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ABSTRACT

Our research aims to probe the anisotropic matter field around black holes using quasi-
normal modes. Actual black holes in the universe are surrounded by matter or fields, and
it is important to study the characteristic modes of a black hole that coexists with such
a matter field. In this study, we focus on a family of black hole solutions to Einstein’s
equations that extend the Reissner-Nordstrom space-time to include an anisotropic mat-
ter field. In addition to mass and charge, this type of black hole possesses an additional
hair caused by the negative radial pressure of the anisotropic matter. We also analyze the
characteristics of the event horizon for such a black hole, considering different parameters
related to anisotropic matter density and the anisotropy factor. We use the 3rd-order
WKB method to investigate the perturbations of the massless scalar field, electromagnetic
field and the space-time structure in the background of black hole space-time with an
anisotropic matter field and calculate the Quasinormal Modes. We derive the equations
of the effective potential for these perturbations, and our study focuses on the effect of

the anisotropic matter field on the oscillation frequency of the gravitational wave signal.
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Introduction

The first direct detection of gravitational waves (GWSs) on September 14, 2015,
stood as a pivotal moment, confirming a crucial aspect of Einstein’s theory and
introducing a new perspective to explore the universe [1|. This breakthrough en-
abled the direct observation of monumental events like collisions between black
holes, offering pivotal insights into their nature and validating extensive theoreti-
cal and technological groundwork [2-8]. GWs are disturbances in space-time, that
originate from interactions among colossal celestial bodies, notably merging black
holes. By probing extreme astrophysical environments such as black hole mergers,
they serve as laboratories for testing the fundamental laws of physics under ex-
treme conditions. Also, GW detection from the universe’s infancy might unravel

important details about cosmic inflation and the early stages of the universe [9)].

Astrophysical black holes rarely exist in isolation, as evidenced by the images of
the black hole in the centre of M87 elliptical galaxy [10] and the Sagittarius A*
black hole [11] by the Event Horizon Telescope Collaboration. They are typically
enveloped by various structures like accretion disks, photon spheres, particle jets,
corona, and more [12-15]. Examining black holes within these matter fields pro-
vides outcomes that align closely with observed data. Thus, our study focuses
on non-rotating charged black holes surrounded by anisotropic matter field whose

energy-momentum tensor 7,” is given by [16],
THV: (p—l—Pg)UHUU—i—(Pl —PQ)SCHI'V—FPQ(SZ (1)

Here the p — p(r) is a radial function that represents the energy density, U, and
x,, are arbitrary time-like and space-like four vectors that satisfy U, oc (9;), and
z, o (0r), [17] respectively. P and P, represent the pressures and are related to

the energy density by the barotropic equation of state of the form,

P=wp i={1,2} (2)



Upon simplification, as done by [16] the energy-momentum tensor for the anisotropic

field can be written concisely as,
TMV = diag<Pta PT7P97P¢) = dlag( - P P17P27P2) =p dlag( - 17w17w2aw2) (3)

The distinctive feature observed in the solutions of space-time near black holes is
the existence of an event horizon at r = re,, where f(re,) = 0. Across the horizon,
the sign of f(r) changes which in turn causes a change in the signs of goo and gy
across it. If f(r) < 0, then the roles of ¢ and r swap: r becomes time-like while
t becomes space-like. Therefore, —p represents the pressure along the spatial ¢
direction, and — P, signifies the energy density along the temporal r direction. To
maintain the continuity of energy density and pressure across the event horizon,
w; = —1 is necessary. This negative radial pressure, —p, facilitates the dispersion
of the anisotropic matter field across the entire spatial range (0 < r < co) [18-20).
Throughout this study, we adopt w; = —1 for this very reason. ws from now
denoted as w is a free parameter that characterises the anisotropy in the matter

field. Thus the final form of energy-momentum tensor is,

T,” = p(r) diag( — 1,—1,w,w) (4)

When a black hole initially in a stable equilibrium state is perturbed by any
means, will undergo oscillations and produces characteristic vibrational modes
called Quasi Normal Modes (QNMs) [21-24]. Think of a bell being struck and
producing a specific sound; similarly, black holes, when perturbed, exhibit these
characteristic oscillations with specific frequencies that decays. Similarly, QNMs
describe the way a black hole responds to such disturbances, emitting gravitational
waves at specific frequencies that decay. The interesting aspect about QNMs
is that they are solely determined by the intrinsic properties of the black hole,
such as its mass, charge, and angular momentum, and in our case it includes
the property of the surrounding medium, rather than the specific way it was
disturbed. Hence, they are also called "fingerprints" of black holes [21, 25, 26].
They serve as encoded messages, revealing essential parameters of black holes
and providing indirect measurements, making them vital for astronomers trying
to study black holes. Hence in this paper, we focus on calculating the QNMs of
Charged black holes surrounded by anisotropic matter field since their analysis

can provide insights into the behavior of matter near the event horizon.



These modes are termed "quasi-normal" due to their resemblance to normal modes
observed in various systems, possessing a frequency and decay rate. However, their
distinctiveness arises from their interaction with the black hole’s event horizon,
making them exclusive to black hole physics. The spectrum of QNMs of a stable
black hole comprises an infinite number of complex frequencies depicting nor-
mal mode vibrations with damping effects. The real part of the QNM gives the
oscillation frequency and the imaginary part gives the decay rate of the gravita-
tional wave. Over time, these oscillations reveal a trend where those with small
damping factors become more prominent, while the ones with higher damping
fade away. Studying the signal during the phase of quasi-normal ringing in the
merging of black holes allows scientists to pinpoint specific modes distinguished
by their minimal imaginary parts. The concept of QNM was initially introduced
by C. V. Vishveshwara [27] in the context of scattered gravitational waves around
a Schwarzschild black hole. This era also marked the calculation of lower quasi-
normal modes for Schwarzschild [28] and later Kerr black holes [29]. Later explo-
rations extended to Reissner-Nordstrém black holes [30], examining their linked

gravitational and electromagnetic perturbations.

