+ 1) (573)
=3 2 2
Where we have used
4(k —2) + Ny +h—1= Z(w +1)% + % (lower bound relation) (574)

Now, in continuous representation with w — w + 1, the general expression for Jj is,

k 1 1 ~
Jg:1<w+1>+ (4(k: +N+h—1)

w+1 —2)
L L Nea 1)+ (575)
! w1 \dk —2) " e 1

2

k w+1
= 124 =
—— 4(w+ )° + )—l—q

:Z(w+1)+L(
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Thus, we get,

Fws1)+14q (576)

A G5 =3 2

Thus, we get that,

R o=t
J3 <1n D> w+1> =J3 <in D;ZL) =J3 (in C,_y”’ +1>
-2

We should note the shift in level for the continuous representation, where the new level is
given by N’ = N + ¢. This follows from spectral flow N,, = N — wq and consistency under
w — w+1. Moreover, as ¢ > —N (restriction from the lowest weight state), we see that N’ > 0.

Thus, a discrete state at the upper bound with parameters (h,w, g, N ) is equivalent to a con-
tinuous state with parameters (h, w+1, s = 0, N = N—i—q). Thus, the upper bound of discrete

representations merges into the continuous spectrum.

Thus, the final picture is that, ‘Discrete representations exist only within a finite window
(% <j< %) At j = % or k—gl, the states merge with continuous representations. This

describes the transition from short strings to long strings.’

7.4.3 Analysis of Lowest energy states: Discrete vs Continuous representations

Here, we are concerned about the lowest energy state and ask to which representation it be-
longs. For a fixed value of the internal conformal weight A and fixed spectral flow w, we need

to find the physical state that has the smallest spacetime energy J3.

Discrete representations We first restrict to the discrete representations and impose the
allowed range 7 kw? +5 <3 ( 5 + Ny+h—-1<2 (w + 1) — w+1 . Within this domain, the
physical states are parametrlzed by the integers ¢ and N (Wlth N > 0), so the energy can
be viewed as a function J3 = J3(h,w,q, N). To find the lowest energy state, vary ¢ and N.
Define:

X:i+%k—m<N@+h—1—%mw+U)

Then: .
ﬁ=q+w+§+¢f

dJ3(h,w,q,N) dJ3(h,w,q,N)

Monotonicity in ¢ and N: One can show that 5 > 0 and o > 0.
B q
Use N, = N —wq
X 3 1 oxX k—2

dq 2¢_0q 2V X
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Now, from the allowed region, we know:

w (578)

J3
Hence, 8_0 > 0. This means that increasing ¢ never lowers the energy. Physically, ¢ labels
q

how far we move along the Jj tower of the discrete representation, and higher ¢ corresponds
to higher energy. So the minimum occurs at the smallest ¢. Since, for discrete lowest-weight
representations ¢ > N, the lowest energy occurs at ¢ = —N. Now, let us find the dependency

of J3 on N.
oJ; 1 90X k-2

ON avxoN  avx (579)

0J3
In the allowed region v/ X > 0. Thus, we have, 8_]§0f > 0. So, excitations always increase energy.

So, the lowest energy state is at zero excitations, whose N = 0. Hence, within the bounds,
the minimum energy discrete state occurs at ¢ = 0, N = 0. Plug these into the constraint

inequality. Thus, we get,

o (w+1)

; (580)

1 k
<= 4p-1<Z
2—|—h 1_4(w+1)

Thus, only if the conformal weight h satisfies this inequality can the ground state ¢ = N =0

exist. So, the minimum discrete energy is given by,

q(discrete 1 1 1
T ):w+§+\/Z+(k—2)<h—1—§w(w+1)>
(581)

1 (discrete) 1 2 ]_
J3 —w— = - )= ——+h-—-1
(k—2) ( Omin v 2) Fawlwr ==yt
k k 1
But, here h follows the bound, Zw2 + % <h-1+ m < Z(w + 1)2 - % Thus,

k 2 w 1 3(discrete) 1 2 1 k 2 w +1
S+ 2 < —w—=) 4= 1)< S(w4+1)2 - ——= 2
= Wt = 5-9) (Jomm w 2) +2w(w+ )_4(w+ ) 5 (582)

It can be shown that, for h satisfying this bound there is no state in the continuous represen-

. 3 . . (di te)
tations C& whose spacetime energy Jj is lower than J§ =~
] min
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For continuous representations, we have,

k 1 /1442 -
3 2
JO——4w+—w<]€ 2+N+h 1) (583)

So, the minima occur at s = N = 0. Thus,

continuous k 1 1
J3( ) _ _ - h—1 Hh&4
Omin e\ =yt (584)
. . 1 E 5 w
Now, if h satisfies the lower bound, then, ——— +h — 1 > —w* 4+ —. Thus,
4(k —2) 4 2
k: 1 1 k ]. (continuous) k 1
—wt —(———th—1)>w+ = = Ji > —w+ = 585
4w+w(4(k:—2)+ >—2w+2 Oinin zywtsy (589
Now, let us compare it with Jg’sijcrete). It satisfies the inequality,
]. (discrete) 1 2 ]_ k w + ]_
— | J —w— = — 1)< - 1) — ——
(k—2)(0m‘“ w 2) +2w(w+ )_4(w—|— ) 5
]. iscrete 1 2 k - 2
:>—(Jg$n )—w——) S( )(w—i—l)2
iscrete 1 k - 2 k - 2
:>J§’(d, )—w——§< )(w+1):—w—w+( )
min 2 2 2
(discrete) (k - 2) k; ]. (continuous)
:> Jg)min - 2 S §w + 5 S gmin
Thus, within the bounds, we have,
(discrete) (continuous) (k — 2)
Jo < Ig + (587)
Since, ¥22 > 0 as k > 2, we have J3 " < J3“"™ (strictly lesser). Thus, for h that
satisfies these bounds, the lowest energy state lies in the discrete representation with N = ¢ = 0.
Now, at the lower bound of m +h—1= sz + %, we have,
k w 1 a 1\* 1
—w’ 4 = (JS’,;:W) —w— —) + -w(w + 1)
4 2 (k-2 2 2 (588)
iscrete k continuous
= Jo = Swt % = T

Thus, at the lower boundary of h, the discrete and continuous representations have the same

energy.
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k 1
Similarly, at the upper bound of +h—-1= Z(w +1)% — %, we have,

1
Ak -2)

]. iscrete ]. 2 ]. k ]_
5 (Jgj )—w—§> +w(w+1) = Z(w+1)2—%
(589)
g(discrete) k ]. k - 2 k ].
= - S 1) — =
Now, let us check what happens to Jg’:;immuous) whose w — w + 1 at this value of h.
continuous k 1 1
J2 = w41 h—1
k 1 k +1
v (590)
k k 1
S 1) + — 1) — =
1 (w+1)+ 1 (w+1) 5

continuous k 1 iscrete
= Jg;in s wt1) = §(w +1)— 5= Jgfjn " (upper bound)
Thus, at the upper-bound of the conformal weight h, we see that the minimum space-time
energy of the discrete representation with winding number w matches exactly with that of the

continuous representation with winding number w — w + 1.

Now, for h outside the allowed range, the condition ¢ = N = 0 violates the bound
ko, w 1 k , (w+1)

“wfd =< —— 4 Ny +h—-1<—(w+1)2——1 ™
Ty S Ay T < zlwtl) 2

g = N = 0 and get the minimum space-time energy condition. So, the discrete spectrum

. Thus, no discrete state can realize

is forced to get higher energy. But, the states in continuous representations do not depend

3(continuous)

on j bounds. Their minimum remains to be Jj . Since discrete states cannot reach

min

q= N =0, we get:

3(continuous) 3(discrete)

<Jy . outside the allowed bound for h (591)

Omin

Quantum vs semi-classical transition. In the semi-classical analysis, the transition be-

tween short and long strings occurs sharply at the critical value

k
h = ZU)Q.

However, in the full quantum theory, this sharp transition is replaced by a finite band of width

proportional to w, given by

o

, W 1 E 5 w
A T DL S O S 592
2 = Tir—2 S 1V Ty (592)

S
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Structure of the spectrum. This band organizes the spectrum into three distinct regions:

e Inside the band: The lowest-energy states are short strings. Their spectrum is discrete,

and they belong to the discrete representations f?]iw

e Below the band: The lowest-energy states are long strings described by continuous

representations C]f.x’w

e Above the band: Again the lowest-energy states are long strings, but now they appear

in spectrally flowed sectors C?’wil

Physical interpretation. Thus, the quantum theory replaces the single transition point
of the semi-classical picture by a finite interval within which short strings dominate. At the
boundaries of this interval, the discrete representations merge smoothly into continuous ones,
signaling the transition between short and long strings. Thus, as one moves across the band
(long — short — long), the effective winding number can shift by one unit. This reflects the
fact that spectral flow reorganizes the Hilbert space, and different winding sectors become

energetically favorable in different regions of the spectrum.

Left—right spectral low and worldsheet locality

So far, we considered only one (say, right-moving) sector. In the full string theory, we must
combine left- and right-movers. Let the spectral flow act independently as w; and wg on the
left and right sectors. Under this, a state with (hr,hg) and (mp,mg) transforms as
hr, — hL—wLThL—gw%, hr — hp — wrpmp — %w%

Now, the Worldsheet locality (level matching) gives the quantum condition corresponding to
periodicity of the classical solution as h;, — hg € 7Z. If this holds before spectral flow, it
must also hold after spectral flow. Subtracting the transformed weights gives the constraint
wrpmy + Zw% = wrMmp + Zw% (mod Z). For generic (continuous) values of (1, mg), the
above condition can be satisfied only if w;, = wg. Thus, only left-right symmetric spectral
flow is allowed. Since the target space is the universal cover of SL(2,R), the charges (i, mg)
are continuous. This removes the possibility of compensating different w; and wg by integer
shifts, forcing wy, = wr = w. Hence, spectral flow must act equally on left and right movers,

matching the classical requirement of worldsheet periodicity.
Summary of the spectrum. The spectrum of the SL(2,R) WZW model (on the universal

cover) consists of two classes of representations, both subjected to spectral flow acting equally

on the left and right sectors (w, = wg = w).
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(1) Continuous representations. These describe long strings and are obtained by spectral

flowing the principal continuous series:

S0,w S5a,w
C%—&-is,L X C%-{-is,R

Here j = % +is with s € R, and « labels the continuous Jg§ spectrum. These states correspond

to strings that can reach the boundary of AdS; and hence have a continuous energy spectrum.

(2) Discrete representations. These describe short strings and are given by:

. A 1 ~ k-1
+,w +,w - .
Dﬂ X Dj,yR, 2<g<—2 .

Both left and right sectors carry the same j and the same spectral flow w. The bound on j

ensures unitarity and the absence of negative-norm states.

Coupling to string theory. To obtain the full string spectrum, these representations must

be tensored with an internal CFT:
Hiotal = Hsrz,r) @ Hm-

where the complete Hgy, o r) Hilbert space is,

_ ~NE,w ~NE,w Sa,w S5a,w
HsreRr) = @ ( @ (D;L ® Djﬂ) D /ds C%—&-is,L ® C§+z‘s,R>

WEZ \1/2<j< (k=1)/2

Virasoro constraints. Physical states must satisfy the string constraints:
(Lo + L,, — 1)|phys) = 0, (Lo + L, — 1)|phys) = 0,
along with L, = L,, = 0 for n > 0.

Final picture.

Spectrum = (spectral flow of continuous reps) @ (spectral flow of discrete reps)

Continuous reps — long strings (continuous spectrum)

Discrete reps — short strings (discrete spectrum)

Spectral flow w labels different winding sectors

Left-right symmetry w; = wg is required by worldsheet locality
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8 Scattering of Long Strings

A long string in AdS; is a string configuration that is not confined near the center of the
spacetime. Instead, it can extend toward the boundary of AdS3. Such a string may start near
the boundary, move inward toward the center, and then return toward the boundary. Thus,
the motion resembles a scattering process, where the incoming and outgoing states are both
long strings. During this process, the winding number may change. The reason is geometric.
In global AdS3, the angular circle can shrink to zero size at the center of the space. Therefore,
a string wrapping around the angular direction is not protected by topology. As the string
passes through the center, it can unwind and rewrap with a different winding number. In the
WZW description, this winding information is closely related to the spectral flow number w.

L —

Hence, different winding sectors correspond to different spectrally flowed sectors of sl(2,R),.

8.1 Wick Rotation of AdS; space-time

To study the S-matrix between incoming and outgoing long strings, it is convenient to rotate
to Euclidean signature. The S-matrix describes scattering amplitudes between asymptotic in-
coming and outgoing states. In the Lorentzian signature, one works with real time and physical
scattering processes. However, many CF'T calculations become easier after performing a Wick
rotation to Euclidean signature, where we mainly work with correlation functions. This rota-
tion is performed both on the worldsheet and in the target spacetime. After Wick rotation,
the Euclidean continuation of AdS3 becomes the three-dimensional hyperbolic space H3 which
can be written as Hy = SL(2,C)/SU(2). This means that the Euclidean theory is described
by a sigma model whose target space is the symmetric space obtained by quotienting SL(2, C)
by SU(2). The Euclidean WZW model based on this target space is commonly called the Hj"
WZW model. We shall prove all this below.

The Lorentzian AdS3 can be defined as the hyperboloid —X?, — X2+ X?+ X2 = — L? embedded
inside the flat space R*? with metric dsgs, = —dX?, — dX§ +dX7 + dX3. The resulting space
has one time direction and two spatial directions, with a constant negative Ricci Scalar. The
SL(2,R) WZW model describes strings propagating on this spacetime. In the global coordinates
the Lorentzian AdS; is ds3 g, = L? (— cosh®(p) dt* + dp® + sinh®(p) d¢?) as seen before. Where
t is the time coordinate, p is the radial coordinate, and ¢ is the angular coordinate. The metric
has Lorentzian signature (—,+,+). If we perform a Wick rotation of the time coordinate

t — —itg. Then,

ds3 = L* (cosh®(p) dt%, + dp* + sinh?(p) d¢?) (593)

This metric is positive definite and therefore has Euclidean signature (4,+,+). We can show
that the resulting Euclidean manifold is the three-dimensional hyperbolic space Hs whose Ricci

scalar is also a negative constant, which is the defining property of hyperbolic space.
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The three-dimensional hyperbolic space Hs can be defined as the hyperboloid
X+ X+ X2+ X2=-1  X;>0, (594)
embedded in flat Minkowski space R'? with metric
dsgis = —dX3 +dX; +dX3 +dX:. (595)

We shall parameterize the resulting space by the coordinates (7', p, ¢) through the functions,

Xo = Lcosh(p) cosh(T)
X, = Lsinh(p) cos(¢) (596)
Xy = Lsinh(p) sin(¢)

X3 = Lcosh(p)sinh(7T)

Now compute the induced metric from the ambient space metric ds3, s = —dX§+dX{+dX35+

dX?2. Substituting the parametrization and simplifying yields

dst;, = L? (cosh®(p) dT” + dp® + sinh®(p) d¢?) (597)

This is exactly the metric obtained from Wick rotating the Lorentzian AdS; metric. Therefore
the Wick-rotated AdS3; manifold is precisely the hyperbolic space Hs and the Ricci scalar is
R = —%. Thus, the Euclidean manifold has constant negative curvature.

We now derive explicitly why the Euclidean hyperbolic space Hs can be represented as the
coset SL(2,C)/SU(2). Note that any 2 x 2 hermitian matrix can be written as,

1 [ Xo+ X5 Xi—iXy cosh(p)el  sinh(p)e=®
X=7 - (598)

X1 +iXy Xo— X3 sinh(p)e’® cosh(p)e?

Then, the determinant is given by,

1
det(X) = E(Xg - X7 - X7 - XJ) (599)
If we want the matrix X to have determinant 1, then this forces — X2 + X2 + X? + X2 = — L2
This is precisely the equation of three-dimensional hyperbolic space embedded in R*!. Thus,

any 2 X 2 hermitian matrix with determinant 1 defines a point in H3 space.

To obtain the upper sheet of the hyperboloid Hj, we require the matrix X to be positive
definite. That is, all eigenvalues are strictly positive. This implies that Tr(X) = 2X,/L =
Sum of eigenvalues has to be positive. Thus, we require X, > 0. Hence, the set of all positive

definite, 2 X 2 hermitian matrices whose determinant is one, forms H; .
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Consider any g € SL(2,C) = ¢! € SL(2,C) and det(g) = 1. Now, (gg")' = (¢")Tg" = gg.
So, gg' is Hermitian. Then, consider any non-zero vector |v) € C2, (v|(gg")|v) = ||gT|v)||* > 0 as
g'|[v) is a non-zero vector with a positive norm. Hence gg' is a positive definite matrix. Finally,
det(gg') = det(g) det(g') =1 (det(g))* = 1. So, we have shown that for any g € SL(2,C),

gg' is a positive definite Hermitian 2 x 2 matrix with determinant 1.

Thus, the factorization of all positive definite, 2 x 2 hermitian matrices whose determinant is
one as X = gg' (Cholesky factorization) defines a point of H; . Conversely, any g € SL(2,C)
can be mapped to a point in H; as gg'. But there is a redundancy under SU(2). Consider
multiplying g € SL(2,C) on the right by any element v € SU(2). Then,

(qu)(gu)' =g @ 9" =gg' (600)

Thus, for any g € SL(2,C) and for all u € SU(2), g and gu determine the same point of Hj .

Let G be a group and H C G be a subgroup. For any element g € GG, the set

gH ={gh|he H} (601)
is called a left coset of H in (G. Two elements ¢;, go € G are said to be equivalent if

g1 =g2h,  heH. (602)

g1 and goh belong to the same coset. Thus, a left coset is an equivalence class under right

multiplication by subgroup elements. The set of all such equivalence classes is denoted as G/H.

Now, for any g € SL(2,C) and for all u € SU(2), g and gu determine the same point of Hj .
Thus, a point of hyperbolic space is not labeled by an individual matrix g, but rather by an

entire equivalence class

9] = {gu | ueSUQ)} (603)

Hence,
H; =2 SL(2,C)/SU(2). (604)

Thus, the hyperbolic space is the set of all such equivalence classes, or Cosets.
The hyperbolic space H3 is a non-compact manifold. As one moves farther outward in the ra-

dial direction, one approaches the asymptotic boundary of the space. Although this boundary
is not part of the manifold itself, it plays a central role in the Hy WZW model.
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The center of the space is located at p = 0, while the asymptotic boundary is reached in the

limit p — oo. To understand the geometry near the boundary, consider the large-p behavior:
P

cosh(p) ~ sinh(p) ~ %. Then, the Hy metric, ds?,, = L? (cosh®(p) dT? + dp? + sinh®(p) d¢?)

becomes
e’

A5ty (p = o0) = 17 (dp2 +e

(dT* + d¢2)) (605)

Thus the T and ¢ directions grow exponentially as p — oo. Consequently, points at large p,
are infinitely far from the center of the geometry. This is why p — oo is interpreted as the

boundary of hyperbolic space. Now factor out the divergent conformal factor:

2€2p

dsy, (p — 00) = (dT? + d¢* + 4e~*Pdp?) (606)

As p — oo, 4e72’dp? — 0. Therefore, up to an overall divergent scale factor, the induced

metric on the boundary becomes
ds}y, oc dT? + d¢?. (607)

Hence, the conformal boundary of Hy is a two-dimensional Euclidean cylinder parameterized
by (T, $). The boundary of H, plays an important role in the Euclidean H;~ WZW model.

e Vertex operators are naturally associated with points on the boundary.
e Long strings can propagate toward the asymptotic boundary region.

e Correlation functions are often interpreted as boundary correlators.

e The asymptotic symmetry structure is encoded at the boundary.

Thus, the bulk geometry H;™ may be viewed as a curved space whose physical observables are
strongly influenced by the behavior near the asymptotic boundary. The scattering states of

long strings are characterized by their asymptotic behavior near this boundary region.

8.2 Hermiticity conditions in the Euclidean H; WZW model

In the Lorentzian worldsheet theory, the worldsheet coordinates are 7,0, where 7 € (—00, 0)
and o € [0,27), these are Lorentzian cylindrical coordinates. But after Wick rotation, even
the worldsheet theory becomes Euclidean, where we transform 7 — —itg. So, (7g,0) are the
Euclidean world-sheet coordinates and w = 75 + i0, @ = T — 10 are the complex coordinates

* =740 =—itpto=—i(rp £i0). Thus, 2+ = —iw

on the Lorentzian cylinder. — =«
and =~ = —i@w. So, the Lorentzian right-moving coordinate z* analytically continues into the
holomorphic Euclidean complex coordinate, and the left-moving coordinate x~ analytically

continues to become the anti-holomorphic Fuclidean complex coordinate.
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In the Lorentzian signature, the affine currents are functions of the light-cone coordinates
1% = 7 £ 0. The left-moving and right-moving currents satisfy J& = J%(z*) and J¢ = J%(z 7).
And the Cartan basis for the lie algebra are {J3, Jz = Jk +iJ2} and {J}, JF = J; FiJ?}.
Now, we can define the same currents in terms of the holomorphic and anti-holomorphic coor-
dinates on the cylinder. Thus, the Euclidean theory is regarded as an analytic continuation of

the Lorentzian theory rather than an independent Euclidean conformal field theory.