Any type of black hole can be perturbed in three major ways and QNMs can be
calculated numerically in many methods [31-49]. A black hole can be perturbed
by adding a massless scalar (Klein-Gordon) field as studied in the section(2) or
we can add an EM field and study the perturbations as done in section(3), or we
can perturb the space-time metric itself and follow the Regge-Wheeler formalism
to get the perturbation equation as done in section(4). But in all three ways, the
final perturbation equation will be of the form,

d ;}T(;) +[w? = V()] $(r) =0 (5)

Here ‘77 is the tortoise coordinate that can take values from —oo to +00. And ¢ ()

is the perturbation that represents the quasinormal mode wave. And V(1) is the
perturbation potential. w is the quasinormal mode frequency. Eq.(5) resembles the
well-known Schrodinger equation, so the w values are like the energy eigenvalues
of the Schrodinger equation. We need to look for appropriate boundary conditions
to solve the above equation. Now, if GW is very close to the event horizon, i.e.,

for 7 — —oo then the gravitational wave has to be purely ongoing. Hence we get,

77/)(7') ~ eiw(T+t) (6)



But very far from the black hole, the GW will not be reflected. Hence, as r — +o00,

i.e., for 7 — 400, the gravitational wave is purely outgoing. Thus,
(1) & e (7)

Thus we need to solve Eq.(5) with these boundary conditions in mind as an eigen-
value problem. Hence, we can use the known approximation/Numerical methods
to find the w values. In this paper, we employ the 3rd-order WKB approximation
method to compute the QNMs. For an effective potential V' (7) whose nature is
in the form of a barrier potential, we can use the WKB approximation to get the

QNMs. By using the formulas given in [50], we get,

W? = Vo + (—2VP)ELs| —ia(—2VP)H(1 + Ly) (8)
2
1 1 %(4) 1 , 1 VO(S) )

4 @\ /@)

1 5 (v® 1 (VO ) Vo
Ls = 0 18802) — — | ~——~—— ] (51 4 100>
3 (—2vP)3 | 6912 <V0<2>> (77 + 18807) 384 <V(2)>3 (51 +100a%)

0

2
1 %(4) ) 1 %(3)%(5) )
— | —= 67 + 68 — | ——= | (19+ 28

0
1 VO(G) )

1
Here, « = n+ 2 where n is the overtone number and takes valuesn =0,1,2,3...

(10)

dv
and Vo = V(1) where 7y is the critical point, defined as —
-

drm T=T0

= 0 and

T=T0

which is the value of m'" derivative at the critical point 7.



Chapter 1

Solutions of Charged Black Hole in

Anisotropic Matter Field

1.1 Deriving the metric tensor

Such an energy-momentum tensor of the form given in Eq.(4) demands a spheri-

cally symmetric and a static space-time metric of the form,

ds? = g datde” = —f(r)dt* + [ f(r “dr? 4 r2d0% + r¥sin? (0 d¢?
I

For this metric the Einstein tensor G,” is diagonal given by,

1df f 1
i
G22 _ G33 — lde(T') + ldf(r)

2 dr? r dr

Even if f — f(t,r) was taken, the components Go' and G° would be,

05 ol 1 Of(wn

1_ _
Go = r Ot rf2(t,r) Ot

And then according to Einstein’s field equations [51, 52| we have,

G,” =8nrT,”

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

Thus Ty' = T1° = 0 makes the function ‘f’ to not depend on the time-like coor-

dinate. Hence, the space-time will be static where f will be a function of just r.



Now, we have two Einstein equations given by,

%d{l(:) + fg) — %2 = —8mp(r) (1.6)

Ldf(r) | 1df(r)
2 dr2 +; dr

= 8mwp(r) (1.7)

The first equation can be rearranged to give a simple 1% order differential equation,

df(r)  fr) _1_ 8rrp(r) (1.8)

dr r r

The integration factor I.F. is e/ 7dr — »Thus the solution is given by,

rf(r) = / . (% - sm(m) dr = / dr — 2 / drr?p(r) dr = 1 — 2m(r)

2m(r)

= f)=1-

where m(r) is the mass function which is given by,

(1.9)

m(r) = /47rr2p(7’) dr (1.10)

Now, substituting Eq.(1.9) in Eq.(1.7) we get,

d*m(r
yo —8mwrp(r) (1.11)

d> d? d d
Elr) o [awrtptryar = Sanrtotr) = ar (250 4 20p(r)) = —smurs

rdp(r) _

5 g TP =—wp(r) (1.12)

d 2(1 d
The above equation can be rearranged to get & + M =0 = p=
T

Tw) where C' is some arbitrary constant which is chosen such that the energy
r

density is given by,

1-2wk 1 (@)m (1.13)

plr) = Sur2(+v)  8ppr2 \ 7
Here, K controls the energy density of the anisotropic matter field and ry is a

charge-like quantity defined by r3* = (1 — 2w)K.



Then the mass function m(r) can be got using Eq.(1.10) as,

B y1-2w)K  [(1-2w)K  Kr
m(r) = 47T/7’ Wdr = 2r#d?" = 27”2“) + M (114)
Kr

= m(r)=M+ (1.15)

22w
where M is the integration constant that represents the ADM mass of the Black
hole. This gives f(r) as,

flr)=1-=5 - (116

r rw
Consider a static, isolated black hole that has a charge ). The energy-momentum

tensor near a charged black hole is given by,
v 1 vo 1 v af
T, = o F o F" — ZéuFaﬂF (1.17)

where F'is the Faraday tensor. Since the point-charge of the black hole produces
only a radial electric field (E(r)) and no magnetic field, we have the non-zero
components of the Faraday tensor to by Fjg = —F° = E(r) and F' = —F}y =
E(r). Then the only non-zero components of the energy-momentum tensor are
T, = (E2(r)/87r)diag( —-1,-1,1, 1). The Electric field due to a charge @ is given
by E(r) = Q/r*. The energy-momentum tensor for the charged black hole is,

Q? _ @

T, = 87TT4diag( —-1,-1,1,1) = p(r) = o

and w=1 (1.18)

Also, when the Einstein equations Eq.(1.5) for the charged black hole are solved
for the above energy-momentum tensor with the metric ansatz similar to that of

Eq.(1.1) we get the Reissner-Nordstrom metric,

fr)=1-—7—+ = (1.19)
Now in the anisotropic matter field solution if we choose w = 1 then,
=(1-2K=-K

Then f(r) for w = —1 becomes,

fry=1-=—">=4+50 (1.20)



Thus remarkably, w = 1 in anisotropic matter field solution represents the Reiss-
ner—Nordstrom (RN) geometry with charge ro. Hence, we can say that the RN
geometry is a special case of the anisotropic matter field solution. This also em-

phasises that the energy around the charged black hole is anisotropic.

Now we try to generalize the anisotropic matter field solution when there are
other additional factors. As shown in [53] for a number of parameters ¢, called
the quintessential state parameters and their normalizing factors r,, the solution

for the metric Eq.(1.1) is given by,

O

r

(1.21)

r

We need to consider both the charge and then the anisotropic matter field. Hence

there are two parameters geharge and Ganiso With normalizing factors 7cparge and
Taniso- Lhus f(r) is,

2M ( rcharge > 3qcharge+1 (Taniso > 3aniso+1
T T T

fir)=1 (1.22)

For the anisotropic matter field we have 3¢aniso +1 = 2w which gives (Taniso)Qw =K
and for the charge parameter, 3qearge + 1 = 2 With (Teharge)? = —Q?. Thus the
final solution for the charged black hole surrounded by the anisotropic matter field

is given by [54],

]”(7»):1—%+Q—2—£ (1.23)

r rz 2w

In this case we have the total energy density to be p = pcharge + Paniso and the

energy-momentum tensor is given by 7, = p(r) diag( —1,—1,w, w), where,

. Q (1-2w)K
plr) = 8mrd 8mrr2(1+w)

The mass function m(r) in this case can be found using Eq.(1.10), on performing

(1.24)

the integral with M as integration constant we get,

m(r):M+/47rr2( © +<1_2w)K) ar— - L K (1.25)

St 8mr2(1+w) 2r = 2r2w

B Q>? Kr
= m(r) =M o + 520 (1.26)



Thus the space-time for a charged black hole in an anisotropic matter field is,
ds? = g datde” = —e"Odt? + e7"dr? 4+ r2df* + r* sin® (0) d¢? (1.27)

We have used f(r) = e’(") for the sake of simplicity in the further calculations.
= gy = diag (—e”(”), e 2 2 sin? 0) is the Metric Tensor  (1.28)

The function f(r) defines the horizons for the anisotropic matter field charged
black hole solution and also whether the space-time is flat or curved. To find
the exact analytic expressions for the horizons is not possible for f(r) given in
Eq.(1.23). For the value of w > 0, the space-time is asymptotically flat. And due
to 1/r and 1/r? dependencies of f(r), r = 0 defines the black hole singularity. Now,
if K > 0then f(r) asymptotes to 1 from below and if K < 0 then f(r) asymptotes

to 1 from above. For the values of w < 0 then there exists a singularity at infinity.

1.2 True Singularities

The Kretschmann invariant for the metric of the form in Eq.(1.1) is given by,

Ruap R = (My 42 (df—mf - %(1 — f(r)’ (1.29)

dr? 72 dr

Thus for anisotropic matter field by substituting f(r) of Eq.(1.23) in the above

equation we get,

RuapR"* = AK* + BK + C (1.30)
Ao 4~ (4ot —i—;liu3 + bw? + 1) (1.31)
B = 8r2w(wr—t1) (2M(2w +1) — %2(611} + 1)) (1.32)
o 48M?*  96MQ? N 56Q* (133

6 r7 8

Now, there exists singularity wherever the Kretschmann invariant diverges [54].
Thus we see that there is no singularity other than » = 0 and r = co. According to
the C factor, there is a singularity at » = 0. In factor A, we can see that if w < —1
then it diverges when r — oo. Finally for factor B, if w < —5/2 (w # —1) then

also there exists singularity at infinity.



1.3 Analyzing the Black hole solution f(r)

Even though the space-time metric for the charged black hole in anisotropic mat-
ter field is complicated, we can infer its geometry graphically by analyzing f(r).
Without the loss of generality, we choose M = 0.8 and ) = 0.4 throughout this

paper unless otherwise stated and see the effects of varying K and w.

Case 1 - For positive values of K and w > 1

M=08 Q=04 w=15 M=08 Q=04 K=001

K =0.00525
— K=0.0055 5

(r) >
f(r) —--->

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.0 01 02 03 0.4 0.5 06

Figure 1.1: Positive values of K and for w > 1

In the above (left) graph, we have chosen very small positive K values and w =
1.5. For the values of K < 0.0041347, there exist three horizons. And for all
K > 0.0041347, there is only one horizon. As K increases the size of the outermost
horizon increases. In the adjacent graph, we put K = 0.01 and vary w. Again
there is a possibility of three horizons, with a similar variation of f(r). And for
1 < w < 1.354447635 there are three horizons and for w > 1.354447635 there is
only one horizon. If the K value is increased then this critical value of w decreases.
For example, if K = 0.011 then the critical value of w = 1.339327514.

Case 2 - For positive values of K and 0 < w < 1

Here there are two event horizons with f(r,—) = f(rn+) = 0 where in between
the two event horizons the sign of f(r) is negative. But for r > r,, and r < ry,_,
f(r) is positive. This is an acceptable trend that closely resembles the Reiss-
ner—Nordstrom black hole. As the K value increases, the f(r) value between the
two horizons decreases. Also, if we vary w, then as its value increases, f(r) value
decreases steeply between the two horizons. Also, both r,_ and r,. decrease but

rny decreases at a higher rate than rj,_

10



M=08 Q=04 w=2/3 M=0.8 Q=04 K=05

=02
=03 0

N

£(r) >
f(r) >

=06
=04
=02

Figure 1.2: Positive values of K and for 0 < w < 1

Case 3 - For M? < ()? and varying values of K and w

M=06 Q=12 w=2/3

2.0

15

1.0

0.5

(r) -

0.0

-0.5

-1.0

0.5 1.0 15 2.0 25 3.0 3.5 4.0
r--—-->

Figure 1.3: Positive values of K with M? < Q?

When Q? > M? we see that there is a possibility of naked singularity without an
event horizon (where f(r) has imaginary roots). This type of black hole has no
physical significance according to the Cosmic Censorship Hypothesis [55]. And
to avoid that we have chosen M = 0.8 and () = 0.4. As shown in the above
graph for 0 < w < 1 and K > 0, if we choose M = 0.6, Q = 1.2, w = 2/3 there
are naked singularities. But if K is sufficiently large (K > 1.23984486045) then
the possibility of naked singularity is evaded where the black hole has two event
horizons. In the case of w > 1 and K > 0 then there is no naked singularity
as there is at least one horizon. And when K < 0 then there is always a naked

singularity for any + w.

11



Case 4 - For negative values of K and w > (

When K < 0, even when M? > Q% for M = 0.8 and Q = 0.4 we see that there

are possibilities of naked singularities as shown below.

M=08 Q=04 w=15 M=0.8 Q=04 K=-0.1

=-04
=-0.440282855654

=-06
=-07

>

0.5

f(r) -
f(r) ---->

0.0

-05

15 20 25 0.25 050 0.75 1.00 125 150 175 2.00
r---> r---->

(a) w = 3/2 and varying K values (b) K = —0.1 and varying w values

M=038 Q=04 w=2/3 M=0.8 Q=04 K=-08

. . --- K=00 — K=-06

:\ \\ K=-01 — K=-07 15

2 ‘\ H —— K=-02 —— K=-08
HIIRUARRY

£(r) >
£(r) >

re---> r--—-->

(¢) w =2/3 and varying K values (d) K = —0.8 and varying w values

Figure 1.4: Trends for negative values of K

In graph(a), we fix w = 1.5 and vary the K values. For K < —0.440282855654
there are naked singularities and for —0.440282855654 < K < 0, the black hole
has two event horizons. Also, as seen the case 1, for the same values of M, @)
and w when 0 < K < 0.0041347156372588 there are three event horizons and
for K > 0.0041347156372588, there exists only one event horizon. In graph(b),
we fix K = —0.1 and observe that as the w value increases the minima of f(r)
will increase but there is no naked singularity for any value of w. In graph(c),
we fix w = 2/3, for K < —0.62195556429 there are naked singularities, and for
K > —0.62195556429 there are two event horizons. In graph(d), we fix K =
—0.8 and when 0.5 < w < 3.3580867141 it always forms naked singularities and
for other values of w, there are no naked singularities. Generally, when K <
—0.440282855654, there exist two critical values of w where in between those

values of w, the solution is a naked singularity as shown in Fig 1.6 (a).