Now, the Lorentzian current modes are defined by,
Jhxt)y =Y "Jse ™ and  JiaT) =) Jie ™ (608)
neZ neZ

Then, if we take their hermitian conjugate, we get,

[Jah)] = Sy et = 37 (e )t et

nez nez

and [Jﬁ(m‘)}T = Z(jg)T oz _ Z(jfnﬁ o—ine”

nel neL

(609)

T T
We know that for the SL(2, R) currents, <J§7L(xi)) = Jp 1 (zF), and (J}%’L(a:i)) = Ji (a%).
Thus, first for the right currents, we get,

= RG] =2 (L) e =3 e = Siat) = ()=,

neL nez

(610)
and [JEH)] =Y "(JE) e =3 UF e = JEt) = (JE) = JF
ne”Z neZ
Then, for the left currents,
— ) =) e =R e = B = () =T
ne”Z neL
) ~(611)
and [JE )] =Y (JE) e =N e = JFaT) = (J5)=JF
nez neZ
Thus, the Hermiticity conditions for the 5@) B, X 5@,\R) - affine currents is,
(JHt=J2, ., (JHT=JF, and (J)=7,, (JO)'=J5, (612)
This is the Hermiticity condition in the Lorentzian theory. Then, after wick rotation, 27 = —iw
and x~ = —iw. Thus, the Lorentzian chiral currents analytically continue into holomorphic
and anti-holomorphic Euclidean currents:
J(xt) — J(w), J(x7) — J(w). (613)
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We can do a conformal mapping of the Euclidean cylinder to the Euclidean complex plane by

TE+ioc __ Tg 10

z=e¢"=¢e e™F e, Z=e" =eE T =¢eE e (614)
Thus, the radial distance in the (z, Z) plane relates to the Euclidean time by r = €. So,
7r — —oo (Infinite Past) is at origin (0,0) of the plane and 77 = 0 is the unit circle. Then
the spatial coordinate o gives the phase of the (z,Z) plane. Thus, the time evolution in the

world-sheet cylinder corresponds to the radial evolution in the plane.

The conformal mapping of the Euclidean cylinder to the plane will transform the currents as

follows. Since the currents behave as tensor operators with conformal weight 1,

J}(%plane) (Z) — (awz)fl JI(%Cylinder) (w> and J[(/plane) (Z) — (8@2)71 J]F;Cylinder) (U_}> (615)

(J]%” (w)) cylinder 1

a a,—inc 1 a,—nw ‘];LL
- (JR(Z)>plane - z B ; Z Jne ) - ; Z Jne - Z Zn""1

nez nez nez
a/ —
(Je@)
cylinder

o L Je
and <Jg(z>>p1ane - z - %Z Jse_lnx - éz Jge_nw - Z 2”21

neL ne”z neZ

(616)

Thus, the affine current modes of the Lorentzian theory now become the coefficients of the
Laurent expansion of the holomorphic and the anti-holomorphic currents. Thus, these modes
can be extracted using the contour integrals as follows,

1 - 1 =
Ji=— @ dz 2" J(2) and Ji=— @ dz z" J*(2) (617)
2m Jo 2m Jo
C : |z| = const is a contour running anti-clockwise enclosing the origin and C': |z| = const is a

contour running clockwise enclosing the origin.

Thus, the Laurent modes of the Euclidean affine currents on the complex plane have the same

Hermiticity conditions as those of the Fourier modes of the Lorentzian currents on the cylinder.

= [ =

-n

(JHY =JF  and (JHT=J3,, (JHI =JF, (618)

Thus, although the target-space geometry is Wick rotated from Lorentzian AdS3 to Euclidean
H;, the Hermiticity structure of the operator algebra is still inherited from the Lorentzian
SL(2,R) theory. Thus, the Euclidean H;” WZW model is not treated as a completely inde-
pendent Euclidean theory. Rather, it is viewed as the analytic continuation of the Lorentzian
AdSj3 string theory, with theﬁzﬁe physical Hilbert-space structure where the Euclidean theory

o —

still possesses the original s[(2, R) R, X sl(2,R) - affine current algebra.
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8.3 Bosonization of the s[(2,R), X sl(2,R), currents
L R

We have previously seen that the Cartan current algebra is isomorphic to the affine U(1)
algebra. This can be seen as follows. Consider a time-like real free boson field ¢(z, z) such that

[¢(2,2)]" = ¢(z, 2) on the Euclidean worldsheet whose Polyakov action (o' = 2) is,

St = 4 [ 2 (00(.9) (961(2.2) (619)

The equation of motion is given by,

00p = 00p =0 = O¢ ~ Holomorphic and 0¢ ~ Anti-Holomorphic (620)

Thys, the field ¢(z, z) can be decomposed as ¢(z, z) = ¢r(z)+éL(2). Now the Green’s function
of the operator 90, which is the two-point function (¢(z, 2)¢(2/, 2')), satisfies

90 (p(2,2)p(2, 7)) = 206 (2 — 2/, 2 — 7) (621)

In two dimensions, the Green’s function of the operator 90 is logarithmic.

0|z — 2P =216 (2 -2, 2 - 7) (622)

Thus, on comparing, we get,
(p(2,2)p(2', Z)) = log |z — 2|* + const- = log(z — 2) + log(z — Z) + const- (623)

Then, on differentiating,
1
(0:0(2,2) 6(2', 7)) = 0. ({(8(=, )0+, ) = ——
) (624)
= ({Lgb(z, 2) 82’925(2/7 2/» = 0,0y <<¢<Z7 §>¢(Z/7 2/») - m

Similarly, we can also get the OPE for the anti-holomorphic 2-point functions. Thus, finally,

1 1

(0:0(2,2) 020(2,2')) ~ [CE%E and  (0:4(2,2) 0-9(7, 2')) ~ Goaye (625)
8.3.1 Bosonization of J}, ; Cartan currents
We can compare the above OPEs with the J g ; Cartan currents” OPE with themselves,
s (BB~ L ad (BEBE ~ - L (620)
R R 2 (z—2)? L L 2 (z—2)?
Thus, we can identify,
3 B k: 3 — . k: a —
Jp(z) = —i 3 06 (2) and Ji(Z) = —i B 096 (2) (627)



The energy-momentum tensor for the free-boson action is given by,

TO()==:(09)(0¢): and T@(z)=

N | —

ok (629)
Similarly, 7% (z) = % : (09)(09) : = —%% : (— z\@%) (— @\/éégb) :
. T (z) = —% B2 : = TV(2)
The OPE of the energy-momentum tensor and the free-boson field is given by,

1 0, 0. (2

(TO) 6() = 3 (96)(06) : (=) = (B:{0(2)0()) (00(2)) ~ 22 . Z0E)
(630)

0z (%)

Similarly, <T(¢)(5) G(Z')) ~ 5 _ 5

Thus, ¢(z, z) acts as a primary field of conformal weight (0,0). Now, consider the below OPE,

(TO(2) D.06(2)) = %<: (00(2))(06(2)) :0.6(2")) = (0.0./(d(2)B(2'))) (9p(2)) ~ %
— (T0(:) () ~ 2 o) (631)
Similarly, (T(¢)(2) Dz(Z')) ~ (8;/?(;/))2 + 85@;(;)

Thus, the free-boson fields ¢ and d¢ are primary fields with conformal weight (1,0) and
(0,1) respectively. In terms of the J* bosonized current, we have T (z) = TV*)(z) and
T@)(z) = TY")(z). Also, since J3(z) = —i\/g d¢(z) and J}(z) = —i\/g 0¢ (%), we get,

Ti() | 0. TH()

(z —2')? z— 2

(T (2) J3(2')) ~ and (TV)(2) J3(2)) ~ (;]L_i/,))ﬁai‘]fg) (632)

Thus, the Cartan currents J3(z) and J?(z) have conformal weights (1,0) and (0, 1) respectively.

Now, we can do a mode expansion of the holomorphic and the anti-holomorphic fields as,

06(:) =3 and  00(z) =) jjl (633)

neL ne”L
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where «,, and @,, are the Laurent modes of expansion.

dz dz =
Q, = yg 57 "(09) and @, = % %E”(E)(ﬁ) (634)
We can also find the mode expansion of the boson field ¢(z, z) as follows. By the chain rule,
do(z,2) = 0¢ (2)dz + 0¢ (2)dz = Z (Zi‘_’ildz + Zi‘_’;#z) (635)
nez
Integrating this expression gives the mode expansion of the scalar field:
o(z,2) =q+ % log(z) + % log(z) — ; % (% + %) , (636)

Due to the translation symmetry in the free-boson action, we get ay = @y = p, which is the

zero-mode momentum. Similarly, ¢ is the zero-mode position. Thus,

1/« o7
5) = log |22 =S 2 <_” _”)
¢(2,2) = g+ plog|z[> = ) ol G = (637)
n#0
Now, we can extract the commutation relations of the free boson modes using the OPE and the
contour-integration technique. Consider holomorphic objects A(z) and B(z), whose contour
integration (enclosing z = 0) is 1 and @5 respectively (which are contour independent). Let

C1(z1) > Cy(z2) > C3(23) be three concentric contours with |z1| > |z2| > |z3|. Then,

Q1(01> = %C % A(Zl) and QQ(CQ) = %C dzz B(ZQ) (638)

X 271 . 271

— [Q1, Q2] = Q1(C1)Q2(C2) — Q2(C2)Q1(C)

_ 5‘% ;l; ( 7% ;l—jZA(zl) Blz) — 515 g—: B<z2)A(zg)> o)

[Q1,Q2] = 51%6% S<A21 (22))

Re
2T z1—22

OPE

= [, ] = 5[%2 0z Res <Z1 2y <OZ1¢ ) 02,022 > )

2T 2122

OPE

:% % Res <Z2 (55" +m 2" (21— ) ;>
Ce

2L 2122 (21 — )2

dzy 2yt m gyt dzy -1
= —= Res 5+ = — mzy
0, 20 21—z \ (21 — 22) 2] — 29 o, 2Tl

= [, Qn) = M Oppin 0

(640)
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The Cartan-current modes and the free-boson modes are related by,

k . k k
= J2=—i 5 On and J3 = —i\/;@n = [, )] = i[am,an] (641)
3 3 k o . 3 3 k
= |[J2, 2] = —5 M Smtn0 Similarly, | [J,, J3] = ) M Smtn0 (642)

Thus, we derived the commutation relation for Cartan current modes using free-boson theory.