12



Case 5 - For negative values of w < 0

M=08, Q=04 w=-2/3

l — K=-10 — K=02
— K=-08 K=04
K=-06 — K=06
— K=-04 K=08
31 — K=-02 — K=10
—— K=0
54
A1
)
H
L s B
N 1 R~ i i
= I D P~ s
/ ,,w'/”a
1 72
752
’/,;// T
y;
_2 - ,',/
-3 \
0.0 05 1.0 15 2.0 25
r---—->

Figure 1.5: Negative value of w and varying value of K from —1 to +1

At large values of r, the mass term and charge term become negligible as they

have 1/r and 1/r? dependency, respectively. But when w < 0, then the anisotropic

term —K r~2* — 4+ 00 as r — oo depending on whether K is negative or positive

respectively. Hence as r — oo, we see that f(r) — £+o0o. Thus, when w < 0, there

is a coordinate singularity at infinity. This singularity has no physical significance.

Chosen values of K and w for Black hole solutions

M=08andQ=04

Black holes

Naked Singularities

o 1 2 3 4 5 6
We->

(a) Parameter space of w and K: Red curve
separates naked singularity solutions with
that of Black hole.

>

f(r) -

f(r) for chosen values of K.and w

2 — K=-01 w=23
— K=-01 w=3/2
— K=01 w=23
— K=01 w=3/2

0.00 0.25 0.50 0.75 1.00 125 150 175 2.00
r-—>

(b) f(r) vs r for K values of £0.1 and w
values of 3/2 and 2/3

Figure 1.6: Parameters for final Black Hole Solution
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To avoid the nonphysical singularity at infinity we focus on the case where w > 0
in this article, which ensures asymptotically flat geometry. And also as shown in
[16], for 0 < w < 1/2 the mass function m(r) given in Eq.(1.26) tends to £oo as
r — oo and hence cannot describe a localized object. Thus we will not consider
the case where w < 1/2. Also, the case of w = 1/2 is very similar to the Reiss-
ner—Nordstrém black hole with the new mass parameter, M = 2M + K. Hence, we
focus on the case where w > 1/2. The case of w = 1 represents an extra charge-
like parameter ry given by r2 = —K this also describes a Reissner—Nordstrom
black hole with a new charge parameter, Q? = Q* + 2. The black-hole solution
exists for both positive and negative values of K. Then considering the above
constraints, there can be four cases where K > 0 and w > 1, K < 0 and w > 1,
K>0andw< 1, K <0and w < 1.

There are possibilities of naked singularities when K < 0, which don’t exist ac-
cording to the Cosmic Censorship Hypothesis. Hence, we should be careful in
choosing the values of K and w in this case. Thus the values for K = 4+0.1 and
w = 2/3 and 3/2 we have proper solutions of black hole where M = 0.8 and
@ = 0.4. And we will find the QNMs of black holes with these parameters.

M =0.8 Q=04
K w r_ T4
—0.1 2/3 0.125513877158554 1.39590091744012
0.1 2/3 0.0925659626194209 1.58481274127799
—0.1 3/2 NIL 1.538247728477594
0.1 3/2 0.354830847827897 1.44077525088907

Table 1.1: Horizon values for the chosen parameters
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Chapter 2

Scalar perturbation

2.1 Massless Klein-Gordon Equation

A massless scalar field (¢, 7) is the solution of the Klein-Gordon (KG) equation,
OW(t,7) = 0. In curved space-time, the D’Alembertian operator ([J) is given
by, O =V,V# where, V, is the covariant derivative. When the D’Alembertian

operator is expanded, the Klein Gordon equation becomes [31],
1

—0

The metric tensor is given by Eq.(1.28) with ¢¥ = f(r) as in Eq.(1.23). In the

above Eq.(2.1), ‘g’ is the determinant of the metric tensor which is g = r*sin?(9).

Ov(t,7) = V,V*U(t,7) = (V=9¢"8,%(t,7)) =0 (2.1)

Then, on expanding the Klein-Gordon equation, we get,

6V82_\If de” ge” 8_\11_6_V82_\Il 1 [0PW  cos(0) 0¥ 1 0*w
or? or r or ot?

r2 | 962 sin(e)% 51112(0)57¢52
(2.2)

2.2 Effective Potential of for Scalar Perturbation

Due to the spherical symmetry in space-time, we can perform the separation of
variables by splitting the scalar field function V(t, 7,0, ¢) into radial and angular

parts where,

Wit 0.0) = 3 U y0.0) (2.3
I,m
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Here, Y;™(0, ¢) is the spherical harmonics, defined by the below operator,

( 9% cos(0) O 1 02

902 " sin(0) 90 sin® (6) 5752) Yi"(0,¢) = —I(1 + 1)Y;" (0, 0) (2.4)

On substituting W(t,r, 0, ¢) given in Eq.(2.3) into the KG Eq.(2.2) we get,

oA, 0? de 2 ] 0 LN\ Y (DS
YE (6 %+|: +;€:|E—€ —)——l(l+1)——0 (25)

or o’ ) r r3
After expanding the first term by performing the differentiation we get,

. {1 de? p(t,r) e O*Y(t,r) eV O*Y(t,r)  Y(t,r) de” Y™
ak +<

r Or Or r or: 7 ot? r2  Or } _Z(H—l)r—?’ =0

v

Then multiplying throughout by re (") /Y;™ expanding de(") /Or and rearrang-

ing, we get the radial differential equation,

Py Ow(r)0g L% (U041 190N
gt o g gm - (N %) e=0 o

72 r Or

To remove the first derivative 0v/0r we perform the coordinate transformation of

‘r— r(7)” (where ‘7’ is the tortoise coordinate) defined by,

Z_: B / o) dr (2.7)

Then the differential equation in terms of ¢t and 7 becomes,

PP <<l<l+1> +136”(’”))ev<r>¢:o (2.8)

72 r Or

ot? oT2

The effective potential Vsc (r(7)) (where ‘77 is a function of tortoise coordinate
‘7") is the coefficient of ¢ (7) in Eq.(2.8) which is given by,

1) 10ev™
(((l+1) 10e )GV(T) (2.9)

r2 r Or

Vsel(r) = (

We go to the frequency domain by substituting ¢ (¢,7) = e“%)(7) in Eq.(2.8),
where w is the QNM frequency. Thus we get,

d*)(7)

iwt de(T)
Rz dr?

Ly —I—Vsceth’gZ)(T) =0 =

(iw)*e™ 1 (7)

+[w2 - VSC} 1/1(7’) =0
(2.10)
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For charged black hole in anisotropic matter field we have e”(")

oM Q? K

7’2 T2w

r

Then the effective potential of scalar field perturbation becomes,

oM 2Q?

2Kw

Vsa(r) = i+ +

(2.11)

r2 3 4 r2(w+1) r 2 2w
M=08, K=-01, Q=04, w=2/3 M=08, K=01 Q=04 w=2/3
— =0 12 — =0
14 — =1 — =1
—=2 — =2
— =3 — =3
12 — 1=4 1.0 —=a
L0 0.8
A A
;08 |
H i 06
S =
> 06 >
0.4
0.4
02
02
0.0 0.0
15 20 25 30 35 40 45 5.0 15 2.0 25 30 35 4.0 45 5.0
r--—-> r---->
M=0.8 K=-01 Q=04 w=3/2 M=0.8 K=01 Q=04 w=3/2
14
— =0 — =0
— =1 — =1
— =2 12 — =2
12 — =3 — =3
— =4 — =4
10
L0
08
A% A
Sos Toe
> >
0.4 04
0.2 02
0.0 0.0
15 2.0 25 3.0 35 4.0 45 5.0 15 2.0 25 3.0 35 4.0 45 5.0
r--—-> >
=0.8 Q=04, |=2 M=08 Q=04, I=4
—K=-01 w=2/3 — K=01 w=23
—— K=01 w=23 14 == K= 01 w=2/3
K=-01 w=32 — K=-01 w=372
— K=01 w=32 — K=01 w=32
04 12
L0
03
A
/:\ 108
S S
> 02 > 06
04
01
02
0.0 0.0
15 2.0 25 3.0 35 40 45 5.0 15 20 25 3.0 35 4.0 a5 5.0
[ r--—-->

Figure 2.1: Graph of Vso(r) vs r with various parameters
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2.3 QNDMs of massless scalar field perturbations

For the chosen values of K = +0.1, w =
QNM frequencies for scalar
Field using 3rd order WKB

approximation are,

2/3 or 3/2, M = 0.8 and Q = 0.4 the
perturbation of black holes with Anisotropic Matter

K =-0.1 w=2/3
n 1=0 =1 =2 =3 l=4
0 0.145748 — 0.1486597 0.402757 — 0.128718¢ 0.667674 — 0.1273484 0.932782 — 0.1270127 1.198140 — 0.1268771%
1 0.126309 — 0.458908: 0.368356 — 0.4018441 0.643890 — 0.388372% 0.915213 — 0.3843341 1.184296 — 0.3826431%
2 0.095136 — 0.7689371% 0.322455 — 0.6874921% 0.606283 — 0.6598751 0.884718 — 0.6487851 1.159051 — 0.6433214
3 0.049233 — 1.0798127 0.264139 — 0.9760907 0.560011 — 0.9374954 0.845818 — 0.9196491 1.125535 — 0.9095021%
4 0.011548 + 1.392424¢ 0.190562 — 1.2669047 0.504830 — 1.217938: 0.800279 — 1.1945664 1.085885 — 1.1801341%
5 0.087060 + 1.707401¢ 0.100894 — 1.5608027 0.439635 — 1.5002827 0.748055 — 1.4718614 1.040916 — 1.4538161
K=01 w=2/3
n 1=0 =1 =2 1=3 =4
0 0.131165 — 0.1392571% 0.362454 — 0.119405% 0.601151 — 0.118020% 0.839886 — 0.1176811% 1.078825 — 0.1175464
1 0.113029 — 0.4292214 0.328825 — 0.3737974 0.577830 — 0.3603427 0.822650 — 0.3563151% 1.065242 — 0.3546331%
2 0.083331 — 0.7189814 0.284004 — 0.6400657 0.541093 — 0.6128364 0.792829 — 0.6019291 1.040531 — 0.5965481%
3 0.039516 — 1.009629: 0.226627 — 0.9091341 0.495754 — 0.8710907 0.754804 — 0.8536821% 1.007773 — 0.843791%
4 0.018510 + 1.301999¢ 0.154018 — 1.1805681 0.441410 — 1.132043: 0.710158 — 1.1092514% 0.968993 — 1.0952651
5 0.090592 + 1.5966841 0.065498 — 1.4552931 0.376998 — 1.3949454 0.658762 — 1.3670831 0.924901 — 1.349612:
K =-0.1 w=3/2
n =0 =1 =2 =3 =4
0 0.139487 — 0.1400404 0.386691 — 0.121943¢ 0.641024 — 0.120772% 0.895505 — 0.1204827 1.150224 — 0.1203661%
1 0.119638 — 0.434028: 0.353899 — 0.3807014 0.618642 — 0.36820017 0.879057 — 0.36449314 1.137294 — 0.362948i
2 0.088340 — 0.7278021% 0.310161 — 0.6516037 0.583123 — 0.6254941 0.850421 — 0.615132% 1.113665 — 0.6100714%
3 0.042336 — 1.0224597 0.254813 — 0.925399¢ 0.539405 — 0.8886531 0.813814 — 0.8718081 1.082221 — 0.8623241
4 0.018533 + 1.318948¢ 0.185106 — 1.2012887 0.487342 — 1.1545414 0.770942 — 1.1323521 1.044969 — 1.1187691%
5 0.094102 + 1.6179304% 0.100211 — 1.4800731% 0.425905 — 1.4222357 0.721806 — 1.3951764 1.002706 — 1.378118:
K=01 w=3/2
n 1=0 =1 =2 =3 =4
0 0.135234 — 0.1467057 0.375933 — 0.1252721 0.623708 — 0.123730% 0.871484 — 0.1233537 1.119461 — 0.1232041%
1 0.115453 — 0.4520227 0.340132 — 0.392273¢ 0.598807 — 0.3778754 0.853042 — 0.3735531 1.104912 — 0.3717451%
2 0.082595 — 0.7571914 0.292081 — 0.6716714 0.559542 — 0.6427673% 0.821133 — 0.631173% 1.078449 — 0.6254351%
3 0.034074 — 1.063465% 0.230221 — 0.9540941 0.510920 — 0.9137104 0.780397 — 0.8952801 1.043354 — 0.8847801
4 0.030170 + 1.371769% 0.151807 — 1.2392031% 0.452471 — 1.1875364 0.732463 — 1.1634121 1.001758 — 1.1485971%
5 0.109934 + 1.6827741 0.056196 — 1.5280197 0.383086 — 1.463515% 0.677171 — 1.4339573 0.954388 — 1.4154501
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Chapter 3