8.3.2 Bosonization of J*(z)r; currents

The affine 5@,71%% algebra, [J3 J¥] = +J=

m’“n m+n

of J3(2) with Jz(z) should be,

and [J2, JF] = +JE

m’“n m+n

implies that the OPE

j:J}%(z’)

(T T () ~ (643)
Thus, we need to identify J5 (2) in terms of boson fields whose OPE matches as above. Consider

the exponential of the free-boson field e****?). We shall find the OPE,

oo

= iap(z2,z "
(p(z1,21) = € #(22,%2) ) < 21,21 Z —| ¢" (29, 22) : > (644)

n=0

Now use the contraction ¢(zy, 21)¢(22, Za) ~ log |21 — 2|?. Hence,

=\ . otap(z2,z2) . ~ "a™ i n— —\ .
($(z1,7) : € 3 Z = (10" (20 2) o)

+i " N2y, Z) i (20, B) )

There are n identical contractions, therefore

i"a"
(p(21, 7)) : €49C222) 1) L log |2 n:¢" Nz, 2)
i 1 an~ 1
= log |21 — 2z |? mz " (29, 22) : (646)
=log |z — 2|1 "(29, 2Z2) :
— (p(z1,71) @ €9°62%2) ) jalog |z — 2 : ei092%2) (647)
Now differentiate with respect to z;:
1a

(0.,0(21, 71) : €99CG2%2) 1) a0, log |z — 29)? @ i?(2%2) - — : glad(z2?) (648)

21 — 22
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Hence,

B « - a ) -
<821¢(Z1, 21) : 6ZG¢(Z2,Z2) :> ~ 21 — R2 : 6m¢(22722) :
— (i EJ?’(Zl)  giadeam) Ly a_ piad(22,22) .
k R . . Zl . 22 . .
k
3 ( ) ia¢(22 22) > 5 a 6ia¢(22 22)
= (Jn(z1):e #2) )~ : #2)
Wl Rl T 22

(649)

But note that, ¢(z, 2) = ¢r(z) + ¢1(2), we denote ¢r(z) = ¢(z) and ¢1(Z) = #(2). Then,

(Jp(z1) : @90C22) ) = (T3 (=) - gladZ)Tindl) )~ (Jp(z) ) )

k
. 5 a .
= {Jpla) ) oy AT e

This is because (J3(z1) #(22)) ~ 0. Now, if we define,
Ji(2) = (z) : Vi . and Jgp(2) =¥1(2) e~V R .
Where the OPE, (J3(2)¥(2")) ~ 0 and (J3(2) ¥T(2)) ~ 0, we get,

Y(z) 1 €2 T ()

(T3(21) 5 (22)) = (J3(21) h(z0) : VRO 1) o

21 — 29 Z1 — %9
. 5 — T : —Z’CL(ZS(Zg) : _J_
& () T () = (o) () s eV Eoen g o Z0ED TR Tn(5)
21 — %2 21 — %2

Then, for the anti-holomorphic or the left-moving current, we can define,
JFE) =6(2): VPO . and  Jp(2) = 9l(z) e VIR
whose OPE with the J}(Z) is given by,

+JE(Z)

z—Z

(JL(2) L (Z) ~

provided that (J3(2)1(2")) ~ 0 and {J}(2) ! (Z')) ~ 0.

(650)

(651)

(652)

(653)

(654)

Thus, we have identified the ladder currents Ji(z) and Ji (%) in terms of the boson fields. But

we still need to specify more details about the ¢» and 1. Until now, we note that these objects

are chargeless with respect to the J} , currents. But we still need to set its conformal weight

with respect to the 7% energy momentum tensor, such that their conformal weight with

respect to the total SL(2, R) energy-momentum tensor is 1. So, for now, let us work assuming

the conformal weight of J;E ;, is 1. But it will be proved later.
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Now, Ji(z) are holomorphic currents of conformal weight 1,0 and JF(Z) are anti-holomorphic

currents of conformal weight 0, 1. So, they admit the Laurent expansion,

N T Lo T
Ti(z) =) _ o and JP(9) = > -5 (655)

nez neL

The corresponding modes are extracted using contour integrals:

JE _y§ 9 npEz)  and  JE —§é = g5 (656)

271 271

Now, the OPE-commutator relation gives,

d d +J*
2, JE] = 9% £2 Res (424 (Jh(2) Ji() ) :7§ . (z2>>
2
E

21 2122 2l 21—z 21 — 29

OP) (657)

=+ yﬁ diz,z;”+"Ji(22) — [, JE] =+J%
Ca

27_[_2 m’“n m-+n

Thus, we need J3(2) to have conformal weight 1 and to have the appropriate OPE with J3(2).

Similarly, we can show that the same relation exists even for the left-moving modes. Thus,

(72,07 = +J;

m’“n m+n

and | [J2,J ] =+J,,

m’Yn m+n

(658)

Then, to derive the commutator between the Jﬁ ;, modes, we require the OPE as follows,

JE ()5 ~ d Jf(z2)J; (Z) ~ 659
r(21)Jp(2) (21— 22)2 21— 29 o c(3)Jp (%) (21 — 22)2 Z1 — 2 (659)
— [JF,J7] 255 az Res (zi” 2 (Jh (1) J5(22)) )
mron Cs 27TZ 2122 ~ R VR
OPE
d [ k 2.J3
zyg ﬁ Res | 21" 25 x < 5 — JR(Z2)>
Cy 27‘{'7, 21—22 I (Zl — ZQ) 21 — 22
Az [ k 23 (2)
_ £ R ( m+n m+n—1 o ( o R
%CQ 271 z1—e>,§2 | + e (Zl Z2)> (21 - 22)2 21 — 22 )
dzy [ g, may T 228 TR (2) _
_ be2 -9 m+n—1 73
yi = lelez = ) + po—— ., m zy Jr(22)
dZQ

I
S

— (m 2yt — 22§”+"sz(22)>

271

= |[J5, ] =mk0mino — 2J0

& similarly, [[J5 J ] =mkmino — 2J;

m’“n m+n

(660)
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8.4 The Parafermion field

The fields 9(z), ¥!(2), ¥(2), and ¥'(2) must satisfy the following properties:

e The fields v(z), ¥f(2), ¥(2), and ¥'(2) should have no singular part in their OPEs with
the Cartan currents J3(z) and J3(z). That is, J3(21) ¥(29) and J3(z1) ¥ (22) are regular

and similarly for the antiholomorphic sector, J3 (1) ¥(%;) and J3(2,) ¥f(2;) are regular.

e The conformal weights of these fields, with respect to the total stress tensors 7'(z) and
T(%), should be such that the bosonized ladder currents Jz (z) = ¢*(2) L eFVEE)  and
JE(Z) = ¥*(2) . e2V/E9) ; have conformal weights (1,0) and (0, 1) respectively with
respect to the full stress tensor.

—_—

e The OPEs among these fields must be such that the affine sl(2, R) K, X sl(2,R) k,, current

algebra is reproduced. In particular, we need,

3 3 (=
b2 g (e ~ 2

(21 — 20)2 21— 29 (21 — %)% 21— %

T (21) I (22) ~

8.4.1 Parafermion Energy-momentum tensor

Note that the full Sugawara stress tensor for the affine SL(2,R) current algebra is

T(:)= E( THETRE) TR (T (): ) = T T) ]

(661)
T(z) = k—iz E( TEEVIL () s+ T ()T (R): )= R E) ) ;}

The parafermion stress tensor components Tpr(z) and Tpr(2) are defined by subtracting the

U(1) Cartan-boson energy-momentum tensor contribution from the full stress tensor:
Trp(z) = T(z) = TV (2) and Tpp(z) =T(z) — TV")(z) (662)

Substituting the explicit expressions gives

Toe(z) = E( TEEIRG) TR (VIEG): )= TR A) } 3 TR TA):

(663)
Combining the J2J3 terms, we obtain
Tov(2) = gy (AR 1+ T (EIE):) = g ARG
(664)
Similarly, Tpr() = m(:Jg(z)Jg(z) TR - ﬁ R (E):
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8.4.2 Conformal weight of ¥(2), ¥f(z), ¥(2), and (%) fields

The fields 1(z), ¥'(2), 1(2), and ¥'(2) are introduced through the decomposition of the affine
Sm) . current algebra into a ﬁ(l\) Cartan sector and a coset sector where the Cartan cur-
rents J3(z) and J3(2) are bosonized in terms of a free scalar fields ¢(z) and ¢(z), while the
ladder currents are written as J5(z) = ¥(z) : eVEE) , JR(z) = Yi(2) : e~ Vi ,
J(2) = ¥(z) : eVie® . and J;(2) = ¥f(2) : e~ VEIG) Here, the exponential factor
carries the U(1) charge associated with the Cartan currents J3(z), and J3(2z) whereas the fields
¥(2), ¥i(2), (), and ¥T(2) describe the remaining coset degrees of freedom. These fields are
not arbitrary auxiliary fields. Their operator product expansions and conformal properties are
completely constrained by the requirement that the bosonized currents reproduce the full affine

—

s((2,R) K, X s[(2,R) ky current algebra. So, we assume that they have the required properties.

First, note that the free-boson field exponential : e*@?(2) : is a tensor operator with respect to
2

T*)(2) with the conformal weight —%. ie.,

a?:eteot2) 9, (celwelz=) )

(T (2,) :ei@¥2) ) o — (665)

2(z1 — 29)? 21 — 29

Also, we need the parafermion energy-momentum tensor to act trivially on : e*?() . ie.
Tpr(z1) : eX%9(=2) . ~ 0. Thus, even with T'(z) = TV")(2) + Tpp(2), we get,

<T(21) . plad(z2) :> N _a2 . piad(z2) . az2 ( - plag(z2) . )
2(z1 — 29)? 21 — %9
_ ( 352) ) (666)
_ o 2. Liag(Z2) . 0= - elad(z2) .
S. ilarl T(3) : m¢)(z2): N_CL . e . Z9
imilarly , (T'(z1) :e ) 2~ ) + E—

Thus, the exponential has just the J* charges in it. Now, since the fields J5(z) = ¢*(2) :
V4R and JE(2) = v*(2) : 2V . should have conformal weights (1,0) and (0, 1)
respectively with respect to the full stress tensor. We need the total conformal weight of the
fields v(2), ¥f(2), (%), and +1(2) appropriately. Let,

hw¢(22) 4 3221/1(22)

(21 - 22)2 21 — 22

(Tre(a)b(z)) ~ (67)
So, the field ¢(z2) is a primary field with respect to the parafermion energy-momentum tensor,
and hence it is also a primary field with respect to the full energy-momentum tensor. Consider
the OPE of J} (2) = 9(2) eIV with total energy-momentum tensor. We can show that,

(hy — 1) Jg (22) N 9., (J5 (22))

(Zl — 22)2 21 — 22

(T(21)J5(22)) = (668)

Proof is given below.
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(T(21) T35 (22)) = <(TPF(21) + TV (21)) ¥(z0) ;ei\/%¢(zz):>
- <TPF(21)¢(22)> Vo) + ¢(22)<T(‘]3)(21) :ei\/%¢(22):>

_ hy (z) eV | (020()) i/ Fol)

(21 - 22)2 21 — 22

w(ZZ):ei\/%M%): W(2) (s, :ei\/%m):) (669)

]{3(21 — 22)2 21 — 22

(hy — 1) ¥(22) LV Eo) N 2, (¥ (22) LV Fl) )

(21 N Z2)2 21 — k2
= (T(21) 5 () = (]w(; 2 ;gc;(@) + &Z(ﬁ (Z))

Now, to have the total conformal weight of J7 (22) to be 1, we require, hy, —% =1lorhy =1+ %