Electromagnetic perturbation

3.1 Maxwell’s equation in curved space-time

Maxwell’s equations in curved space-time time are given by,
V' = poJ” (3.1)

where V,, denotes the covariant derivative with respect to u™ coordinate. And F*
are the contravariant components of the Electromagnetic Stress Tensor (Faraday

Tensor). J" is the four current density and iy is the permeability of vacuum. The

1 0
— (\/—gF ’“’) where g is the determinant of metric

NG

tensor. In a source-free region i.e., where J” = 0, the Maxwell’s equations become,

expansion of V,F* is

L9
V—g Ox

The covariant components F),, is defined in terms of the four potential A, as,

(V=g F*™) =0 (3.2

F,, =0,A, — 0,A, (3.3)

Since the background space-time is spherically symmetric, we can use the vector

spherical harmonics to describe the four potential A, whose components are,

0 f(t,m)Y™(0,9)
0 h(t, 7)Y, ™ (6,
A=Y . (t,7)Y;™(6, ¢) 5.4
Lm 0" (0, 9) k(t,7)05Y" (6, 9)
I —b(t,r)sin (0)0pY," (6, ¢) k(t,r)0,Y;™(0, ¢) |
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Where b, f, h, k are functions of ¢ and r. The left part of A, has a parity of (—1)"*!
results in the axial EM perturbation and the right part of A, has a parity of (—1)’
results in the polar EM perturbation. But focusing on the axial EM perturbations

and denoting b(t,7) by ¢ (t,r) we get the four potential A, as,

0
Z 0
= 3.5)
Gl (
= g y0.0)
sin (6) ?
—(t, r)sin (0)0pY,™ (0, ¢)
This results in the electromagnetic stress tensor f),, components as,
[ 1 oy oy . Y™ o |
- 0 -7
00 S@mas o O
1 9y oy ) oY, oy
0 0 L= —sin(f)—L-—
sin () d¢ Or sin (9) a0 or
[Fuv] (3.6)
asym asym 0 L1+ 1)sin(0)Y,™y
asym asym asym 0
Here ‘asym’ indicates that the particular component is found by F),, = —F,,

since the Faraday tensor is asymmetric. The components, Fy3 and F3, were
simplified using Eq.(2.4). The contravariant components of Faraday Tensor is
Frv = gteg"E, 5. Since the metric tensor is diagonal, its contravariant compo-

nents are reciprocal of covariant components, and are given by,
= diag (e_”(r), —e’" —1/r?, —1/(r?sin® 0))

02 _ G002 p

12 _ glng2F12

F
F
FB = g2¢®
F30 = 3¢90,
3l

3L BBglipy
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Thus the independent non-zero components of the Faraday tensor are,

B 1 8}/2m8_w 02 _ e—u(r) ay;ma_w

Foo = sin (6) ¢ ot E = 6) op ot (3.7)

e Y oy w19y
B =55 a6 or =@ a6 or (3:8)
. 11+ 1)Y;™p

_ m 23 _ Wb L)y

Fos =1(1 4 1)sin(0)Y,"¢ F= = T am(0) (3.9)
— g o™ 9y 30 _ e Y™ 0y

Foo = sin (0) ==, F == o0 o (3.10)
OO w0 aymay

Fow =sin (0) 7555, E = sn) 20 or (3-11)

3.2 Effective Potential of EM Perturbation

On expanding Eq.(3.2) by substituting the Faraday tensor components, we get,

e (aY,m_aY;m) (a?w dvdy 0% I+ 1)

7Y _ — = 12
r2sin (0) \ 06 0¢ or? + dr Or ¢ ot? r? ¢> 0 (3.12)

~
Radial Equation

Focusing on the radial equation, to remove the first derivative term, we employ
the coordinate transformation » — 7 where the tortoise coordinate 7 is defined
according to Eq.(2.7), which can be written as,

0% P 11+ 1)er™

o o 2 V=0 (3.13)

Where r — r(7) and v — (¢, 7). The effective potential for electromagnetic
perturbation is given by the coefficient of ¢/ which is,

I+ D)er®
2

VEM(T) = (3.14)

r

If(t,7) = e'9)(7) in Eq.(3.13) = (—iw)Qei“’t@/J(T)—ei“t%ﬁLVEMei“tw(T) =0

2
= % + [wz — VEM(T)] =0 (3.15)
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2M 2 K
Using e""” = 1 — — + —Q2 — — for the metric near a charged black hole in
r w

r
anisotropic matter field, the effective potential of EM perturbation becomes,

I(1+1)

Vinr (r) = ML K (3.16)

r2 r r2 2w
M=08 K=-01 Q=04 w=2/3 M=08 K=01 Q=04 w=2/3
— =1 175 — =1
— =2 o2
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050
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025
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Figure 3.1: Graph of Vg (r) vs r with various parameters
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3.3 QNMs of Electromagnetic perturbation

For the values of K = 0.1, w = 2/3 or 3/2, M = 0.8 and Q = 0.4 the QNM

frequencies for EM perturbation of black hole in anisotropic matter field are,

K=-0.1 w=2/3
n =1 =2 1=3 l=4 l=5
0 0.343422 — 0.1228474 0.633407 — 0.125272¢ 0.908500 — 0.1259591 1.179310 — 0.1262431% 1.448264 — 0.1263861%
1 0.302125 — 0.3880241 0.608085 — 0.3826041 0.890371 — 0.3812927 1.165204 — 0.3807814 1.436721 — 0.380528i
2 0.246453 — 0.6665451 0.568138 — 0.6508914 0.858946 — 0.6439491 1.139496 — 0.6403181% 1.415080 — 0.6382361%
3 0.173541 — 0.9487104 0.518698 — 0.9253757 0.818838 — 0.913110% 1.105373 — 0.9054261% 1.385470 — 0.9004511%
4 0.080710 — 1.2348974 0.459307 — 1.202811¢ 0.771769 — 1.1863481 1.064981 — 1.1750111% 1.349771 — 1.1669151%
5 0.032303 + 1.526483¢ 0.388836 — 1.4824431 0.717637 — 1.4620027 1.019115 — 1.4476581% 1.309127 — 1.436758i
K=01 w=2/3
n =1 =2 1=3 l=4 l=5
0 0.307239 — 0.1136274 0.569301 — 0.1159714 0.817321 — 0.1166427 1.061329 — 0.11692017 1.303601 — 0.1170611%
1 0.266865 — 0.3601621% 0.544467 — 0.3546461% 0.799534 — 0.3533131 1.047486 — 0.3527941 1.292274 — 0.3525391
2 0.212283 — 0.6193007 0.505413 — 0.603938: 0.768792 — 0.597149: 1.022318 — 0.5935821% 1.271073 — 0.5915314%
3 0.140270 — 0.8820997 0.456896 — 0.8590737 0.729562 — 0.8472073 0.988957 — 0.8397591 1.242113 — 0.8349131%
4 0.048446 — 1.1492214 0.398317 — 1.117072¢ 0.683376 — 1.101109: 0.949434 — 1.0901944 1.207213 — 1.0823761%
5 0.063242 + 1.4220714 0.328611 — 1.3773531 0.630056 — 1.357325% 0.904437 — 1.3435131% 1.167433 — 1.3330414
K=-01 w=3/2
n =1 1=2 1=3 =4 =5
0 0.330104 — 0.1162634 0.608304 — 0.1187614 0.872306 — 0.1194614 1.132229 — 0.119749% 1.390386 — 0.1198954%
1 0.290956 — 0.3673027 0.584550 — 0.3625974 0.855364 — 0.3615364 1.119069 — 0.3611361% 1.379627 — 0.3609431%
2 0.238483 — 0.631304: 0.546979 — 0.6167487 0.825917 — 0.610421% 1.095036 — 0.6071441 1.359425 — 0.6052771%
3 0.170128 — 0.8987414 0.500521 — 0.8768321% 0.788270 — 0.8654291 1.063069 — 0.8583461 1.331731 — 0.853788i
4 0.083234 — 1.16985017 0.444822 — 1.1397421% 0.744092 — 1.124322¢ 1.025185 — 1.113766% 1.298290 — 1.1062707
5 0.022525 + 1.445914¢ 0.378821 — 1.404701¢ 0.693333 — 1.3855234 0.982161 — 1.3720964 1.260183 — 1.3619381%
K =0.1 w = 3/2
n =1 =2 1=3 =4 l=5
0 0.318316 — 0.1192601% 0.590495 — 0.121598¢ 0.847963 — 0.1222744 1.101227 — 0.1225541% 1.352673 — 0.1226971%
1 0.275370 — 0.3780731% 0.563948 — 0.3719584% 0.828916 — 0.3704374 1.086393 — 0.3698391% 1.340530 — 0.3695427
2 0.216797 — 0.650028: 0.522136 — 0.6335357 0.795991 — 0.6262181 1.059423 — 0.6223611% 1.317803 — 0.6201391%
3 0.139141 — 0.9260327 0.469997 — 0.9012647 0.753911 — 0.8885764 1.023656 — 0.8806061% 1.286755 — 0.8754111%
4 0.040045 — 1.2069097 0.406863 — 1.172079¢ 0.704253 — 1.1549944 0.981227 — 1.1433524 1.249315 — 1.1350091%
5 0.080437 + 1.4941764 0.331633 — 1.4454331% 0.646808 — 1.4238907 0.932839 — 1.4091497 1.206591 — 1.3979934
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Chapter 4

Gravitational Perturbation

4.1 Regge-Wheeler Formalism

Einstein’s Field Equations are differential equations of the metric [g,,| where the

curvature G, of space-time is related to the mass-energy [7),,]. They are [51, 52,

1 8rG
G,LLV - R;w - _g,uuR = _T,ul/ (41)

2 A

In Regge-Wheeler (RW) formalism, we sought to perturb the space-time (gravity)

itself by adding perturbations to the background metric [gfg,)] which results in,

G = gfg,) + 5hf}l,) + 52h/(fy) + ... (4.2)

J

~
perturbations

But we perturb the system very so slightly that || << 1 and for orders higher

than one the perturbation coefficients € goes to zero, €™ — 0 if m > 1.
= G =9\ +¢ch (4.3)
g,LLV g‘u,z/ uv .

In the Regge-Wheeler formalism, spherically symmetric tonsorial perturbations
[h,.] are split into odd wave (axial perturbations) and even wave (polar perturba-

tions). The axial perturbations in RW canonical gauge are [36],

0 0 0 holr)

0 0 0 m()| 5
(huw] = e “'sin (0) == ( Py (cos (0)) (4.4)
o an )

ho(r) hy(r) O 0

24



4.2 Effective Potential for Axial Perturbations

We choose the background metric given in Eq.(1.28) and the perturbation given
in Eq.(4.4). Substituting these in Eq.(4.3) we get the resultant metric to be,

[ A dP;
_ov(r) h —iwt gin (0 @i
e 0 0 eho(r)e " sin ( )dQ
. dP,
0 —v(r) 0 h —iwt gin (9) —
e ehy(r)e ™" sin ( )dQ
9] = (4.5)
0 0 r? 0
syms syms 0 72 sin? (0)

Then to get the inverse metric tensor components [g"”] we invert the metric tensor
treating it as a 4 X 4 matrix. Then the linearization operation where each com-
ponent undergoes a series expansion in terms of £ and then the terms only up to

the first order of € survive. Then the inverse metric is,

[0 o o Ehole e dR]
72 sin (0) df
0 g S e an
6 p— —
v 24i
"] = 1 r2sin (0)  df (4.6)
0 0 0
1
i syms  syms 0 (0] @) |

Here ‘syms’ indicates that the particular component is found by the symmetry
g"" = g"*. Then the affine metric connections I'/ , are found using the perturbed

metric components by the below formula.

9" (09vo | OGuo g
e == — 4.7
e 2 ( Oxr ~ Oz Ox° (4.7)
Then the Ricci tensor components are found using the below formula.
Ry = 0.1, — 0,10, + TosT0, — 5,10, (4.8)
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In every step, we do the linearization operation. The resulting R, are of the form,
0 1
R, = R{) —eR}) (4.9)

where ng,) are the Ricci components for the background metric which satisfies the
background Einstein’s field equations and gR,(},,) are the 1 order perturbations of

Ricci tensor. There are three non-zero independent components which are [34],

—v 2 vV, —iwt o3
dv I(l+1)e }_’_ dho)e e~"sin () dP, (4.10)

W _ (i |80 av _ an
Fos = <2w {T dr + 2h1} +ho {2 dr r " dr? 2r do

2 1 l 1 v —v ,—twt o 0 P,
R = (iw [ho—rdho} + [W+ (dy+> e Lt De ]m) e sin(8) dh (4.11)

2 dr 2 dr 7 2r r dé
D — (iwhoe + % 4 ] Y (sin ) E2 _ cos () 1)
Ry = (zwhoe + [hl o + - } e ) (Sln (9) 25z o8 9) 20 5 (4.12)

Since we can show that R,(},,) = 0 with the same approach as done in [56], it results
in a system of three differential equations R(()? = 0, R%) = 0, Rg? = 0, with
two unknown functions ho(r) and hq(r). From the equation R%) =0, we get, the

expression for hg(r) in terms of hy(r) to be,

] d dh
ho = i <h1—y —|— 1> €2V (413)

w dr ' dr

Substituting ho(r) from Eq.(4.13) into R%) =0 we get,

d2hy dv 2\ dhy [ dPv aw\?> ., l(l+1e” 2 B
d7‘2+(3d7‘_r>dr+<d7“2+2(dr> + w’e —T—Fﬁ h1—0 (414)
Redefining the function hy(r) as, hy(r) = ripe™ (4.15)

Substituting this form of hy(r) into the Eq.(4.14) we get the differential equation
in terms of ¥ (r) to be,

d*P(r)  dv(r) dy(r) 2 oy | 3dv(r) U+ 1)e )
dr? + dr  dr T +; dr r?