In the same way, we can summarise,

(T(21) 75 () = ““”(; _)J)() + M]_ (fj)) — =14
<T(21)J§(22)> _ (hdff(z— %)ZJ;{;ZZ) + aZQZ(JE(ZZQ)) — h¢T —1 +%

hy 11 JZJr z ) ;+ —2 (670)
(Tt () = PR SICAE) I -
Mg = LoD TG ) gy

8.4.3 OPE between v(2), ¥f(z), ¥(2), and ¢(2) fields

Now, we fix the OPE’s between the fields v(z), ¥f(2), ¥(2), and '(2) such that they repro-
duce the correct SL(2,R) current OPEs. Consider the currents J;(z) = ¢(2) L etV i)

and J5(2) = ¢¥(2) eV L We require that these ladder currents reproduce the OPE,
I (21)J 5 (22) ~ & fZQ)Q — 2?5??. We first compute the contribution from the bosonic expo-

nential factors. For a free-boson exponential, we have the identity,

<:eia¢(21) - pibd(22) :> = (21— 2)® - plad(21) pibd(22) .
= (1) MR ) = (2 — )T ) <1 +ia(z1 — 22)0:,0(22) + - ) - (671)
e <3€z\/%¢(z1) etV o) D) = (21— )k <1 -z 2) Jp(z2) + - )

Now, we shall derive the OPE between the v fields to match the ladder current OPEs.
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<JR 21)J g (22 > <1/) z) +Z\/_¢(Zl T (29) :e_i\/%¢(22):>
~ () U (z9)) sV R iV RO, (672)
2
— (TR Tr(2)) ~ (62 V1)) (21— 22)F (1= T (51 = 20) Tilza) +-)
Now, we can find the leading terms in the ¢y OPEs. Assume the OPE to be of the form,

A B J3(2)

f ~
¢(31)¢ (ZZ) (21 — 252)2+2/k (Zl — 22)1+2/k (673)
Substituting into the current product, and neglecting the non-singular terms, we get,
A B J3 (ZQ)
+ - . R
<JR<21)JR (Z2>> ~ <(21 — z)2V2/R T (o = zp)H2/R )
2
X (21 — 29)2/* (1 - 29)Jp(22) + - ) : (674)
A A 2 B J3(z
<J Zl (22>> — —J?%(Zz) + R( 2)

(Zl — 22)2 21 — 292 k (Zl — ZQ)

Now, for this OPE to match the ladder currents’ OPE, we need A = k and B = 0. Thus,

k
(Y(20)"(22)) ~ D (675)
Similarly, for the antiholomorphic or the left-moving sector, we define the currents

Ji(E) =9(z) VIO and Jp(2) = di(z) e VG, (676)

We require these currents to reproduce the affine SL(2,R) current OPE
(JE(2) L (%)) ~ & _kZQ)Q — 22‘1]%_(2 (677)

Proceeding exactly as before, we obtain the antiholomorphic ¢» OPE as,
(P2 (@)~ — e (678)

(z1 — Z9)*T%

Furthermore, the mixed holomorphic-antiholomorphic OPEs are regular:

(1(21) D(z2)) ~ regular. (679)
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8.4.4 Primary field and its OPE with Virasoro and Affine current modes

A field @5 (2, 2) is called primary of the SL(2,R) theory if it has the following OPE with the

full energy-momentum tensor.

he @ jmm (22, Z2) 02y @ jmm (22, Z2)
(21 - 22)2 21 — 22

<T(21) Djmm (22, 22)> ~

. (680)
he @ jmm (22, Z2) 0z, @ jmm (22, Z2)
(21 — 22)? 21— 2

<T(21) D (22, 22)> ~

Where (he, hg) is the total conformal weight of the primary field ®;,,. Now, we can see how
the Virasoro modes act on these fields. We now expand the holomorphic and antiholomorphic

total energy-momentum tensors in Laurent modes:

Ly, e L
T(Z) - Z Zn+2 and T(Z) - Z §n+2
nez nez (681)
dz 7 dZ i1
= L,=Q0 —2""T(z) and L,=4 — 2" T(2)
c 2mi ¢ 2mi
dz
— Lo @z = 5 (T() By )
C:|z1—za|=e 4T

_% &Zn—H (hCP (I)jmfn(z2722) + 822 (I)jmm(Z%ZZ))
S e 2mi 21 — 29)? 21— 2
il — o= (21 — 22) 1= 22 (682)

d21 Zn+1
= he @jmm(22, 22 ?g —
’ ( ) C:|Zl—22‘:t€ 27TZ (Zl - Z2)2
dz Zn—i—l
+ 02y Pjimm (22, 22) yg — A
C:|z1—z2|=¢ 2m1 21 — 22
d ntl d n+1
Using ¢ o =0 = (04 1) 2 and I
C:|z1—22|=¢€ 2mi (Zl - ZQ) C:|21 —22|=¢ 271 21 — 2o
Ly - ®jmm (22, Z2) = hao ®jmm (22, Z2)(n + 1) 28 + 2811 0., @ (22, Z2) (683)

We can work out similarly for the anti-holomorphic part, whose form will be the same. Thus,

Lo+ ®juan(2,2) = (27510, + (1) ho ) (2, 2)
(684)
Ly @jm(z,2) = (2”“85 + (n+1)he 2") Qi (2, 2)
For the Primary field inserted at the origin (z,z) — (0,0), we get,
Ln>0 . (I)jmm(o, 0) =0 and En>0 . qumm(O, 0) =0 (685)
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And, for Ly and L, it becomes,

Lo+ ®jmn(z2) = (20 + o ) jmm(2, %)
(686)
Lo ®jmm(2, 2) = (z 9. + hq,)@jmm(z, 2)
Lo -

— LO : (IDjmm(O, 0) = h¢®jmm(0, O) and q)jmm((), O) = h@@jmm(o, 0) (687)

By the state-operator correspondence, we can write @ ;,,5(0,0) = |4, m, m)

— LO ’ (I)]mm(ovo) = LO’j7m7m> = h@‘ja m, m)
- B ~ (688)
and LQ . CDjmm(O, 0) = L()’j,m,m> = hcp‘j, m, m)

Thus, the zero-mode Virasoro generators measure the conformal weights of the primary field.
We also expect that the relation J3 |j, m,m) = m |j,m,m) and J3 |j, m,m) = m |j, m,m) hold.

Thus, we require the OPE’s between the .J 13337 ;, currents and the primary field to be,

m

<J]?%<Zl) (I)jmm(ZQ, 22)> ~ q)jmm(z27 Z2)
21 — 22
. (689)
(J3(20)Qjmm (22, Z2) ) ~ ——— @ (22, 2)
21 — 29
Now,
J3 dz
3 _ n 3 _ n 73
K-S = ~ 5= Te)
_ (690)
and  J}(z)=> I o 2" J3(Z)
B " Jeomi T TR
3 _ le n 3 —
= J2 @i (20, 22) = 5 A (JR(21) Pjmm (22, 22))
Cilz1—zp|=c 471

d21 m
= — 27 D i (22, 2 601
?%421_225 o L <Z1 o (22 2)) (691)

dz 27

=m 2y Pjmm (22, Z2)

=m Djpm (22, Z2) yg

C:‘Z1—22|:€ 27T2 21 — 22

Thus, we get, for both the holomorphic and anti-holomorphic sectors,

J3 Qi (2,2) =m 2" @jpm (2, Z) and J3 Qi (2,2) = mZ" P (2, 2)

) (692)
— J3- D (2, 2) = Mm@ (2, 2) and J3 - Qi (2, 2) = M P (2, 2)

When J2_, and J2_, modes act on @;,,,,(0,0) 2 |j, m, m), we get,
J2>0 * @i (0,0) = jg>o + P (0,0) =0 = J3>0|ja m,m) = j2>0|j,m, m) =0 (693)
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And for the zero mode,

I3 ®4m(0,0) = m ®,,m(0,0) = J3|j,m,m) = m|j, m,m)
(694)
and  J§ - Djm(0,0) = M D (0,0) = JJ|j,m,m) = ml|j,m,m)

Now, we further require that the primary fields exhibit the appropriate ladder structure under

the operator product expansions with the ladder currents.

A}tm D nt1.m(22, Z2)

21 — 22

(Jiz (21) ®jomm (22, Z2)) ~
_ (695)
Ajim D mm1(22, 22)

21— Zo

(JF(21) @jmm (22, 22) ) ~

where Afm =/ (mFj+1)(m+j)and fljﬁm = /(mFjE£1)(m=+j). These OPEs result in,

Jff D (2, 2) = \/(m FiED(m=zyj) 2" Pjmi1m(z, 2)

and  JF ®pm(2,2) =/ (mF i £ )M+ ) 2P mmri (2, 2)

(696)

\/(m ZF] + 1)(m + j) (I)j,mil,m(zﬂ 2)
and  Jy - Qjmm(2,2) = V(M T j £ 1) (M % §) Bjmmea(2,2)

= Ji Pjum(2,2)

When J=, and J5, modes act on ®,,,,(0,0) 2 |j, m,m), we get,
Tz @jmm(0,0) = T+ @y (0,0) = 0 = JiZgljm,m) = Jizolj,m,m) =0 (697)

And for the zero modes,

Jo - @jmm(0,0) = /(m F j £ 1)(m =£ j) jmz1,m(0,0)

—  JEljm,m) =/ (mFjE1)(m=Ej)|j,m=E1,m)

(698)

and  Ji - ®;,m(0,0) =/ (mF i+ 1)(m =+ ) Djmme1(0,0)

= JEli,m,m) = (mFjE£ 1) (m=Ej) [j,m,m+1)

Hence, by imposing the OPEs of the energy-momentum tensors and the Ji’i currents with the
primary fields @, (2, Z) as discussed previously, we show that these fields satisfy both the

—

Virasoro primary conditions and the affine sl(2, R) R, X s[(2,R) r,, Primary conditions.
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8.4.5 Parafermion and U(1) conformal weight of the Primary field

—

We know that for a primary state ®,,,(0,0) = |7, m,m) in the Sm)L x SL(2,R), algebra,
the total conformal weight is given by,
iG—1) ;o JG-1

P and he = P (699)
This is the eigenvalue of the zeroth Virasoro mode with respect to the primary state. Hence,
Lo @ (0,0) = ho®jinm(0,0) and Lo - @jm(0,0) = he®jnm(0,0). Thus,

he = —

_ h<I> o 'mrﬁ(ZQa 22) az o ‘mrh(ZQa 22)
(Tle) (2, 22)) ~ (2]1 — )2 2 z]1 — 2
= _ ho ®jmm (22, Z2) Oz Pjrm (22, 22)
L) Dy (22:22)) ~ G-y R

But we can decompose the total SL(2, R) energy-momentum tensor into the coset SL(2,R)/U(1)
(parafermion) part and the U(1) (cartan) part. Thus,

T(2) = Tpp(z) + TV (z)  and  T(2) = Tpr(2) + TV (2) (700)

. 1 o 1
Then, with 7)) (z) = — L J3(2)J3(2) s and TV (2) = — . J3(2)J3(2) :, the OPE of the
primary field should be,

WD @ (20, %0)  0uy @i (22, 5)
T(JS) (6} - = _ '® gmm\~2, ~2 zo £ jmm\ <2, <2
< (21) J (22, 22)> (2’1 — 22)2 1 — %
_ (701)
_ rY) @, (22, Z2) Oz, P i (22, Z2)
T(J3) ) d - _ _ e gmm\~2, #2 Zo X jmm\~2, <2
< (1) @y (22, 22)) (Z1 — 22)? Z1 — Zo