) W(r) =0 (4.16)

To remove the first derivative transform the radial coordinate r — r(7) and
w(r) = ¥(r(r)) — ¥(7) (i.e. in terms of the tortoise coordinate) as shown in
Eq.(2.7). Then the differential equation becomes,

d*y(7)

dr2

+ [w2 . VRW(T)] 1/)(7—) -0 N VRW(T) _ (l(l + 1) B 3deu(7')> ev(r) (4_17)

r2 r dr
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where Vg (1) is the effective potential for the RW perturbation. Then on substi-

tuting e’ =

—>

V(r)

>

V(r) -

>

V(r) -

o 2M Q@

r 72

K
— —= in Eq.(4.17), we get,
r w

VRV[/(’T') =

L(I+1) 6M , 6Q°

obwk

oM QK

(4.18)
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Figure 4.1: Graph of Vgw (r) vs r with various parameters



4.3 (QNMs of gravitational perturbation

For the chosen values of K = £0.1, w = 2/3 or 3/2, M = 0.8 and ) = 0.4 the
QNM frequencies for gravitational perturbation of black hole in anisotropic matter
field are found to be,

K =-0.1 w=2/3

n =2 =3 =4 =5

0 0.522436 — 0.1175934 0.832776 — 0.1223827 1.121487 — 0.1241831% 1.401388 — 0.1250441%
1 0.490953 — 0.3613014 0.812803 — 0.3709474 1.106550 — 0.374736% 1.389399 — 0.3765591
2 0.441294 — 0.6176354 0.778312 — 0.6274597 1.079383 — 0.6305611% 1.366944 — 0.6317751
3 0.378242 — 0.8807067 0.734190 — 0.8907544 1.043343 — 0.8921641 1.336243 — 0.891631%
4 0.300760 — 1.1478214 0.681983 — 1.1582204 1.000598 — 1.158328% 1.299222 — 1.1558171%
5 0.207910 — 1.4189214 0.621428 — 1.4282874 0.951874 — 1.4275894 1.257014 — 1.42341617

K=01 w=2/3

n =2 1=3 =4 l=5

0 0.466432 — 0.1087257 0.747028 — 0.1131644 1.007631 — 0.1149044 1.260062 — 0.115743%
1 0.435107 — 0.3346367 0.727375 — 0.3432541 0.992960 — 0.3468774 1.248292 — 0.3486431%
2 0.385591 — 0.5728401 0.693504 — 0.581107% 0.966328 — 0.5840254 1.226281 — 0.5851861¢
3 0.322247 — 0.8176254 0.650116 — 0.8254527 0.931033 — 0.8267581% 1.196230 — 0.8262451
4 0.244040 — 1.0666907 0.598565 — 1.073768: 0.889110 — 1.073828: 1.159998 — 1.071460%
5 0.150225 — 1.320168: 0.538533 — 1.3246457 0.841180 — 1.3238314 1.118631 — 1.31991017

K=-01 w=3/2

n 1=2 1=3 1=4 1=5

0 0.502082 — 0.110995% 0.799872 — 0.1159344 1.076927 — 0.117730% 1.345557 — 0.1185821%
1 0.473210 — 0.340891¢ 0.781392 — 0.351314%¢ 1.063061 — 0.355202% 1.334416 — 0.3570574
2 0.427862 — 0.5826137 0.749457 — 0.5940874 1.037803 — 0.5975511% 1.313521 — 0.5989441
3 0.370667 — 0.8306057 0.708642 — 0.8432307 1.004258 — 0.8452871 1.284910 — 0.8451331%
4 0.300661 — 1.0821714 0.660459 — 1.0963034 0.964467 — 1.0973134 1.250372 — 1.095368%
5 0.216877 — 1.337147¢ 0.604693 — 1.351792¢ 0.919144 — 1.3522697 1.210980 — 1.3488171%

K =0.1 w = 3/2

n 1=2 1=3 =4 l=5

0.483510 — 0.1144057 0.774778 — 0.1187204 1.045307 — 0.1204821% 307327 — 0.121339%
0.449663 — 0.3522214 0.753603 — 0.3601727 1.029540 — 0.36375917 294687 — 0.365528%
0.395877 — 0.6030714% 0.717049 — 0.609879% 1.000906 — 0.612553% 271049 — 0.6136071%
0.326664 — 0.8610197 0.670077 — 0.8664727 0.962913 — 0.8672761 238763 — 0.866492%
0.240977 — 1.123806% 0.614077 — 1.1273134 0.917700 — 1.1265964 199798 — 1.123787%
0.138142 — 1.3916674 0.548709 — 1.3909674 0.865897 — 1.3890361 .155249 — 1.3845087

Blw| N |[+=]|o

Rl |R]~=]=

(<
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Conclusion

We got the space-time metric for a charged black hole surrounded by an anisotropic
matter field by solving Einstein’s field equations with the negative radial pressure
which is barotropic. Then we also perturbed this black hole three types, namely, by
a massless scalar field, then by an Electromagnetic field, and finally, we perturbed
the gravity itself by Regge-Wheeler formalism. In all these types of perturbation,
the final perturbation equation was similar to a Schrodinger-like differential equa-
tion with appropriate boundary conditions. Where the eigenvalues which are the
Quasinormal Mode frequencies were also calculated using 3rd order WKB approx-
imation. They were complex numbers of the form w, + iw; that gave information
about the frequency of the gravitational wave being emitted (w, > 0) and the
decay constant of the gravitational wave (w; < 0). Even though we assumed a
very simple non-rotating case for our black hole in the anisotropic matter field,
the most realistic case would be for a rotating black hole. But just for the sake of
easy calculations, we assumed that the black hole is non-rotating. When we add

the spin, how the dynamics change will be my upcoming research.
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