If we expand U(1) part of the energy-momentum tensor in terms of Virasoro modes, we get,

T( )(Z) - Z Zn+2 and T( )(2) - Z 2n+2
neZ nez (702)
— LY = yQ & TU)(z) and L") :§1§ & TU)(z)
c 2mi c 2

As seen before, we get,

L - @jn(2,2) = (27710 + (04 DB ) B2, 2)
3 (703)
LY - @2, 2) = <2n+182 + (n+ 1A Zn> D jmim (2, 2)
— V. Bjmm(2,2) = (20: + h ))q)Jmm(Z’ ?)
(704)



For the Primary field inserted at the origin (z,2z) — (0,0), we get,

L) ®,m(0,00=0  and L) ®,,:(0,0) =0

, ( (705)
LY - @5 (0,0) = h$ 000 (0,0)  and LY @5,,(0,0) = B ®,,(0, 0)
By the state-operator correspondence, we can write @;,,5(0,0) = |4, m, m)
— LY 3, (0,0) = LY, m, m) = BY |5, m, m)
o o o (706)
and LY ®,,5(0,0) = L5, m,m) = bY|j, m, m)
(J3) dz n+1 (J3) 7 (J3) dz =n+l (I3 (=
Now, Ly = TV (z) and L)Y/ =« —z" TV (z)
2m o 2T
1 d 1 dz (707)
3 Z =(J3 ¥ Zn _
L) = P P T3 (2)J3(2): and LYY = —Eyg 57 LT 2) (%)
Then, substituting the mode expansion of the J %, 1, we get,
LIBT3 _ 1 dz 33
(J* _ Sl Pq J3 _ =+ sn+l Pq
Ly k Z% omi . aptlzat and L7 7 = k ;yﬁ omi - zprlzetl
- 1
== ngjs) Z J3J3 Opn—q and LgLJS) - _EZ ‘]3th Opin—q
Y2
J3 _ .
== Ln =7 Z : and Z
] , 1 (708)
(%) _ 3 73, A 7373
= Ly =—0 ) oSy and LY =2 T
q q
_ 1 . 2 L
— LY = ——JOJO -z Z 73 and LY = L e
=1

Thus, when L ) and L( acts on |j, m,m), we should get,

2

3 _ m= . . _ 3y, . _
LY @5 (0,0) = - J2 T3, i) — Zﬁ Jolimem) = ===, m,m) = hg"lj.m.m)

k —q°q
7(J%) ~ L _ 2 3 73 - m? _ Z (I3, - _
LO q)jmm<070> = _E‘]OJO|jum7m>_EZJ—q‘]q|.]7m7m> - _?|jvm7m> :h(b |j7m7m>
q=1
o _ _m’ o __m’
— == e R =T (709)
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Now, we shall derive the Parafermion part of the conformal weight of the primary field

D, nm(2,2). Split the OPE, of (T(21) ®jmm (22, 22)) using T(z) = Tpp(z) + T (2). Then,

(T(21) Pjmm (29, 22)) = (Tpr(2)®jomm (22, 22) ) + (T (2) B (29, 22))
— (Tpp(2)®jmm (22, 22)) = (T(21) ©jom (22, 72)) — (T (2) D (22, 7))

N ho @jmm (22, 22)  Os Pjmm (22, 22)

(= 2) a2 (710)
W)@ (20, 20) 0y ® (22, Z2)
. P jmm\ <2, <2 + zg X jmm\~2; <2
(21 — 22)? Z1— %2

3
(h(b - h((I;I )) (I)jmﬁz(z% 22) + 822 (I)jmm(227 22)

T q)mm 7_ ~
— < PF(2) P jmimn (22 Z2)> (21 — 22)2 Z1 — 2

Thus, if @} (22, Z2) should have the standard OPE with respect to the parafermion energy-

momentum tensor, then,

he " @jmn(22,22) | Oy By (22, %)

(21 - 22)2 21 — 22

<TPF(Z)(I)jmm(22a Z2)> ~

7 (PF) (711)
1mi T > > h cb'mrﬁ(@ Z2) 0z cb'mm(ZQ 52)
Similarly, Tor(Z2)Pimm (22, Z2)) ~ —2 J ’ 2 ) )
v, (Trr(2)Pjmm(22, 22)) G o) o
— B =he — Y| and RS = he — REY (712)

We know that for a primary state ®;,,7(0,0) = |7, m,m) in the SL(2,R), x SL(2,R), algebra,

the total conformal weight is given by,

_ Ju-1) = JU-1)
h.:p = L—9 and hq;. == ]{,‘ 9
Thus,
wpry _ JU-1)  m? sopry_ JU 1) om?
he W = - +_l<; and he W = - + 3 (713)

8.4.6 Factorization of Primary Field into Parafermion and U(1)-Charged Sectors

We now factorize the primary field into a parafermion component, which carries no U(1) charge,

and a pure U(1)-charged component.

We previously saw the below OPE,

k

ia¢(z 2
(J3(=1) e ¢(z2) D)~ p—

 glad(=) . (714)
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If we set a = m\/%, then, <J13{(z1) NPRVATICEA > ~ M ime /R Thus, the

21 — 22

eI

exponential operator : eim\/%)(‘z?) : carries the J§ charge m. Similarly, the operator : e””\/_g)@) :

carries the J¢§ charge m.

(J}(z) : BLAVATCE) D)~ m eV (=) (715)

Thus, we can write the primary field in the factorized form

(I)jmm<z> 2) = :eim\/%(b(Z)—Hm\/%é(z) : q]jmm(za 2) (716)

where W+ (2, Z) denotes the parafermion field. By construction, this field has no singular
OPE with the Cartan currents J3(z) and J}(z). Hence, ¥;,m(2, 2) is neutral under the J3(z)
and J}(Z) currents and has no any J3 or the J3 charge. This form of the primary field clearly

reproduces all the OPE’s with Jl%i currents and with energy-momentum tensors.

For this to be true, we require,

(J(21) Wimm (22, 22)) ~ 0 (JL(Z1) Wjmm(22, 22)) ~ O

(Tpp(z1) :@™VEOTMVEE N L0 (Tpp(z) :emVEsOHMVEG) ) L

) 717
<T(J3)(z1) Ujmm(2,2)) ~ 0, <T(J3)(51)‘I’jmm(za z)) ~0 o
—jG-1 m* - (-1 m?
hy = —7———+ 0 =T
vy T M Tt

But, to have the correct OPE with the ladder currents Jfg and Jf, we need the parafermion
field to have certain OPE with the fields 1(z), ¥'(z), ¥(2), and '(2) which appear in the
bosonized expansion of the ladder currents. First, consider the holomorphic ladder current
JE(2) = ¢*(2) AL O Then,
<J1j3:(21) (I)jmr’n(z27 22)> _ <wi(21) :eii\/%tﬁ(m) . :eim\/%¢(z)+im\/%<5(2): \Ijjmm(«zQ, 22)>
~ <wi(z1) U (22, 22) ) { eV EH) . gima/ R0 ) PLVALOF
~ <77Z):t(21) \Ijjmﬁz(z% 22)>(Zl — ZQ):F%” 2€i(mi1)\/%¢(z2) : :eiﬁl\/%(g(g) .
+ o z 718
- <77Z) (1) \Ijjmm(z% 22)> (21— ZQ):F% (718)
‘I/j,mil,m(?«?, Z2)

X <\IJ] m=+1 m(227 22) :ei(mil)\/%¢(22)+im\/%¢;(2) :>

N <¢i(zl) W jmm (22, 52)>
U ma1,m (22, 22)

= (J5(21) ®jmm (22, %)) (21 — ZQ)q:Qqu)j,m:tl,ﬁz(ZQa Z)
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For the total OPE to reproduce a simple pole, with the factor A;-tm = (mFj+1)(m=*j),

we need the parafermion part to behave as,

+
A

(2 Vimm(22, 22)) ~ —————
(W51 Yamn (o2, 2)) ~

U, mat,m (22, 22) (719)

Therefore,
+
Al

21 — 22

<J§(Z1) D@ (22, 52)> ~ D, nt1,m (22, Z2) (720)

Similarly, for the antiholomorphic ladder currents J7(Z) = ¥*(2) : eHVE® . To have
required OPE with the primary field ®,,,7(2, Z). We need the OPE

AL

(V™ (21) Wjmm (22, Z2)) ~ W U mm1(22, Z2) (721)
1= 2 '

where f_l;-tm = /(mFj+1)(m % j). This reproduces,

+/z = Ajcm z
(J5(21) ®jmm (22, 22) ) ~ == @ 1 a1 (22, 22) (722)

21 — 22

Identity operator for the Parafermion Theory

The conformal weight of a Parafermion W, (%, Z) is given by,

=1 om? - ju-1  om?
he =-S5+ ad =Tt

Now, for the value of j = g, and in discrete representations with m =m = j:%, we see that,

- 5G6-1 (3
hy = hg = — 22 + 22 =0 723
w=hy =220 (723
Thus, the parafermion fields corresponding to the states |j = g, m = %, m = §> in the lowest-
weight discrete representations, and |j = %, m = —%, m = —§> in the highest-weight discrete

representations, both have conformal weights hy = hg = 0. Since the parafermion theory is
unitary, fields with vanishing conformal weights are identified, under the state-operator corre-

spondence, with the identity operator.

At these extremal values, the non-Abelian parafermion sector becomes trivial, and the primary
field reduces entirely to the U(1)-charged bosonic exponential sector. Consequently, these
states represent pure U(1) charge excitations and play an important role in the spectral-flow
structure and winding sectors of the SL(2,R) WZW theory.
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8.4.7 Spectral Flow of Bosonized Primary Fields

We know that under spectral flow, the eigenvalue of Ly, J3, J3, changes as,

-k -k
m:m+§w, m:m+§w
(724)
ngio—wM—Zw2, Eozio—wﬁl—zwz

where ‘L, l:lg, m, and m’ denotes the eigenvalues before the spectral flow. Now, instead of
changing the operators, we shall change the primary field so that, under spectral flow, the

eigenvalue changes as shown above.

So, we shall define that under spectral flow, the state changes as

DU _(z,7) = 1l MHEOVEORHIH50VEOE) . . (2 5) (725)
Jmm\"? im )

This clearly changes m — m = m + gw and m — m = m + %w. Then, the U(1) conformal

weight becomes,

1 kN2 , Le- k2
hff) = ——<7h + —w) and <(1>J ) — ——(ﬁz—l— —w>
k 2 k 2
» . -, y (726)
3 m —(73 m ~
— hg):—?—wﬁ”L—Zw2 and hg):—7—wm——w2

BPE) _ —j(j—1)

=2
m T(PF) _ 7
— d h =hyg = — 727
© L YT TRz Tk (727)
Then, the total conformal weight, i.e., the eigenvalue of Ly and Ly, changes as follows,
~ _~' K _ 1) mQ mQ k
ho > he = hy + pY0 = U =D M (i —
o — No v+ Ng A + 2 + 2 wm 4w
— (728)
—j(—1 k
Similarly,
~ _ _ _ —~' i — 1) m2 7%12 ~ kf
L he — h(JB): 30 <___ = K 2)
» — o + g R + 2 + 2 wm 4w
— (729)
- —j(j—1 -k
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Now, we can also see how the ladder operator acts on the spectrally flowed primary field.

<J}:§<21) (D?mﬁm(z%@» _ <,¢) (Zl) :I:z\/—¢(z1) PRI w)\/_¢ (z2)+i(m+Ew) \/_¢(zz) \Ip (22722)>

~ <¢i(zl) Wi (22, 52)> < LIV il o)/ T+l §u) /7o) :>

AT

~ ﬁ Vs a2, 22) (21 — 22
1 = <2

> :ei\/%(mil+ w)¢(22)+1 m+ w) \/_¢(22

A , (730)
Jm . =\ .0\ % Thi1+kw o(2z2)+i(m+2 w) P (Z
~ m ‘I’g,mﬂ,m(zz, Z) e \/Z( ) Vi
A
— <‘]R (21) % = (22, 22)> (21 — J;;)liw ;Umzl:l (22, %)
AL
Similarly, = <Jf(21) (I)?Jmﬁ@(z% Z)) ~ — L D s (22, 22)

(21 _ 22)1iw

Now, we can see how the modes of the ladder operators act on the spectrally transformed
Primary field ®¥. . (z, z) where,
jmm

2mi
nez
. ) (731)
> n T Z _n
and  JF( )—Zgnﬂ — JF :55 o JE(2)
neL ¢
— J:t DY _(ZQ ZQ) —% % <J (Zl)q) (ZQ ZQ)>
n jmm ) Ol — o e 27i R g 9
N P (732)
:>J:I:_(I)£v~: 5\ Y1 n Jjm w . =
n ]mm('z?’ Z2) éﬂzl valme i 21 (Zl — z2>1:|:w j,m:tl,m(ZQJ ZQ)
n!
Thus, taylor expand z; about 29, 2" = Z W 2 k(zl _ 22)’“. Then,
k=0
- n! dz 1
Ji (I)~.~: — —nkAi pw = % _1
(227 22 kZ:O )| k! jmEl, m<227 22) Gl —sale 9271 (Zl _ 22)1—k:tw
S
= ‘]T:Lt ) (I)jrhﬁq<z7 Z) - (TL T w)' (j:w)' 2T A;:rh q)j,m:tl,ﬁ@(za Z) (733)
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Now, if we change n — n + w, then the above relation becomes,

|
JEoor (pz) = PEON s gu (734)

jmm - n (iw)' G gmElm

But, before spectral flow, we had the relation,

n

JE Bjm(z,2) = 2" A;tm D5 a1 (2, 2) (735)

Thus, apart from the normalization, which appeared just because of the insertion of the field in
some non-zero point (z, 2), the mode J-_,, behaves exactly as it should behave before spectral

flow. Thus, we get,

Jt,=JF o JF=JE, (736)

ntw

Thus, in the bosonized formulation, spectral flow reproduces the same shift in the eigenvalues
of the affine current zero modes as obtained from the representation-theoretic definition of
spectral flow. This arises naturally by redefining the primary fields in the spectrally flowed
sector through the shifted U(1)-charged bosonic exponential factors. Consequently, the singular
structure of the ladder-current OPEs changes, leading to the shifted mode identification

- k - = k
Js = Js + iw 5n,0 s Jg = Jg + 511) 6n,0

Jr = Jj* Jt = J*

n nFw n nFw

(737)
7 73 k o 7 7 73 koo
Ln = Ln — UJJO 6n70 — Zw 57170 s Ln = Ln — ’LUJn 571,0 — Zw 57170

This shows that spectral flow reorganizes the affine representation while preserving the under-

—_—

lying 5[(27R)kL X 5[(2,R)kR current algebra structure.

8.5 Reflection Coefficients

The long-string states of the SL(2,R) WZW model belong to the spectrally flowed continuous

representations. Their corresponding vertex operators can be written in the bosonized form as

QY. - (z,2) ::ei(m+§w)\/%(b(z)ﬂ(ﬁJrgw)\/%qg(g)3 V2, Z) Vin(2, 2) (738)

jmm

where j = % +is, s € R and V,;(z, 2) is the corresponding primary operator in the internal

part with conformal weights (h, h). The spectral flow shifts the J3 eigenvalues according to

.k =k
m:m+§w , m:m—i-Ew
. . (739)
Lozzo—w’)’h—sz s Eozin—wﬁl—zwz
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The physical energy E and angular momentum ¢ of the corresponding string state are related

to these quantum numbers through

1 1

m:E(EJJ), m 5(E—E). (740)

Also, as seen in the quantum mechanics of a particle in AdSs, the asymptotic behavior for the

radial solution of the particles in the continuous representations is proportional to e***?, where

p is the radial direction. Thus, the quantum number ‘s’ plays the role of the radial momentum.

) i1 ) 5 i1 5 ) N

Now, Ly = % 4+ N and Ly = % + N, where N and N are the oscillator

excitations. Using the bosonized form of the spectrally flowed primary field, the SL(2,R)

conformal weights are
jG—1)

k B B _1
Ly=—""———wmn—-w>+ N and Loz—J(J—)

~ k 2 S
P 1 g T wm = W + N (741)

For the continuous representations, j = % + s, so that —j(j — 1) = }1 + s2. Also, the physical-
state condition is Ly + h = 1 and Lo+ h = 1. So, for the lowest state in the flowed sector,
N:]\_/zo,weget,

m=——w-+ — 9

4 W

k 1 }L-l—sz
4 w

- ko 1[3+8
—l—h—l} and m:——w—%—{‘;{:tz

+h — 1} (742)
Thus, for a given winding number w, radial momentum s, and internal excitation (h,h), the

values of 7 and m are completely determined by the Virasoro constraints.

The radial motion of a long string in AdS; can be viewed as a scattering problem. A long
string may propagate from the asymptotic region at large radial distance toward the interior
of AdS3 and subsequently return to infinity. Consequently, the corresponding wavefunction
admits two independent asymptotic behaviors, analogous to incoming and outgoing waves in
ordinary quantum mechanics. The long-string states belong to the continuous representations
of SL(2,R), labelled by j = % + is, while the representation 1 — j = % — 15 describes the same
physical state. These two values of 7 correspond to the two asymptotic radial behaviors of the
long-string wavefunction. In the asymptotic region, the radial dependence takes the form e*,
with j = % + is corresponding to the outgoing wave €**” and 1 — j = % — 15 corresponding to
the incoming wave e~*?. The coefficient relating these two asymptotic solutions is therefore

identified with the reflection coefficient. One may thus write
®; = R(j,m,m) 1 (743)

where R(j, m,m) is known as the reflection coefficient.
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The reflection coefficient measures the relative amplitude of the outgoing wave compared to
the incoming wave. In this sense, it plays precisely the same role as the reflection amplitude
in a one-dimensional quantum-mechanical scattering problem, encoding the exact scattering of

long strings in the radial direction of AdSs.

Now, we can relate the Reflection coefficient to the two-point function (®,(z,z) ®;/(2',2')).
Since the operators ®; and ®;_; describe the same physical state, one may use the reflection

relation ®; = R(j,m,m) ®;_; to rewrite the correlator as
(@ @) = R(j,m,m) (P1-; Pj) (744)

Therefore, the reflection coefficient necessarily appears as the coefficient multiplying the overlap
between a state and its reflected partner. The exact two-point function of the SL(2,R) WZW
model contains two possible overlaps (®;®;/) o< 6(j — j') + R(j,m,m) (5 + j" — 1). The first
term corresponds to the overlap of states with identical spin j' = j, i.e., s = s, while the second
term corresponds to the overlap between a state and its reflected counterpart j =1 — j', i.e.,
s' = —s. Thus, (®1_;P;/) oc §(s—s"). So, the reflected contribution naturally appears with the

factor R(j,m,m). Hence, we can relate the 2-point function to the reflection amplitude as,
(©; ;1) o< R(j,m,m) d(s —s) (745)

Now, we can also fix the coordinate dependence of the 2-point correlation function using the
requirement that it has to be invariant under the global conformal transformations. Consider
two primary operators O; and O, with total conformal weights (hgtOt), B?"t) ) and (hgtc’t), ﬁgwt)).
Translation invariance implies that the two-point function depends only on the coordinate

differences z; — zo and Z; — Z. Scale invariance then requires

C

tot tot 7 (tot 7 (tot
)hg ) hitet) (51 — 22)h§ )4 RSet)

(O1(21,21)O2(22, 22)) = (746)

(21 — %2
where C' is a constant. Imposing invariance under special conformal transformations further
constrains the two operators to have identical conformal weights, hgtOt) = tht) = h{t% and
l_l(ltOt) = A = Rt So, the two-point function of a primary field with identical total

conformal weights (h*Y) h(t°)) takes the universal form

C

(Zl _ 22)2h(tot) (21 o 22)2B(t0t) .

<O<Zl,21)0(22722)> = (747)

Therefore, the coordinate dependence of the two-point function is completely fixed by confor-

mal symmetry, while all dynamical information is contained in the proportionality coefficient C'.
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For physical string vertex operators, ®; and ®;, the Virasoro constraints require the total

conformal weights to satisfy h(t°t) = p(tot) = 1. So, substituting these values, we get,

(®; 0,1} o< R(j,m,m) 6(s — /) ——— (748)
|21 — 2|*

A few more delta-function factors appearing in the two-point function are a consequence of the
fact that a two-point correlator computes the inner product between physical states. There-
fore, the correlator can be non-vanishing only when all conserved quantum numbers of the two
states match appropriately. There will be a factor of 6(E + E’) arising from energy conser-
vation. In radial quantization, the operator inserted at infinity corresponds to the conjugate
(bra) state, which carries the opposite energy of the state created by the operator inserted at
the origin. Consequently, a non-vanishing inner product requires E + E’ = 0. Similarly, the
factor oy enforces conservation of the oscillator excitation level. Since affine descendants
at different levels are orthogonal, the inner product vanishes unless the excitation levels of the
two states coincide (equivalently, N + N’ = 0 in the convention where one state is represented
by its conjugate). Hence, the delta functions encode the conservation of the quantum numbers
that characterize the physical string states and ensure that the two-point function is nonzero

only for states belonging to the same physical representation.

Although the spectrally flowed vertex operators are labelled by the physical quantum numbers
(m,m), the reflection coefficient is naturally expressed in terms of the unflowed representation
labels (m,m). This is because the reflection relation originates from the underlying unflowed
SL(2, R) representation theory with @ = R(j,m,m) ®,_; 7 7, which exchanges j «+— 1 —j
while leaving m and m unchanged. Under spectral flow, the physical Jj eigenvalues become
m=m+ gw and m = m + gw. So that m and m determine the physical energy and angular
momentum of the string state. Nevertheless, the exact reflection coefficient continues to depend
on the unflowed labels (m,m), since it is inherited directly from the unflowed continuous
representation. Therefore, the w-dependence of the reflection amplitude is not absent; rather,
it is encoded implicitly through m = m— gw and m = m— gw. Consequently, the left-hand side
of the two-point function is labelled by the physical spectrally flowed charges (m,m), whereas
the Gamma-function factor on the right-hand side is naturally written in terms of the unflowed
quantum numbers (1, m) appearing in the reflection relation.

:> <¢)jmm(z, 2) @j/m/ml (Z,, 2’)) — R(], ﬁ’L, 7%) 5(3 - S,) 5(E + E/> 6N+N/ (749)

|z — 2’|

And for the continuous representations with j = % +1s, the reflection coefficient takes the form

3)
=)

U(3 +is—m) (5 +is+m) [(—2is)0 (2

F( —is—rh)f‘(i—zs—i—m) (2is) (

R(s, i, ) = (750)

1
2
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8.6 Worldsheet Interpretation of the Reflection Amplitude

The reflection coefficient discussed above arises from a tree-level closed-string scattering am-
plitude. In perturbative string theory, scattering amplitudes are organized according to the

topology of the worldsheet. The Polyakov path integral may be written schematically as

A= Z ng/DXDgeS[X’g], (751)

topologies

where y = 2 — 2g¢ is the Euler characteristic of the worldsheet and g denotes the genus. For a
tree-level closed-string process, g = 0. So that y = 2. The corresponding genus-zero Riemann
surface is topologically equivalent to the sphere S?. Therefore, the long-string reflection am-
plitude is computed using a two-point correlation function on the sphere. After Wick rotation,
the sphere may be identified with the Riemann sphere S? ~ C U {00} = CP"',

It is important to note that, although two-dimensional conformal field theories possess an
infinite-dimensional local conformal symmetry generated by arbitrary holomorphic transforma-
tions z — f(z), the global conformal transformations on the sphere are much more restricted.
Since the sphere is identified with the compact Riemann surface S? ~ CP', any globally defined
holomorphic map must be well-defined at all points, including infinities. So, such functions are
necessarily a rational function of the form, f(z) = %, where P(z) and @Q(z) are polynomials.
Requiring the map to be invertible further restricts it to a rational function of degree one. So,
f(z) = % with ad —bc # 0, which is a M6bius transformation that forms the SL(2, C) group.
But since multiplying (a, b, ¢, d) by a common nonzero constant leaves the transformation un-
changed, the corresponding symmetry group is actually PSL(2,C) = SL(2,C)/Z,. But, this
group is commonly denoted by SL(2,C). Therefore, the global conformal group of the sphere
is PSL(2,C) ~ SL(2,C). This is the residual conformal symmetry remaining after fixing the

worldsheet metric to conformal gauge.

The Polyakov path integral is invariant under worldsheet diffeomorphisms and Weyl trans-
formations Diff(¥) x Weyl(X). After imposing conformal gauge, gu = €**04, most of this
gauge freedom is removed. On the sphere, however, a residual symmetry remains, namely the
global conformal symmetry, which is the SL(2,C) symmetry for the Riemann Sphere. These
transformations correspond to gauge redundancies rather than physical degrees of freedom.
Consequently, the same physical configuration would be counted infinitely many times in the

path integral unless one divides by the volume of the residual symmetry group.

Therefore, a string scattering amplitude takes the form

A= oereey | [T () - Vitan) (752)
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Any Mobius transformation contains three complex degrees of freedom. Consequently, one
may use the residual SL(2, C) invariance to fix the positions of three points on the sphere. For
example, for a three-point function, one commonly chooses z; = 0, z5 = 1, 23 = co. Similarly,
for a two-point function, one may choose z = 0 and 2z’ = oco. This is precisely the gauge choice
employed in the computation of the long-string reflection amplitude. But, unlike a three-point
function, fixing only two points does not completely remove the SL(2,C) freedom. A residual

subgroup remains, z — Az, A € C—{0}. The volume of this remaining subgroup contributes,

d’\ d*z

REAEE

(753)

which diverges logarithmically. But the two-point function itself contains (s — s') §(F + E’).
Also, for physical scattering processes, whose ' = —F = §(E + E’) = §(0). So, the infinite
factor §(0) arising from energy conservation is precisely cancelled by the divergent volume
of the residual SL(2,C) symmetry. Consequently, the physical amplitude remains finite after

gauge fixing and division by the conformal-group volume.

8.7 Poles of the Reflection Amplitude and the Discrete Spectrum

The information about the bound states is contained in the pole structure of the scattering am-
plitude. Recall that the Gamma function I'(x) possesses simple poles at © = 0,—1, -2, -3, - - -

So, the first Gamma-function in the two-point function, F(% + 15 — m) , has poles whenever

1
5 tis—m=—q ¢=0172 (754)

or equivalently, whenever m = % +is + ¢. Introducing j = % + 15, this may be written as

m = j + ¢. Using the physical-state condition derived previously,

k1[G -1
m = 4w+w[ - +h—1 (755)
-k 1[-jG-1

— j+q——4w+w{ = +h—1 (756)

Then, solving for j, we get,

j=1-

(k—2)+\/i+(k‘—2)(—wq+h—1—%w(w+1)) (757)

SIS

1
2

Then, after spectral flow, using J3 = m + gw =j+q+ %w, we get,

1

1 1
J§=q+w+§+\/z+(l€—2)<—wq+h—1—§w(w+1)) (758)
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Remarkably, this is precisely the same condition that appears for the lowest-weight discrete
representations @j, with N = 0. Thus, the poles of the long-string scattering amplitude occur
exactly at the locations expected for discrete bound states. This observation is closely related

to a general result from scattering theory.

It is worth noting that the pole structure of the reflection coefficient reproduces both the
lowest-weight and highest-weight discrete representations. Because the poles of the second
gamma function I'(1 + is +m) occur at m = —j—¢q, ¢=0,1,2,..., which coincides with
the highest-weight condition for the discrete representation 15; Therefore, the pole structure
of the reflection amplitude naturally contains both lowest-weight and highest-weight discrete
series representations. In the full 5@) K, X ﬁw) ky spectrum, these sectors are related by

spectral flow and do not correspond to independent physical families of states.

On the other hand, the poles arising from I'(—2is) are cancelled by corresponding zeros from

the denominator factor I'(2is) and therefore do not contribute additional physical poles.

8.8 Emergence of the No-Ghost Bound

At first sight, the pole condition appears to generate an infinite set of candidate bound states.
. . . N+ . 1 . k—1
However, the physical discrete representations D; satisfy the no-ghost bound 5 < j < 5=
But the pole condition itself does not impose this restriction. Consequently, not every pole
of the reflection amplitude necessarily corresponds to a physical discrete state. So, one must
also examine the residue of the pole. Near a pole located at £ = Ep, the scattering amplitude
behaves as A(E) ~ P];B_S—SEA). In general, the residue is proportional to the norm of the interme-
B
diate state contributing to the pole. So, a physical state must correspond to a positive residue,
whereas a negative residue signals a negative-norm (ghost) state.
Consider the pole-producing factor F(% 5 ﬁ”L) The poles occur when l +1is —m = —q,
J + q where j = 1 + 1s. Near a pole the Gamma

qg=0,1,2,--- or equivalently, when m

function behaves as

T(—q+¢) = (_ql.)ql +0O(1), €—0. (759)

Thus, the residue of an individual Gamma-function pole carries the factor % whose sign
alternates as ¢ increases. To understand the physical significance of the poles of the reflection
amplitude, it is necessary to examine their residues. However, the residue of the full reflection
coefficient must be computed by including all Gamma-function factors appearing in R(s, m,m).

Substituting the pole condition m = j + ¢, the denominator contributes

F(%—zs— )—F(l—Q]—q) (760)
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Using the recursion relation

e I'(z)
A s | R RN ) 7o
one obtains I - %)
~ o — 4]
R [ N T 1) i
Consequently, o }
(=) 22+ (2 +q—1)
M-2-0 0% e

The explicit factor (—1)? arising from the Gamma-function pole is therefore cancelled by the

sign generated from the denominator Gamma function. As a result, the sign of the full residue

is no longer determined by ¢. Instead, it is controlled by the remaining j-dependent Gamma-

function factors, mainly the factor I'(1 — 25). The Gamma function changes sign whenever its

argument crosses one of its poles. Accordingly, as j increases, the residue changes sign when

the argument of the relevant Gamma-function factor crosses a pole. In the exact reflection
-1

coefficient, this occurs precisely at 1 —2j = 2— k, for some k, or when j = kT, which coincides

with the upper endpoint of the no-ghost bound.

At j = %, the residue vanishes, while beyond this value its sign reverses. A positive residue
corresponds to a positive-norm physical state, while a negative residue signals a negative-norm
(ghost) state. Hence, although poles of the reflection amplitude occur whenever the discrete-
state mass-shell condition is satisfied, only those poles whose residues remain positive can be
identified with genuine physical discrete representations. This provides a scattering-theoretic

justification for the no-ghost bound

k—1

<j< (764)

N | —

This does not contradict general scattering theory. The standard one-to-one correspondence
between poles and bound states requires the scattering potential to decrease sufficiently rapidly
at infinity. The effective potential governing long-string scattering in AdS; does not satisfy this
condition. As a result, extra poles may appear in the reflection amplitude that do not corre-

spond to normalizable physical states.
Therefore, while the poles of the reflection coefficient reproduce exactly the mass-shell condition

of the discrete representations, only those poles whose quantum numbers satisfy % <7< %

and whose residues have the correct sign can be identified with genuine physical bound states.
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Conclusion

We studied bosonic string theory in AdS3; x M using the worldsheet description provided by the
SL(2,R) WZW model. Starting from the realization of AdS; as the group manifold of SL(2, R),
we constructed the classical theory, derived its chiral current algebra and Virasoro constraints,
and analyzed geodesic solutions. We showed that spectral low generates new classical solutions

corresponding to winding strings, giving rise to short- and long-string configurations.

Upon quantization, the conserved currents generate the affine 5@) kX 5@) ky algebra,
while the Sugawara construction produces the corresponding Virasoro algebra. We studied the
unitary representations of both the global and affine algebras and established the no-ghost theo-
rem, demonstrating that physical states are ghost-free after imposing the Virasoro constraints.
Spectral flow was then shown to be an automorphism of the spectrum-generating algebra,
making the inclusion of spectrally flowed representations essential for a complete description of
the physical Hilbert space, which consists of spectrally flowed discrete representations describ-
ing short strings and spectrally flowed continuous representations describing long strings, with

a smooth transition between the two sectors at the boundaries of the allowed discrete spectrum.

Finally, we investigated long-string scattering by analytically continuing the theory to the Eu-
clidean Hy WZW model. Using bosonization and parafermionic techniques, the primary fields
were constructed, and the reflection amplitude was analyzed. The poles of the reflection coeffi-
cient were shown to correspond to normalizable discrete states, while their residues reproduce
the unitarity bound required by the no-ghost theorem. Thus, long-string scattering provides
an independent and complementary derivation of the physical spectrum, establishing a direct
connection between the affine representation theory and the analytic structure of scattering

amplitudes in string theory in AdSs.
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